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ASYMPTOTICALLY 7,-CESARO EQUIVALENCE OF DOUBLE
SEQUENCES OF SETS

UGUR ULUSU, ERDINC DUNDAR, BUNYAMIN AYDIN

ABSTRACT. In this paper, we defined concept of asymptotically Zs-Cesaro
equivalence and investigate the relationships between the concepts of asymp-
totically strongly Z2-Cesaro equivalence, asymptotically strongly Zz-lacunary
equivalence, asymptotically p-strongly Z-Cesaro equivalence and asymptoti-
cally Za-statistical equivalence of double sequences of sets.

1. INTRODUCTION

The concept of convergence of real number sequences has been extended to sta-
tistical convergence independently by Fast [8] and Schoenberg [23]. The idea of
Z-convergence was introduced by Kostyrko et al. [12] as a generalization of statis-
tical convergence which is based on the structure of the ideal Z of subset of the set
of natural numbers N. Das et al. [6] introduced the concept of Z-convergence of
double sequences in a metric space and studied some properties of this convergence.

Freedman et al. [9] established the connection between the strongly Cesaro sum-
mable sequences space and the strongly lacunary summable sequences space. Con-
nor [4] gave the relationships between the concepts of statistical and strongly p-
Cesaro convergence of sequences.

There are different convergence notions for sequence of sets. One of them handled
in this paper is the concept of Wijsman convergence (see, |1,[3L|10L14L[271[32]). The
concepts of statistical convergence and lacunary statistical convergence of sequences
of sets were studied in [1427]. Also, new convergence notions, for sequences of
sets, which is called Wijsman Z-convergence, Wijsman Z-statistical convergence
and Wijsman Z-Cesaro summability by using ideal were introduced in [10}11}30].

Nuray et al. [17] studied the concepts of Wijsman Cesaro summability and Wijs-
man lacunary convergence of double sequences of sets and investigate the rela-
tionship between them. Also, Nuray et al. |[15] studied the concepts of Wijsman
Ty, I5-convergence and Wijsman Zy, Z5-Cauchy double sequences of sets. Ulusu
et al. [26] studied Z,-Cesaro summability of double sequences of sets. Diindar et
al. [7] investigated Z»-lacunary statistical convergence of double sequences of sets.
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Marouf |13] peresented definitions for asymptotically equivalent and asymptotic
regular matrices. This concepts was investigated in [19H21].

The concept of asymptotically equivalence of real numbers sequences which is
defined by Marouf [13] has been extended by Ulusu and Nuray [28] to concepts of
Wijsman asymptotically equivalence of set sequences. Moreover, natural inclusion
theorems are presented. Kisi et al. [11] introduced the concepts of Wijsman asymp-
totically Z-equivalence of sequences of sets. Ulusu [24] investigated asymptotically
TZ-Cesaro equivalence of sequences of sets.

2. DEFINITIONS AND NOTATIONS

Now, we recall the basic definitions and concepts (See [?,|1,/2,5H7}/12,[15H17} 22,
25,,26,,29,131]).

Let (X, p) be a metric space. For any point 2 € X and any non-empty subset A
of X, we define the distance from x to A by

d(z, A) = inf p(z,a).

Throughout the paper we take (X, p) be a separable metric space and A, Ay; be
non-empty closed subsets of X.

The double sequence {Ay;} is Wijsman convergent to A if

P— lim d(z,Ag;) =d(z,A) or lim d(z,Ag;) = d(x, A)
k,j—o00 k,j—o0

for each z € X and we write Wy — lim Ay; = A.

The double sequence {Ay;} is Wijsman statistically convergent to A if for every
¢ > 0 and for each z € X,

1
mlylzriloo%‘{k <m,j <n:|d(z,Ay;) —d(z, A)| > 5}‘ =0,
that is,
|d(z, Agj) —d(z, A)| <e, aa. (k,j)

and we write sty — limy A, = A.

Let X # (. A class Z of subsets of X is said to be an ideal in X provided:
i)0eZ, ii)A BeTimplies AUB€E€Z, iii)A€Z, BC Aimplies BeZ.

7 is called a non-trivial ideal if X ¢ 7.

A non-trivial ideal Z in X is called admissible if {x} € Z for each = € X.

Throughout the paper we take 75 as an admissible ideal in N x N.

A non-trivial ideal Z; of N x N is called strongly admissible if {i} x N and N x {i}
belong to Z, for each i € N.

Let X # (). A non empty class F of subsets of X is said to be a filter in X
provided:
)0 F, i) A BeFimplies ANBeF, iii) AeF, AC B implies B € F.

