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On ideal invariant convergence of double sequences and
some properties

ERDINC DUNDAR, UGUR ULUSU and FATIH NURAY

ABSTRACT. In this paper, we study the concepts of invariant convergence, p-strongly invariant convergence
([V2]p), Zz-invariant convergence (Z3 ), Z;-invariant convergence (Z$*) of double sequences and investigate
the relationships among invariant convergence, [V2],, Zg and Zg*. Also, we introduce the concepts of Zg -
Cauchy double sequence and Zg *-Cauchy double sequence.

1. INTRODUCTION AND BACKGROUND

The idea of Z-convergence was introduced by Kostyrko et al. [6] as a generalization
of statistical convergence which is based on the structure of the ideal Z of subset of the
set of natural numbers N. Z-convergence of double sequences in a metric space and some
properties of this convergence and similar concepts which are noted following can be seen
in[2,4,7].

A family of sets Z C 2N is called an ideal if and only if

(1) D € Z, (ii) Foreach A,B € Zwehave AUB € Z, (iii) For each A € 7 and each
B C Awehave B € 7.

An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called admissible if {n} €
T for eachn € N.

Throughout the paper we take 7 as an admissible ideal in N.

A family of sets F C 2V is called a filter if and only if

(t)0 ¢ F, (ii) Foreach A,B € Fwehave AN B € F, (iii) For each A € F and each
B D Awehave B € F.

For any ideal there is a filter 7(Z) corresponding with Z, given by

F(I)={M CN:(@AcT)(M=NA)}

A nontrivial ideal Z; of N x N is called strongly admissible ideal if {i} x Nand N x {3}
belong to 7, for each ¢ € V.

It is evident that a strongly admissible ideal is admissible also.

Throughout the paper we take Z, as a strongly admissible ideal in N x N.

79 = {A C NxN: (3m(A) € N)(i,j > m(A) = (i,j) ¢ A)}. Then I} is a strongly
admissible ideal and clearly an ideal 7, is strongly admissible if and only if Z9 C Z,.

A double sequence x = (zx;)x jen Of real numbers is said to be convergent to L € R in
Pringsheim’s sense if for any € > 0, there exists N. € N such that |z;; — L| < €, whenever
k,j > N.. In this case, we write P — lim x3; =L or lim xp; = L.

k,j—o00 k,j—c0
A double sequence z = (x;) is said to be bounded if supzy; < oco. The set of all
k.j

bounded double sequences of sets will be denoted by ¢2.
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Let (X, p) be a metric space. A sequence x = (Z,,,) in X is said to be Z,-convergent to
L e X, ifforanye >0,

Ae) = {(m,n) € Nx N: p(xn, L) > e} € To.

In this case, we write Zo, — lim x,,, = L.
m,n— 00

A double sequence z = (xy;) is Z3-convergent to L if there exists a set My € F(Z»)
(i.e.,, N x N\My = H € I,) such that

lim xp; = L.
k,j—oc0

(k,j)€M2
In this case, we write 75 — lim xy; = L.
k,j—o00

A double sequence x = (xy;) is Zo-Cauchy sequence if for every € > 0, there exists (r, s)

in N x N such that
{(k,j) eENXN:|zg —aps| > 5} € Io.

A double sequence z = (xy;) is Z5-Cauchy if there exists a set My € F(Zy) (NxN\M; =

H € 1,) such that,

lim |z — xes] =0,
k,j,r,s—00

for (k,7),(r,s) € M.

An admissible ideal Z, C 2"*N satisfies the property (AP2) if for every countable family
of mutually disjoint sets { E1, E», ...} belonging to 7, there exists a countable family of sets
{Fy,F»,...} such that E;AF; € 19, i.e., E;AF; is included in the finite union of rows and
columns in N x N for each j € Nand F = U;’;l F; € I, (hence F; € I, for each j € N).

Several authors have studied convergence, invariant convergence and Cauchy sequen-
ces (see, [1,3,5,8-10,12-17]).

Let 0 be a mapping of the positive integers into themselves. A continuous linear functi-
onal ¢ on /., the space of real bounded sequences, is said to be an invariant mean or a
o-mean if it satisfies following conditions:

(1) ¢(z) > 0, when the sequence = = (z,,) has x,, > 0 for all n,
(2) ¢(e) =1, wheree=(1,1,1,...) and
) d(xomn)) = ¢(xy) forall z € lo.

The mappings o are assumed to be one-to-one and such that o™ (n) # n for all positive
integers n and m, where o™ (n) denotes the m th iterate of the mapping o at n. Thus,
¢ extends the limit functional on ¢, the space of convergent sequences, in the sense that
¢(z) =limzx forall z € c.

