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Abstract 

The concept of convergence of real sequences has been extended to statistical convergence and later this concept was 
extended to the double sequences by Mursaleen and Edely. The concept of ordinary convergence of a sequence of fuzzy 
numbers was firstly introduced by Matloka and proved some 

et al. studied statistical 
convergence of double sequences in fuzzy normed spaces. In this paper, the application of lacunary statistical convergence of 
double sequences, previously described in fuzzy normed spaces, has been redefined using fuzzy n-norm. In this study, first of 
all, the concept of lacunary summable has been introduced and then the definition of lacunary statistical convergence and the 
basic theorems related to this convergence have been introduced for double sequences in fuzzy n-normed spaces. Then the 
relations between lacunary summable and lacunary statistical convergence have examined and some theorems are given 
together with the proofs.
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1. Introduction and Background 

The concept of convergence of real sequences has been extended to statistical convergence independently by 
Fast (1951)  and Schoenberg (1959). The concept of ordinary convergence of a sequence of fuzzy numbers was 
firstly introduced by Matloka (1986) and proved some basic theorems for sequences of fuzzy numbers. Nanda 
(1989) studied the sequences of fuzzy numbers and showed that the set of all convergent sequences of fuzzy 
numbers form a complete metric space. en imen and Pehlivan (2008) introduced the notions of statistically 
convergent sequence and statistically Cauchy sequence in a fuzzy normed linear space. Reddy and Srinivas 
(2015) studied statistical convergence in fuzzy n-normed linear spaces and also many authors studied in fuzzy 
normed spaces and in fuzzy n-normed spaces Felbin (1992), Narayan and Vijayabalaji (2005),

, Efe (2013) (2017) presented analogues in fuzz normed linear 
spaces of the results given by Fridy and Orhan (1993) (2018) studied lacunary 
statistical convergence of double sequences in fuzzy normed linear spaces.  

Fuzzy sets are considered with respect to a nonempty base set  of elements of interest. The essential idea is that 
each element  is assigned a membership grade  taking values in , with  corresponding to 
nonmembership,  to partial membership, and  to full membership. According to Zadeh 
(1965), a fuzzy subset of  is a nonempty subset  of  for some function .
The function  itself is often used for the fuzzy set. 

A fuzzy set  on  is called a fuzzy number if it has the following properties: 

1.  is normal, that is, there exists an  such that ; 

2.  is fuzzy convex, that is, for  and ,
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3.  is upper semicontinuous; 

4.  or denoted by  is compact. 

Now, we recall the basic definitions and concepts (see (Bag and Samanta, 2008: Debnath, 2012: Fast, 1951: 
Felbin, 1992: Fridy, 1985: Fridy and Orhan, 1993: Mohiuddine et al., (2012): Mursaleen and Edely, 2003: 
Narayan and Vijayabalaji, 2005: Nuray, 1998: 1995: Pringsheim, 1900: , 1980: 
and Pehlivan, 2008: Steinhaus, 1951: a: )). 

Let  be set of all fuzzy numbers. If  and  for  then  is called a non-negative fuzzy 
number. We have written  by the set of all non-negative fuzzy numbers. We can say that  if and 
only if  for each  Clearly we have  For  the  level set of  is defined by  

Some arithmetic operations for level sets are defined as follows:  and  and 
 Then 

 ,

For  the supremum metric on  is defined as  

It is known that  is a metric on  and  is a complete metric space. 

A sequence  of fuzzy numbers is said to be convergent to the fuzzy number  if for every  there 
exists a positive integer  such that  for  and a sequence  of fuzzy numbers 
convergens to levelwise to  if and only if  and , where 

 and , for every . 

Let  be a vector space over  and the mappings  (respectively, left norm and right norm) 
 be symetric, nondecreasing in both arguments and satisfy  and . 

The quadruple  is called fuzzy normed linear space  and  a fuzzy norm if 
the following axioms are satisfied 

1.   iff 

2.   for 

3.  For all 

 (a)  whenever  and , 

 (b)  whenever  and .

Let  be an ordinary normed linear space. Then, a fuzzy norm  on  can be obtained by  

where  is the ordinary norm of  and  For  define  Hence, 
 is a fuzzy normed linear space. 

Let us consider the topological structure of an  For any  and  the 
. 

Let  be an . A sequence  in  is convergent to  with respect to the fuzzy norm on 

and we denote by  provided that  i.e., for every  there is an 
such that  for all  This means that for every  there is an  such that 
for all 
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 be an . A sequence  in  is statistically convergent to  with respect to the fuzzy norm 

 provided that for each , we have 
This implies that for each , the set  

has natural density zero; namely, for each ,  for almost all k. 

