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Oz

Reel sayr dizilerinin yakinsaklik kavramu genigletilerek iStatistiksel yakinsaklik kavrami ortaya ¢ikti. Daha sonra
Mursaleen ve Edely tarafindan bu kavram gift diziler i¢in genigletildi. Fuzzy say1 dizileri i¢in klasik anlamda yakinsaklik
kavranu ilk defa Matloka tarafindan ¢alisildi ve fuzzy say: dizilerinin baz1 temel teoremlerin ispatlandi. Ttirkmen ve Cinar
lacunary istatistiksel yakinsaklik kavramini fuzzy normlu uzaylarda ¢aligti. Mohiuddine ve arkadaglar1 ise fuzzy normlu
uzaylarda ¢ift diziler ig¢in istatistiksel yakinsaklik kavramini g¢aligti. Bu caligmada daha énce fuzzy normlu uzaylarda
tanimlanan lacunary istatistiksel yakinsakligin uygulamalarini, ¢ift diziler fuzzy n-normlu uzaylari kullanarak yeniden
tamimlayacagiz. Bunun igin ilk olarak lacunary toplanabilme daha sonra ise lacunary istatistiksel yakinsaklik kavramlarim
tanimlayacag8iz. Daha sonra bu tanimlar arasindaki iligkiler teoremle verilip ispatlanacaktir.

Anahtar Kelimeler: Fuzzy n-normlu uzay, lacunary dizi, istatistiksel yakinsaklik, ¢ift dizi.

Abstract

The concept of convergence of real sequences has been extended to statistical convergence and later this concept was
extended to the double sequences by Mursaleen and Edely. The concept of ordinary convergence of a sequence of fuzzy
numbers was firstly introduced by Matloka and proved some basic theorems for sequences of fuzzy numbers. Tiirkmen and
Cmar studied lacunary statistical convergence in fuzzy normed linear spaces. Mohiuddine et a. studied statistical
convergence of double sequences in fuzzy normed spaces. In this paper, the application of lacunary statistica convergence of
double sequences, previoudly described in fuzzy normed spaces, has been redefined using fuzzy n-norm. In this study, first of
all, the concept of lacunary summable has been introduced and then the definition of lacunary statistica convergence and the
basic theorems related to this convergence have been introduced for double sequences in fuzzy n-normed spaces. Then the
relations between lacunary summable and lacunary statistical convergence have examined and some theorems are given
together with the proofs.

Keywords: Fuzzy n-normed space, lacunary sequence, statistical convergence, double sequence.

1. Introduction and Background

The concept of convergence of real sequences has been extended to statistical convergence independently by
Fast (1951) and Schoenberg (1959). The concept of ordinary convergence of a sequence of fuzzy numbers was
firstly introduced by Matloka (1986) and proved some basic theorems for sequences of fuzzy numbers. Nanda
(1989) studied the sequences of fuzzy numbers and showed that the set of al convergent sequences of fuzzy
numbers form a complete metric space. Sencimen and Pehlivan (2008) introduced the notions of statistically
convergent sequence and statistically Cauchy sequence in a fuzzy normed linear space. Reddy and Srinivas
(2015) studied statistical convergence in fuzzy n-normed linear spaces and also many authors studied in fuzzy
normed spaces and in fuzzy n-normed spaces Felbin (1992), Narayan and Vijayabaaji (2005), Turkmen and
Cinar (2018), Turkmen and Efe (2013). Turkmen and Cmar (2017) presented analogues in fuzz normed linear
spaces of the results given by Fridy and Orhan (1993) and Turkmen and Dindar (2018) studied lacunary
statistical convergence of double sequences in fuzzy normed linear spaces.

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that
each element x € X isassigned a membership grade u(x) taking valuesin [0,1], with u(x) = 0 corresponding to
nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership. According to Zadeh
(1965), afuzzy subset of X isanonempty subset {(x,u(x)):x € X} of X % [0,1] for some function u: X — [0,1].
The function u itself is often used for the fuzzy set.

A fuzzy set u on R iscaled afuzzy number if it has the following properties:
1. u isnormal, that is, there existsan x, € R such that u(x,) = 1;

2. u isfuzzy convex, that is, for x,y e Rand0 < 1 < 1, u(Ax + (1 — D)y) = min[u(x),u(y)];

398



International Congress on Science and Education Afyonkarahisar, 2018

3. u isupper semicontinuous,
4. supp u = cl{x € R:u(x) > 03}, or denoted by [u],, is compact.