In the case o is translation mappings o(n) = n + 1, the o-mean is often called a Banach
limit and the space V, the set of bounded sequences all of whose invariant means are
equal, is the set of almost convergent sequences ¢.

It can be shown that

1 m
Vo = {m = (zp) €l : n}gnoc - kz::lqu(n) = L, uniformly in n} .

The concept of strongly o-convergence was defined by Mursaleen in [8]:

A bounded sequence x = () is said to be strongly o-convergent to L if

NS e
mlgnooal;kcak(n) _L| =0,

uniformly in n. It is denoted by x, — L[V,].
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By [V,], we denote the set of all strongly o-convergent sequences. In the case o(n) =
n + 1, the space [V,] is the set of strongly almost convergent sequences [¢].
The concept of strongly o-convergence was generalized by Savas [14] as below:

1 m
_ — R T _ TP = ; ;
WVolp = {x = (ag) : "}gnoc - ]; | Tk (ny — L|P = 0, uniformly in n} )
where 0 < p < c0. If p = 1, then [V,], = [V,]. It is known that [V, ], C {x.

Recently, the concepts of o-uniform density of the set A C N, Z,-convergence and
Z-convergence of sequences of real numbers were defined by Nuray et al. [12]. Also, the
concept of g-convergence of double sequences was studied by Cakan et al. [1] and the
concept of o-uniform density of A C N x N was defined by Tortop and Diindar [17].

Let A C Nand

Sm = mrin |[An{o(n),o*(n),- - ,a™(n)}|

and
Sm = max |A N{o(n),o%(n),--- 7Um(n)}’.

If the following limits exist
V(A) = lim 5™ V(4) = lim om
m—0o0 M, m—oo M
then they are called a lower and upper o-uniform density of the set A, respectively. If
V(A) =V(A), then V(A) = V(A) = V(A) is called o-uniform density of A.

Denote by Z,, the class of all A C N with V/(A) = 0.

Let Z, C 2 be an admissible ideal. A sequence z = (z;) is said to be
T,-convergent to the number L if for every ¢ > 0 A, = {k : |y, — L| > ¢} € I,; ie,
V(A.) = 0. In this case, we write Z, — limy, = L.

The set of all Z,-convergent sequences will be deneted by J,,.

Let Z, C 2 be an admissible ideal. A sequence z = (z;) is said to be
Tr-convergent to the number L if there exists a set M = {m; < m2 < ---} € F(Z,)
such that len;C ZTm, = L. In this case, we write Z} — lim;, = L.

A bounded double sequences = = (z1;) of real numbers is said to be o-convergent to a
limit L if

m

.1 -
lim —— > Z Tok(s),oi(t) = L
k=0 j=0

uniformly in s, t. In this case, we write o5 — limz = L.
Let A C N x Nand

S 1= rgcu]n ’Aﬂ {(a(k),a(j)), (02(k),02(j)), ey (am(kz),a"(j))} ‘

and
- r%%x |Aﬂ {(a(k‘),a(j))7 (UQ(k),UQ(j)), ey (am(k),an(j))} ‘

If the following limits exists

Va(A)i= lim 2™ Tp(A) = lim O

m,n—oc0 Mn m,n—oco MnN

then they are called a lower and an upper o-uniform density of the set A, respectively. If
Va(A) = Va(A), then Vo(A) = Va(A) = Va(A) is called the o-uniform density of A.
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Denote by Z3 the class of all A C N x N with V,5(4) = 0.
Throughout the paper we let Z3 C 2"*N be a strongly admissible ideal

2. I5-INVARIANT CONVERGENCE

In this section, we introduce the concepts of strongly invariant convergence ([V2]),

p-strongly invariant convergence ([V2],), Zz-invariant convergence (Zg) of double se-

quences and investigate the relationships among invariant convergence, [V,2], and Z§.

Definition 2.1. A double sequence x = (xj;) is said to be Zy-invariant convergent or
Z9-convergent to L, if for every ¢ > 0

Ae) = {(k,j) : |wx; — L| > e} € I3

that is, V2 (A(g)) = 0. In this case, we write Z§ — limz = L or zx; — L(Z3).
The set of all Zy-invariant convergent double sequences will be denoted by J5.

Theorem 2.1. IfZ9 —limxy; = L1 and Z§ — lim yi; = Lo, then

(i) 79 — lim(zg; + yrj) = L1 + Lo
(ii) 7§ — lim ary; = oLy (v is a constant).

Proof. The proof is clear so we omit it. O

Theorem 2.2. Suppose that © = (xy;) is a bounded double sequence. If x = (xy;) is 13-
convergent to L, then x = (x;) is invariant convergent to L.