If 7 is a non-trivial ideal in X, X # (), then the class

FI)={McX:BAeT)(M=X\A)}

is a filter on X, called the filter associated with Z.
The double sequence {A;} is Zy,-convergent to A if for every ¢ > 0 and for
each r € X,
{(k,j) e Nx N: [d(z, Ay;) — d(z, A)| > ¢} € T

and we write Zy, — lim Ay; = A.
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The double sequence {A;} is Wijsman Z,-Cesaro summable to A if for every
€ > 0 and for each z € X,

1 m,n
{(m,n)ENxN: — Z d($7Akj)—d($,A)‘ZE}EIQ
k,j=1,1

T
and we write Ay; wa) g

The double sequence {Ay; } is Wijsman strongly Zo-Cesaro summable to A if for
every € > (0 and for each = € X,

mn 4
k,j=1,1

{(m,n) eNxN: € g |d(z, Ag;) — d(z, A)| > 6} Sy

CiIT
and we write Ay; 1[—V>V2] A.

The double sequences {Ay;} is Wijsman p-strongly Z,-Cesaro summable to A if
for every € > 0, for each p positive real number and for each z € X,

{(m,n)ENxN:l Z d(x,Akj)d(x,AﬂpZ&?}GIg

mn .
k,j=1,1

CpIT
and we write Ay; p[—u;zl A.

The double sequence {Ay;} is Wijsman Z,-statistical convergent to A or S (Zw, )-
convergent to A if for every € > 0, § > 0 and for each z € X,

1
{(m,n) ENxN: %‘{kgm,j < n:|d(z, Ay;) — d(z, A)] 25}‘ 25} e

and we write Ap; — A(S (Zw,) ).
The double sequence § = {(k,, js)} is called double lacunary sequence if there
exist two increasing sequence of integers such that

ko=0, h.=k.—k._1—>00 as r— o0
and -
jo=0, hy=7jy—ju—1—>00 as u— 0.
We use the following notations in the sequel:
kru = krjus Prw = hohu, Ty = {(k,5) s kpy <k < ke and ju—1 <3j < juf,

T

and ¢, = _ju .
r—1 Ju—1

The double sequence {Ay;} is said to be Wijsman strongly Zr-lacunary conver-
gent to A or Ny [Zyy,]|-convergent to A if for every e > 0 and for each z € X,

QT:k_

1
Ae,z) =< (nu) ENxN: — > |d(z, Agj) —d(z,A)| >y €T,
hyhy |, -
(k:5) € lru
and we write Ay; — A(Ng [Zw,] ).
We define d(x; Ay, By;) as follows:
d(x,Akj)
9L Lhj) AU B
d(z,Bkj) ) x g ]Cj U kj

d(x; Akj, Bkj) =

L s LL‘EAijBkj.
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The double sequences {Ay;} and {By;} are Wijsman asymptotically equivalent
of multiple L if for each z € X,
lim d(z; Akj,Bkj) =1L

k,j—o0

WL
and we write Ay; ~ By; and simply Wijsman asymptotically equivalent if L = 1.
The double sequences { Ay, } and { By;} are Wijsman asymptotically Zy-equivalent
of multiple L if for every ¢ > 0 and each x € X

{(k’,]) e NxN: ‘d(l’;Akj,Bkj) — L| > E} €1
IVLV2
and we write Ay; ~° By; and simply Wijsman asymptotically Zy-equivalent if
L=1.
The double sequences {Ay; } and { By;} are Wijsman asymptotically Z-statistical
equivalent of multiple L if for every € > 0, § > 0 and for each z € X,

{(m,n) e NxN: %‘{kgm,j <n:|d(z; Agj, Br;) — L] 25}’ 25} €1

s(z,)

and we write Ay; ~ By; and simply Wijsman asymptotically Z»-statistical
equivalent if L = 1.

Let 6 be a double lacunary sequence. The double sequences {Ay;} and {By;}
are said to be Wijsman asymptotically strongly Zs-lacunary equivalent of multiple
L if for every € > 0 and for each x € X,

1
(ru) ENxN:— " |d(2; Apj, Bj) — L| > e p € I
hphy 4
(k,j)€lru
: No[Z3,] . g :

and we write Ay; ~ ° Bp; and simply Wijsman asymptotically strongly Zo-
lacunary equivalent if L = 1.

X CR, f,¢g: X — R functions and a point a € X’ are given. If f(z) = a(z)g(x)

for Vz € Us(a) N X, then for z € X we write f = O(g) as © — a, where for any
d >0, a: X — R is bounded function on Us(a) N X. In this case, if there exists a

¢ > 0 such that |f(z)| < ¢|g(x)]| for Vz € l(}(;(a) N X, then for z € X, f = O(g) as
T — a.