Now, we recall the basic definitions and concepts (see (Bag and Samanta, 2008: Debnath, 2012: Fast, 1951:
Felbin, 1992: Fridy, 1985: Fridy and Orhan, 1993: Mohiuddine et a., (2012): Mursaleen and Edely, 2003:
Narayan and Vijayabalaji, 2005: Nuray, 1998: Nuray and Savas, 1995: Pringsheim, 1900: Salat, 1980: Sengimen
and Pehlivan, 2008: Steinhaus, 1951: Tirkmen, 2018a Tirkmen, 2018b)).

Let L(R) be set of all fuzzy numbers. If u € L(R) and u(t) = 0 for t < 0, then u is called a non-negative fuzzy
number. We have written L*(R) by the set of al non-negative fuzzy numbers. We can say that u € L*(R) if and
only if u, > 0 for each « € [0,1]. Clearly we have 0 € L(R). For u € L(R), the « level set of u is defined by

{x e Reu(x) = a}, ifae (01]
[l = o
suppu, ifa =0.

Some arithmetic operations for a —level sets are defined as follows: u,v € L(R) and [u], = [ug,u}] and
[v], = [vg,v], @ € (0,1]. Then

[u@v]a = [u; + Ua_'u; +U;] ' [uev]a = [u; - U;'u; - U;]
u®vl, = [ug.ve,ulb.vil, [1 @u]a = [u%u%]u; >0

For u, v € L(R), the supremum metric on L(R) isdefined as

D(u,v) = sup max{|uy — v, | lul —vi|}.
O=a=1

It isknown that D isametric on L(IR) and (L(R), D) isacomplete metric space.

A sequence x = (x;,) of fuzzy numbersis said to be convergent to the fuzzy number x,, if for every € > 0 there
exists a positive integer k, such that D(x,,x,) < e for k >k, and a sequence x = (x;) of fuzzy numbers
convergens to levelwise to x, if and only if /lim [xr]le = [x0]z and /lim [x]a = [x6]4, wWhere [x,], =

[Cri)e, (xi)e] @nd [xo] e = [(x0)a, (x) ], fOr every a € (0,1).

Let X be avector space over R, ||.||: X —» L' (R) and the mappings L; R (respectively, left norm and right norm)
:[0,1] x [0,1] — [0,1] be symetric, nondecreasing in both arguments and satisfy £(0,0) = 0 and R(1,1) = 1.

The quadruple (X, ||. I, L, R) is called fuzzy normed linear space (briefly(X, ||. ||) FNS) and ||.|| afuzzy norm if
the following axioms are satisfied

1 |lx|l = 0iff x =0,

2. |lrx|| = Ir|. l|x|]| forx € X, r € R,

3. Foralx,yeX
@ llx + yli(s + &) = LllxlI(s), llylI(r)), whenever s < [lxll7,t < llyll; ands + ¢ < [lx + yll7,
(0) llx + ylI(s + ) < R(Ilxll(s), 1yl (£)), whenever s = ||xI7,t = llyll; ands +t = |lx + ylI.
Let (X, ] |l¢) bean ordinary normed linear space. Then, afuzzy norm ||.|| on X can be obtained by

0 if 0<t<alx|lc or t=bl|xl,

t
Ixll(6) ={ A —llxll 1-—
(b—Dllxlle b—1

allxlle <t < llxlle

lxlle <t < bllxllc

where ||x||. is the ordinary norm of x (# 0), 0 <a <1 and 1< b < . For x = 9, define ||x|| = 0. Hence,
X, 1. 1D isafuzzy normed linear space.

Let us consider the topological structure of an FNS (X, |.1). For any € > 0, € [0,1] and x € X, the (g, @) —
neighborhood of x is the set N (g,@) = {y € X:ll x — y l5< €}

Let (X,].|]) bean FNS. A sequence (x, )., in X is convergent to x € X with respect to the fuzzy norm on X

and we denote by x,, =z x, provided that (D) — lim,,_,.||x, — x|| = 0; i.e., for every e > 0 thereisan N(¢) € N
such that D(||x,, — x||,0) < & for all n > N(¢). This means that for every ¢ > 0 thereis an N (&) € N such that
foral n = N(e), supgejoqllxn — xlla = llx, —xllg <e.
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Let (X,]|. 1) bean FNS. A sequence (x,) in X isstatistically convergent to L € X with respect to the fuzzy norm
on X and we denote by x, Iis> x, provided that for each ¢ > 0, we have 5({k € N: D(llx,c — Lll,ﬁ) > a}) = 0.
Thisimplies that for each € > 0, the set

K(e) = (k € N: |lx, — LII; = €}
has natural density zero; namely, for each ¢ > 0, ||x;, — L||; < e for almost all k.