Proof. Let m,n € Nbe arbitrary and € > 0. We estimate

> Toreoiwm — L.
,J=1,1

1
u(m,n, s, t) = '
mn
k

Then, we have

u(m,n, s, t) <u'(m,n,s,t) +u’(m,n,s,t)

where
m,n
! H= -t L
U (m,n,s, ) ~ mn |xok(s),01(t) - l
k,j=1,1
|xak(s),a].(t)7L‘Z€
and
m,n
9 1
u“(m,n, s, t) = — E |Tok(s),09(t) — LI
mn :
k,j=1,1

%ok (5,00 (1 ~ LI <€
Therefore, we have
u?(m,n, s,t) < e,

for every s,t = 1,2,... . The boundedness of (z;) implies that there exists K > 0 such
that

|xak(s),aj(t)_L| <K, (kajvsat:1727"‘)>
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then this implies that

K
1 .
777t§ *’1</€< 7]_< < T ok(s).0d — > ‘
u (m,n, s,t) mn{ m J < |Toks),0i) — L e}

H;%X’{l < k < m,l S] <n: |.T0-k(s)7a-j(t) —Ll > E}‘
<K
Smn

=K .
mn

mn

Hence, (zy;) is invariant convergent to L. O

The converse of Theorem 2.2 does not hold. For example, x = (xy;) is the double
sequence defined by following;

1 , if k+j iseven integer,
Tgy =
0 , if k+j isodd integer.

1
When o(s) = s+ 1 and o(t) = ¢ + 1, this sequence is invariant convergent to 3 but it is

not Zg-convergent.

In [12], Nuray et al. gave some inclusion relations between [V, ],-convergence and
Z-invariant convergence, and showed that these are equivalent for bounded sequences.
Now, we shall give analogous theorems which states inclusion relations between [Vy],-
convergence and Zy-invariant convergence, and show that these are equivalent for boun-
ded double sequences.

Definition 2.2. A double sequence « = (zy;) is said to be strongly invariant convergent
to L, if

. 1 m,n
m,lvlzrgoo % Z |m0k(5)70j(t) - L| =0,
k,j=1,1

uniformly in s, ¢. In this case, we write z;,; — L([V2]).

Definition 2.3. A double sequence = (z;) is said to be p-strongly invariant convergent
to L, if

m,n

1 .
L > oo — LIF =0,
J=1,1

uniformly in s, ¢, where 0 < p < occ. In this case, we write z; — L([V2],).

The set of all p-strongly invariant convergent double sequences will be denoted by
V-
Theorem 2.3. Let 0 < p < o0.
() If xr; — L([V2]p), then xx; — L(Z3).
(i) If (zi;) € 2, and xy; — L(ZZ), then xy; — L([V2],).
(iii) If (wy;) € €3, then xy; — L(ZZ) if and only if xi; — L([V2],).
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Proof. (i) : Assume that z; — L([V?],). Then, for every € > 0, we can write

m,n m,n
Y [Tk — LT 2 > @ (e),09(t) = LIP
kojm1,1 k=11

|ng(5)1o-.7(t,)7L‘2€

> ik <mj<nileorom — Ll 2 e}
> &P max Hk <m,j <0 |Tok(s),ei) — LI > e}l
and
m,n max |[{k <m,j <n:|Torgeiqy — Ll >
= Z ‘l‘k()a‘(t)—Lp > et |{ B H
mn 4 aES)g - mn
k,j=1,1
_ E;,/,S'mn
mn
forevery s,t =1,2,.... This implies
Smn
lim =0

m,n—o0 MMN

and so (z;) is Z§-convergent to L.

(ii) : Suppose that (zj;) € (2 and xx; — L(Z9). Let0 < p < coand & > 0. By
assumption we have V5 (A(g)) = 0. Since () is bounded, (z;) implies that there exists
K > 0 such that

|Ton(s),0it) — L < K,
for all £, j, s, t. Then, we have

1 m,n 1 m,n

— > Jrormem LT = — > |Zon(s),09 (1) = LI”
k,j=1,1 k,j=1,1
T ‘Ia’“(s)jij(t;*”ZE
1 m,n
o ) ok ()09 8y = LIP
k,j=1,1

1Tk ()00 (1)~ LI<E

II;%XH]C <m,j <0t Tok(s),eie) — LI > 5}’

< + &P
mn
S
< KT 4P,
mn
Hence, we obtain
1 m,n
. P
B — . > |ror.000 — LI" =0,
Jj=1,1

uniformly in s, ¢.