3. MAIN RESULTS

In this section, we defined concepts of asymptotically Z,-Cesaro equivalence,
asymptotically strongly Z,-Cesaro equivalence and asymptotically p-strongly Z-
Cesaro equivalence of double sequences of sets. Also, we investigate the relationship
between the concepts of asymptotically strongly Z,-Cesaro equivalence, asymptot-
ically strongly Zs-lacunary equivalence, asymptotically p-strongly Zs-Cesaro equi-
valence and asymptotically Zs-statistical equivalence of double sequences of sets.

Definition 3.1. The double sequence {Ay;} and {By;} are asymptotically To-
Cesaro equivalence of multiple L if for every e > 0 and for each © € X,

1 m,n
) €N N:’— d(z; A -,B-—L‘z €T
{(mn) X mnka—:u (z; Akj, Brj) 5} 2
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. . CY (Zwy)
In this case, we write Ay; PR

valent if L =1.

By; and simply asymptotically Zo-Cesaro equi-

Definition 3.2. The double sequence {Ay;} and {By;} are asymptotically strongly
Is-Cesaro equivalence of multiple L if for every e > 0 and for each x € X,

1 m,n
NxN:— d(x; A, Brj) — L| > Is.
o 5 - size) e

. . ClL [IWQ]
In this case, we write Ap; ~ ~

equivalent if L = 1.

By; and simply asymptotically strongly Is-Cesdaro

Theorem 3.3. Let 0 be a double lacunary sequence. If liminf, ¢, > 1, liminf, ¢, >
1, then

L

CE[Tw,] ; va]

Akj ~ Bkj = Akj Bkj-

Proof. Let liminf, ¢, > 1 and liminf, g, > 1. Then, there exist A, x > 0 such that
qr > 14+ Xand g, > 1+ p for all r,u > 1, which implies that

krju o (L+NA+p)
hrhy ~ Ap hyhe Ap

Let € > 0 and for each x € X we define the set

kr,ju
. 1
S—{(kr,ju)GNXNik - Z |d(1’;Ais7Bis)—L|<€}.

i,s=1,1
We can easily say that S € F(Z), which is a filter of the ideal Z5, so we have

LS @ A, Bi) — I

P (4,8)ELru
1 kriju
= — d‘r;Aiszis - L
i X )~ Ll

- d ;Ai57Bis - L
- d(as A, Bus) — L

(]

i,5=1,1

. kT?ju
1
_ Frgu ( > ld(w; Ais, Bis) —L|>

hoa \ ko, 5|
. kr—laju—l
krfljufl ( 1 >
- - . d x; Ais; Bis —L
hrhu kr—l]u—l z; 1 | ( ) |

(252 - (3)-
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for every & > 0, for each € X and (k;,j,) € S. Choose n = (w) e+

Ap
(—/\1 )5’ . Therefore,
m

1
hrhy

D ld(w; Ak, Bry) — L| < n} € F(I,)

(k,j)Elru

{(r,u)ENXN:

and it completes the proof. O

Theorem 3.4. Let 6 be a double lacunary sequence. If limsup,. ¢, < oo, limsup,, ¢, <
oo, then
Ny [T ctiz
Ay Bl g g, Tl g
Proof. Let limsup,. g, < oo and limsup,, ¢, < co. Then, there exist M, N > 0 such

NQL [sz]

that ¢, < M and g, < N for all r,u > 1. Let Ay; ~ " Byj and for £1,e9 > 0
define the sets T" and R such that

1
T{(T‘,U)GNXN: Z |d($;Akj,Bkj)L|<€1}

for P (k,j)Elru
and
1 m,n
R = S AL N
{(m,n) eNxN - Z |d(z; Agj, Bij) — L)| <€2},
k,j=1,1
for each x € X. Let
1
Aty = — dm;Ais,Bis _L<57
W= 2 )-Ll<a
(7'73)61w

for each x € X and for all (¢,v) € T. It is obvious that T' € F(Z,).
Choose m,n is any integer with k.1 < m < k, and j,—1 < n < j,, where
(r,u) € T. Then, for each x € X we have

m,n kruju
ﬁ > ld(@; Ay, Bry) — L| < m > ld(x; Ayj, Brj) — L
k,j=1,1 k,j=1,1
— (T ) -
(k,3)€I11
+ 2 ld(x; Ay, Bij) — L
(k,j)6112
+ > ld(w; Awy, Brj) — L
(k,j)€I21
+ > ld(x; Agj, Bij) — L
(k,j)GIQQ