Let neN and let X be a real linear space of dimension d =n. A read valued function [[-,..., || on
X X X X -+ x X satisfying the following conditions:

n
nNy: %, %5, ..., %, || = 0ifand only if x,,x,,...,x, arelinearly dependent,
nhN,: [|x,, x,,...,%, || isinvariant under any permutation of x,,x,,...,x,,
nNs: laxy, xq, .. x| = lellxg, xz, ..., 0, || foral « € R,
Ny ly + 2,%5,. ., %, 0 < v, g, o, + 12,55, .02, ]| forall v, z,x,,...,x, € X,
then the function ||-,-,...,-|| iscalled ann —norm on X and pair (X, ||-,-,...,||) is called n —normed space.
Let X be ared linear space of dimension d, where 2 < d < . Let ||-,-,...,-]|: X™ = L"(R) and the mappings
L; R (respectively, left norm and right norm) :[0,1] x [0,1] — [0,1] be symetric, nondecreasing in both
arguments and satisfy L(0,0) =0 and R(1,1) =1 then the quadruple (X, ||--,... |, L, R) is called fuzzy
n —normed linear space (briefly(X,||-,..., |)FnNS) and ||-,-,...,]| afuzzy n —norm if the following axioms
are satisfied for every y, x,,x,,...,x, € X ands,t € R
faNg: |x,,%5,...,x,|| = 0if and only if x,,x,,...,x, arelinearly dependent vectors,
fnNy: ||x,,x,,...,%, ]| iSinvariant under any permutation of x,, x,,...,x,,

faNg: lax,, xq, .. x|l = a||lx, xz, ..., x| foral a € R,

an4: ”xl +y'x2""'xn”(s + t) = L(”xl'xz""'xn”(s)J ”y'xZ""'xn”(t)) Whenever s< ”xl'xz""'xn”I’
t< 1y X Xylly @d s+t < iy +y,x5,0 X0l

faNz:lx, + y,%,,...,x,l(s+t) < R(||x1,x2,...,xn||(s), ||y,x2,...,xn||(t)) whenever s = |lx;,%,,..., %07,
=y, 2z, x,ll; @nd s + € = lxg + y,25,.00, 20117

where  [llx, %2, .., %, e = Ul X0, ooy X s 10, X0, ooy lle] fOr  x,%,,...,0, €EX,0<a <1 and
iﬂ)fl]”xl'xz'-- . %, |lz > 0. Hence the norm |-, ... ,-|| is called fuzzy n —norm on X and pair (X, ||-,-,...,|) is
elo,

al

called fuzzy n —normed space.

Let (X,|-,...,-) be fuzzy n —normed space. A sequence {x,} in X is said to be convergent to an element
x € X with respect to the fuzzy n —normon X if for every € > 0 and for every z,,z,,...,z, # 0, 2,,25,...,2, €
X, 3 anumber N = N(g,z,,2,...,2,) such that D(llx, —x,2,,2,,...,2,]1,0) <& ,vk >N or equivalently
D) — ALTOIIx,C —X,Z5,25,...,Z|| = 0.

Let (X,]l-,..., ) be fuzzy n —normed space. A sequence {x,} in X is said to be statistically convergent to an
element x € X with respect to the fuzzy n —norm on X if for every ¢ > 0 and for every z,,z;,...,2, # 0,
25,23,..., 2y € X, wehave §({k € N: D(||x, — x,2,,23,...,7,11,0) = €}) = 0.

By a lacunary sequence we mean an increasing integer sequence 9 = {k,.} such that k, =0 and h, =k, —
k,_; = o0 asr — oo. The intervals determined by 8 will be denoted by I, = (k,_4,k,].

Let (X, |I-]) bean FNS and @ = {k,} be lacunary sequence. A sequence x = (x;) ey 1N X iSsaid to be lacunary
summable with respect to fuzzy norm on X if thereisan L € X such that

1 ~
tim—{ > D(llx,~L1,0) | =o0.
"\ kel,

. . (Ng)FrN
In this case, we can writex, - L((Ng)py) Orx, — L and

1 ~
(Ng)ew =942 = ()i lim —( > D(lla = LI1,6) | = 0, for some L .

kel
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A sequence x = (x;) in X is said to be lacunary statistically convergent or FS, —convergent to L € X with
respect to fuzzy normon X if for each e > 0

1 L
lim h—|{k €L:D(llx, —L|I,0) = €}| =0

FSg
where |A| denotes the number of elements of the set A < N. In this case, we write x,, —» L or x;, —» L(FSy) or

FSy —limy_,x, =L . This implies that for each € > 0, the set K(¢) = {k € I,: |lx;, — L||§ = €} has natural
density zero, namely, for each € > 0, ||x,, — L||§ < €, for amost all k.