Let  and let  be a real linear space of dimension . A real valued function  on 

if and only if  are linearly dependent, 

 is invariant under any permutation of 

 for all 

 for all   

then the function  is called an norm on  and pair  is called normed space. 

Let  be a real linear space of dimension , where  Let  and the mappings 
 (respectively, left norm and right norm)  be symetric, nondecreasing in both 

arguments and satisfy  and  then the quadruple  is called fuzzy 
normed linear space  and  a fuzzy norm if the following axioms 

are satisfied for every  and 

 if and only if  are linearly dependent vectors

 is invariant under any permutation of 

 for all 

 whenever 
 and , 

 whenever 
 and ,

where  for  and 
 Hence the norm  is called fuzzy  is 

called fuzzy normed space. 

Let  be fuzzy normed space. A sequence  in  is said to be convergent to an element 
 with respect to the fuzzy norm on  if for every  and for every ,

,  a number  such that  ,  or equivalently 

Let  be fuzzy normed space. A sequence  in  is said to be statistically convergent to an 
element  with respect to the fuzzy norm on  if for every  and for every ,

, we have . 

By a lacunary sequence we mean an increasing integer sequence  such that  and 
 as . 

Let  be an  and  be lacunary sequence. A sequence  in  is said to be lacunary 
summable with respect to fuzzy norm on  if there is an  such that  

In this case, we can write  or  and  
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A sequence  in X is said to be lacunary statistically convergent or convergent to  with 
respect to fuzzy norm on  if for each   

where  denotes the number of elements of the set . In this case, we write  or  or 
 . This implies that for each , the set  has natural 

density zero, namely, for each , , for almost all . 

-convergent) if for given  there 

 whenever  We shall write this as  where  and 

tending to infinity independent of each other. 

 is said to be bounded if there exists a positive real number  such that for all 
, that is, . We let the set of all bounded double sequences by . 

Let  be the number of  such that ,  has a limit 

 has double natural density and is denoted by  

 is said to be statistically convergent to the number  if for each  the set 
 has double natural density zero. In this case, we write 

Let  be an  is said to be convergent to  with respect to the 
fuzzy norm on  if for every  there exist a number  such that  

. 

 be an  is said to be statistically convergent to  with respect to 
the fuzzy norm on  if for every ,

 Namely, for each  for almost all  In this case, we write  or 

 be an  is said to be statistically Cauchy with respect to the fuzzy 
norm on  if for every , there exist  and  such that for all  and ,

The double sequence  is a double subsequence of the double sequence  provided that there exist two 
, then y is formed by  

The double sequence  is called double lacunary sequence if there exist two increasing sequence of 
integers such that  and  as 

We use following notations in the sequel: 

Let  be a double lacunary sequence. The double sequence  is -convergent to  provided that for 
every   
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In this case, write  or . Let  be an . 

 is said to be statistically convergent to  with respect to the fuzzy norm on  if for 
every ,

 In this case, we write 

A double sequence  in X is said to be lacunary statistically convergent or -convergent to 
with respect to fuzzy norm on  if for each   

In this case, we write  or  or 

2. Main Result 

In this section, we introduce the concepts of lacunary summable, lacunary statistically convergence and lacunary 
statistically Cauchy sequence in fuzzy n-normed spaces. Also, we investigate some properties and relationships 
between these concepts. 

 be a fuzzy n-normed space (brifly FnNS) and  be 
a double lacunary sequence. And also we will get 

Definition 2.1 A double sequence  in  is said to be lacunary summable with respect to 
fuzzy n-norm on  if there is an  such that 

In this case, we write  or  and 

, for some 

Definition 2.2 A double sequence  in  is said to be lacunary statistically convergent or -
convergent to  with respect to fuzzy n-norm on  if for each 

(2.1) 

In this case, we write  or  or  . This implies that, for each 

, the set  

has natural density zero, namely, for each ,  for almost all . In terms of 

neighborhoods, we have  if for every ,

that is, for each ,  for almost all .

A useful interpretation of the above definition is the following;  
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Note that  implies that 
 for each , since 

 holds for every  and for each  . 

The set of all lacunary statistically convergent double sequence with respect to fuzzy n-norm on  will be 
denoted by  

Theorem 2.3  We have the following statements for every  double sequences:

(i) . 

 is a proper subset of   

Proof. (i) If , then for given   

Therefore, we have  

This implies that 

 in (i) is proper, let a double lacunary sequence 

be given and define a sequence  as follows:  

for r,u=1,2,... . Note that,  is not bounded. We have, for every  and for each ,

That is, . On the other hand  

Hence, .
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