TR d(o:;Akj,Bmu)
(k,3)ELrw
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= (L S |d(a; Ak, Bry) —L|>
kr—1ju—1 (h1h1 (k‘,j)GIll J J

k1(j2—J1) < 1 . . )
kr—1ju—1 \ hihg (bl J J

(k2 —Fk1)j1 ( 1 . . )
kr—1ju—1 \ hiho e J J

(kz—kl)(jz—m( L ;
kr—1ju—1 fiaha (k,j)€l22 ’ ]

4o+ (krkrl)(jujul)( 1 Z |d(l‘§Akj,Bkj) _ L|>

kr—1ju-1 B (k,§)ET
= g + R e + R
+(k2lzrlill);ii:j1)a22 o+ (k".ik;;:jl)giijjuil)a'ru
< ( sup atv) ,c’fl%
(t,w)eT
< €1-M-N.

Choose g9 = Ivf—lN and in view of the fact that

U {mn) ks <m <ky, juor <n<ju} CR,
(ryu)€eT

where T' € F (1), it follows from our assumption on @ that the set R also belongs
to F(Z2) and this completes the proof of the theorem. O

We have the following Theorem by Theorem and Theorem [3.4]

Theorem 3.5. Let 6 be a double lacunary sequence. If 1 < liminf, ¢, < limsup, ¢, <
oo and 1 <liminf, ¢, < limsup, q. < 00, then
CclzT NF|z
a, T gy, M
Definition 3.6. The double sequences {Ay;} and {By;} are asymptotically p-

strongly Zo-Cesaro equivalence of multiple L if for every e > 0, for each p positive
real number and for each x € X,

mn

1 m,n
{(m,n)ENxN: Z |d(1‘;Akj,Bkj)—L|p>€}€Ig.
k,j=1,1

ctlz
In this case, we write Ag; [NWZ] By; and simply asymptotically p-strongly Is-

Cesaro equivalent if L = 1.

Theorem 3.7. If the sequences {Ax;} and {By;} are asymptotically p-strongly
Zy-Cesaro equivalence of multiple L, then {Ay;} and {By;} are asymptotically I,-
statistical equivalence of multiple L.
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L

cllz
Proof. Let Ag; " [NWA By,; and € > 0 given. Then, for each z € X we have

> ld(x; Agj, Brj) — LIP > > |d(x; Agj, Brj) — LIP
k,j=1,1 k,j=1,1

|d(a:;Akj,Bkj)—L|25

> P, ‘{k <m,j <n:l|d(z; Ay, Brj) — L] > 5}‘
and so
1 m,n 1 .
ePmn Z |d(x; Agj, Brj) — L|P > %‘{k <m,j < n:ld(a; Ay, Bry) — L[ = E}‘
k,j=1,1

So for a given § > 0 and for each x € X

{(m,n) e NxN: %’{kgm,jgn:|d(m;Akj,Bkj)—L| 25}‘ 2(5}

1 m,n
- (m,n)eNxN: — Z |d(1‘;Akj,Bkj)—L‘pZ€p~5 € L.
mn =11

s
Therefore, Ay; (Tw2) By O
Theorem 3.8. Let d(z, Ax;) = O(d(z, Byj)). If {Ax;} and {By;} are asymptoti-
cally Ty-statistical equivalence of multiple L, then {Ay;} and {By;} are asymptoti-
cally p-strongly Zs-Cesaro equivalence of multiple L.

S(z
Proof. Suppose that d(z, Agj) = O(d(z, By;)) and Ay, o) By;. Then, there is

an M > 0 such that
|d(£l?7 Akj7 Bkj) — L| S M,

for all k, j and for each x € X. Given € > 0 and for each z € X, we have

1 m,n
— > |d(x; Agj, Bej) — LIP
mn g i=1,1 ! !
— Y (i Ay By — LP
=— z; Agj, Brj) —
mn k,j=1,1 ! !

|d(z;Akj,Bkj)—L|Zs

1 m,n
+— > |d(z; Ay, Bxj) — LI”
mn k,j=1,1 ! !

|d(z;Ak.j,Bkj)—L|<a

1
< %M”-‘{kgm,j <n:|d(z; Akj, Br;j) — L Zs}‘

1 .
+%5p . ‘{k <m,j <n:|d(z;Ag;, Bxj) — L| < 5}‘

Mp
< |{k <mj < sl A, Big) — I > €} + e,
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Then, for any 6 > 0 and for each x € X,

m,n

{(m,n) ENxN:— S |d(x; Agj, By,) — LIP > 5}

mn g =11

c {(m,n) ENxN: %‘{kgm,j < n: |d(z; Awg, Bry) — L 26}‘ > %} e L.

Cj [Iwz]

Therefore, Ay; ~ ~ = By;. O

N
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