A double sequence x = (x]-k) is said to be Pringsheim’s convergent (or P-convergent) if for given € > 0 there
exists an integer N such that |x]-k - l| < ¢, whenever j, k > N. We shall writethisas lim x; = I, where j and k

Jile—oo

tending to infinity independent of each other.

A double sequence x = (xjk) is said to be bounded if there exists a positive real number M such that for all
k,j €N, |xj| <M, thatis, Il x ll,,= sup|x;,| < o. We et the set of all bounded double sequences by [, .
ke.j

Let K « N x N. Let K,,,,, be the number of (j, k) € K such that j < m, k < n. If the sequence {I::_:} has a limit
in Pringsheim’s sense then we say that K has double natural density and is denoted by

Kmn
6,(K) = lim

mmn—oco M. N

A double sequence x = (x]-k) is said to be statistically convergent to the number [ if for each € > 0, the set
{(,k):j <mandk <n, |x;, —I| = &} hasdouble natural density zero. In this case, we write st, — 1}5?xjk =1

Let (X,].]]) be an FNS. Then a double sequence (x]-k) is said to be convergent to x € X with respect to the
fuzzy normon X if for every € > 0 there exist anumber N = N (&) such that

|k — x||; < g forall j,k = N.

FN,
In this case, we write X, — X.

Let (X,|.|I) bean FNS. A double sequence (x]-k) issaid to be statistically convergent to x € X with respect to
the fuzzy normon X if for every € > 0,

5, ([G) € N X N: | —x||] 2 }) = .

Namely, for each e > 0, ||x;, — x||; < & for amost al j, k. Inthis case, we write F'S, — lim||x;, — x||; =0or
FS,

x]' - X.

Let (X,]|. ) bean FNS. Then a double sequence (xjk) issaid to be statistically Cauchy with respect to the fuzzy
normon X if for every e > 0, there exist N (¢) and M (¢) such that for al j,p = N and k,q = M,

s, ({(j,k) eNXN:j <nandk <m,|x; —qu“; > s}) = 0.

The double sequence [y] is a double subsequence of the double sequence [x] provided that there exist two
increasing double index sequences {nj} and {kj} such that if z; = x;, i, then y isformed by

2y Zz Z5 Zy9
Zy Zg3 Zg —
Z9 Zg Z7 —

The double sequence 6, = {(k,, j,,)} iscaled double lacunary sequenceif there exist two increasing sequence of
integerssuchthat k, = 0, h, =k, —k,_, > o andj, = 0,h, = j, — ju_q = ©,8S7,U = o,

We use following notations in the sequel: k,, =k, j,, Ry = hohy, Ly = £k, j): kg <k <k, and j, 4, <

. . ki = o
j <} @ =1 and g, = -

]u—ll

Let 0, be a double lacunary sequence. The double sequence x = (x,;) is Sy, -convergent to L provided that for
every € > 0,
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1
P— lim ——[{(k,j) € lyus i — L] Z €}| = 0.

In this case, write S5, — limx = L or x;,; — L(Sg). Let (X, ||. ||) bean FNS.

A double sequence (x]-k) issaid to be statistically convergent to x € X with respect to the fuzzy norm on X if for
every € > 0,
. +
8, ({G.l) € Nx N: |l — x| = e}) = 0.

. . - FS,
In this case, we write F'S, — lim||xj, — x|| = 0 or xj, - x.

A double sequence x = (x,,,) in X is said to be lacunary statistically convergent or FS,,-convergent to L € X
with respect to fuzzy normon X if for eache > 0

1
I{(m,n) € Ly: | %mn — LI = €} = 0.

ru

lim
7, U—00
FS@Z
In this case, we write x,,,,, = L(FSg,) of FSp, — liMyy, 1 codmn = L O Xppy = L

2. Main Result

In this section, we introduce the concepts of lacunary summable, lacunary statistically convergence and lacunary
statistically Cauchy sequence in fuzzy n-normed spaces. Also, we investigate some properties and relationships
between these concepts.