(#41) : This is immediate consequence of (i) and (i7).
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Now, we introduce Z5-invariant convergence concept, Zp-invariant Cauchy double se-
quence and Z3-invariant Cauchy double sequence concepts and give the relationships
among these concepts and relationships with Z,-invariant convergence concept.

Definition 2.4. A double sequence (xy;) is Z5-invariant convergent or Z§*-convergent to
L if and only if there exists a set My € F(Z3) (N x N\M, = H € Z7) such that
li j=L.
k,jlinoo Tk
(k,j)€ M2

In this case, we write Z9* — i l_igl xp; = L or zy; — L(Z9*).
=00

Theorem 2.4. If a double sequence (xy;) is I3*-convergent to L, then this sequence is 13-
convergent to L.

Proof. Since I9* — klim xp; = L, there exists a set My € F(Z7) (N x N\My, = H € 13)
,]— 00

such that

lim xp; = L.
k,j—o00 7
(k,j)EMa2

Let £ > 0. Then, there exists ky € N such that
|3L‘kj — L| <eg,

for all (k, j) € Ms and k,j > k. Hence, for every € > 0, we have

T(e) = {(k,j)eNxN:|zy — Ll >¢€}

C HU (Mo ({12 (o = D} x N)U (N X {1,2,., (ko — 1)})) )
Since Zg C 2"*N is a strongly admissible ideal,
HU <M2 A (({1,2, ., (ko — 1)} x N) U (N x {1,2, ..., (o — 1)}))) e 13,

so we have T'(¢) € I3 thatis V3(T'(¢)) = 0. Hence,

I3 — lim xp; = L.
k,j—o0

O

Theorem 2.5. Let Z§ has property (AP2). If (zy;) is Zg-convergent to L, then (xy;) is I9*-
convergent to L.

Proof. Suppose that 73 satisfies property (AP2). Let (z;) is Z5-convergent to L. Then,
T(e) ={(k,j) e NxN:|zp; — L| > e} € I (2.1)

for every € > 0. Put
le{(k,j)ENxN:|xkj—L| Z].}
and

1 1
T, =d (k) eNxN:=<|zg — L
{hsyernsd <oy 1< 1

forv > 2 and v € N. Obviously T; N7, = 0 for i # j and T; € Zg for each i € N.
By property (AP2) there exits a sequence of sets {E, } . such that T;AE; is included in
finite union of rows and columns in N x N for each i and F = | J;°, E; € 79 .

We shall prove that for M = N x N\ E we have

lim zp; = L.
k,j—oc0 7
(k.j)EM>
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Let > 0 be given. Choose v € N such that 1 < 5. Then,

{(k,5) € NXN:|ay; — LI > 0} € |J T
i=1
Since T;AFE;, i = 1,2, ... are included in finite union of rows and columns, there exists
no € N such that

<U Ti> N{(k,j):k>noANj>no} = (U Ez) N{(k,j):k>noAj>no}. (22)

i=1 i=1
Ifk,j > noand (k,j) ¢ E, then

v

(k,j) ¢ |J B: and (k,5) ¢ |J T

=1 i=1

This implies that
1
|zk; — LI < = <.
v

Hence, we have

lim xp; = L.
k,j—o0
(k,j)€M>

Finally, we define the concepts of Z§-Cauchy and Z§*-Cauchy double sequences.

Definition 2.5. A double sequence (xj;) is said to be Zs-invariant Cauchy or
Zg-Cauchy sequence, if for every ¢ > 0, there exist numbers r = r(¢),s = s(e) € N
such that

A(e) = {(k, ) : |wrs — mrs| > e} € I3,
thatis, V2 (A(e)) = 0.
Definition 2.6. A double sequence (xz};) is Z;-invariant Cauchy or Z3*-Cauchy sequence

if there exists a set My € F(Z9) (i.e., NxN\M, = H € ZI7) such that for every (k, j), (1, s) €
My
li i — xrs| = 0.
k,j,rl,krsn—wo |ij $75| 0
We give following theorems which show relationships between Z§-convergence, 75 -
Cauchy double sequence and Z§*-Cauchy double sequence. The proof of them are similar
to the proof of Theorems in [3,4,11], so we omit them.

Theorem 2.6. If a double sequence (xy;) is ZI3-convergent, then (xy;) is an
Z3-Cauchy double sequence.

Theorem 2.7. Ifa double sequence () is 23 *-Cauchy double sequence, then (xy;) is I3 -Cauchy
double sequence.

Theorem 2.8. Let Z§ has property (AP2). Then, the concepts Zg-Cauchy double sequence and
Z3*-Cauchy double sequence coincides.
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