Throughout the paper, we consider (X, ||-,...,-||) beafuzzy n-normed space (brifly FnNS) and 6, = {(k..,j,)} be
adouble lacunary sequence. And also we will get z,, z5,...,z, € X.

Definition 2.1 A double sequence x = (x,,,) mmenxy iN X IS said to be lacunary summable with respect to
fuzzy n-normon X if thereisan L € X such that

lim
ru—o i

Z D(ll Xpmp — L, 23,25,...,2, I1,0) | = 0.

[ (mn)€ly

(Nez)FN
In this case, we write x,,,,, - L ((NQZ)FHN) orx,, — Land

. 1 ~
(NGZ)FN = {(xmn): r};r}mm (Z(m,n)elru D(”xmn - L, ZyyZgyuns 'Zn“'o)) = 0: for some L}

Definition 2.2 A double sequence x = (x,,,) in X is said to be lacunary statistically convergent or FnS,, -
convergent to L € X with respect to fuzzy n-normon X if for each e > 0

lim —|{(m, 1) € Ly: D(I%n — L, 22,23, .., 2,11,0) = €}| = 0. (2.1)

rau—oo Ry
FnsSg,
In this case, we write FnS, — lim X, =L Of x,,,, — L(FnS,,) or x,,, — L. Thisimpliesthat, for each
m,n—co

e > 0, the set
K(S) = {(mv n) € Iru: ”xmn - L'ZZ'ZS; ;anlg = S}

has natural density zero, namely, for each € > 0, ||x,,,,, — L, 22, 23,..., Z,|l§ < & for amost al (m,n). In terms of
FnSg

neighborhoods, we have x,,,,, — * Lif for every &> 0,

8, ({(M, 1) € Loyt Xmn € Ny, (£,0)}) = 0,
that is, for each € > 0, (x,,,,) € N, (¢,0) for amost al (m,n).
A useful interpretation of the above definition is the following;

Fnsg,

Xmn = L& FnSy, —lim|lxy, — L, 2,,25,...,2,llg = 0.
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Note that FnSy, —lim|[x,,, — L, 2,,25,...,2,[l =0 implies that FnSy, —lim|[x,,, — L, 2,,25,..., 24l ¢
FnSy, —lim|\x, —L,2;,23,..., 2yl =0, for each «a€[01], since 0<|lxp, —L,2;,23,...,Z, o
Wmm — L, 22,25, Zo e < % — L) 25, 25,..., Z,|I§ holds for every m, n € N and for each « € [0,1] .

IA I

The set of all lacunary statistically convergent double sequence with respect to fuzzy n-norm on X will be
denoted by FnSy, = {x: for some L, FnS,, —limx = L}.

Theorem 2.3 We have the following statements for every x = (x,,,,) double sequences:

() T = L ((No,) ) = % = L(FRS5,).

(ii) (Ng,) . is@proper subset of FnS,,.
Proof. (i) If X, — L ((NQZ)FHN), then for given e > 0

Z(m,n)elru D(”xmn - L' 22,23, -;Zn”; 0)

= Z(m,n)elﬁ,_ D(”xmn_L'ZZ'ZS""'Zn”'O)
D(llxmn—L22,23,,251,0) >

>e|{mn) € Ly: D(lxpn — L, 23,25,...,2,1,0) = €}
Therefore, we have

lim —|{(m, 1) € Ly: D(I%pn — L. 22,23, .., 2,11,0) = €}| = 0.

7,U—00 hory
Thisimpliesthat x,,,,, - L(FnS,).

(i1) In order to indicate that the inclusion (Ngz)FnN C FnSy, in (i) is proper, let a double lacunary sequence 6,

be given and define a sequence x = (x,,,,) asfollows:
Xy, = {(mv n),if krfl <m< krfl + [\/ hrl'ju—l <n< ju—l + [V Eu|'
(0,0) ,otherwise.

for r,u=1,2,... . Note that, x = (x,,,,) isnot bounded. We have, for every ¢ > 0 and for each x € X,

ﬁ {(m,n) € Ly: D(1%pm — 0,25, 25,...,2,11,0) = €}

= —[\/EI[\/E_u] -0

as r,u — oo,
Ryhy

That is, x,,,, > 0(FnS,, ). On the other hand

1 ~
hrﬁuz(m,n)elm D(”xmn - O;Zz;zg,.. .,Zn||,0)

1

Ryhy

L R ]

Z(m,n)elru ”xmn'zz' Z3yeney anlg

T hyhy

a3¢0
4

Hence, x,,,,, » 0 ((NQZ)FnN)'
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