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Abstract 

In this paper Euclidean metric induced by μ : M → G be the mean curvature of Tubular surfaces by 
Bishop frame are computed and the curvatures in differential geometry that are so  important for 
computing the Helfrich and Willmore energy of the tubular surfaces by bishop frame and giving some 
theorems are seen. Even though these calculations are very important to prove that the curvatures are 
very important in differential geometry, in actually these calculations are clearly important as 
mathematical physics. 

 

Sabit Ortalama Eğrilikli Bishop Çatılı Tubular Yüzeylerin Enerjileri 
 

Anahtar kelimeler 

Tubular yüzeyler; 

Eğrilikler; Bishop çatısı; 

Willmore enerji 

Öz 

Bu makalede μ : M → G Öklid metrikli Bishop çatılı Tubular yüzeylerin  Helfrich ve Willmore enerjileri 

hesaplandı and Bishop çatılı Tubular yüzeylerin  Helfrich ve Willmore enerjilerinin bulunmasında ve  bazı 

teoremlerin verilmesinde  diferensiyel geometrideki eğriliklerinin ne denli önemli olduğu görüldü. Bu 

hesaplamalar her ne kadar diferensiyel geometri için eğriliklerin önemli olduğunu  ispatlasa da aslında 

bu hesaplamalar matematiksel fizik için de önem arz etmektedir. 

© Afyon Kocatepe Üniversitesi 

 

1. Introduction 

    Energy is the most important thing for people, 

animals, plant and all living things. For example the 

sun is the source of the energy. It is naturel energy 

for the world. But the other type of energies are 

artificial. these are very special for physicians and 

mathematicians. 

    For 0, ba and Rc , the Helfrich energy of a 

surface   is 




++= cKdsbHa 2)(  

           


++= cKdsbHaA 2)(   (1) 

    The Willmore energy is found by Willmore as 

follows; 

  The Willmore energy )(MW of M  is given by 

dAHMW
M

= 2)(     (2) 

 (Gray 2005, Willmore 1959, Willmore 1965).  

        In this paper we use Helfrich energy and 

Willmore energy formulae and we calculate the 

Helfrich energy and Willmore energy of the Tubular 

Surfaces by Bishop frame. 

 

2. Preliminaries 

   In differential geometry a canal surface is defined 

as the envelope of a family of some special  spheres 

that have specific characters about their curvatures 

(Kişi 2017).  

If the radius function is constant, then the canal 

surface is called a tube or tubular surface (Doğan 

and Yaylı 2011, Kişi 2017). 

    Let   be a unit speed curve in Euclidean space. If 

)(2 sN orthogonal to both )(sT and )(1 sN , then 
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)()()( 12 sNsTsN =  (positively oriented-we say 

about these according to the righ hand rule or the 

clockwise in physics) according to this it means 

 )(),(),( 21 sNsNsT  an orthonormal frame is 

called Bishop frame. All we have the following 

formulaes from the references (Doğan and Yaylı 

2011, Doğan and Yaylı 2012): 

 

21211)( NkNksT +=     (3) 

TkN 11 −=      (4) 

221 NkN −=      (5) 

 cos1 =k      (6) 

 sin2 =k      (7) 

 =       (8) 

 

3. Mean and Gauss Curvatures of a Canal Surface 

    The mean H  and Gauss K  curvatures of tube 
surface are computed in (Doğan and Yaylı 2011) by 
3 situation. These are, 
    (i) If the center curve is given with Frenet frame, 

then the tube is around the center curve α becomes 

)sin(cos)(),( BNrssY  ++= , using 

derivative formulas of this and 

)cos1(

cos





rr
K

−

−
= ,    (9) 

 









+= r

r
H 

1

2

1
    (10) 

are obtained (Doğan and Yaylı 2011, Doğan and Yaylı 

2012). 

 

(ii)If the center curve is given with Bishop frame, 

then the tube around the center curve α becomes 

)sin(cos)(),( 21 NNrssZ  ++=  , using  

derivative formulas of this and 

 

)1)sincos((

sincos

21

21

−+

+−
=





kkrr

kk
K   (11) 

)sincos(2 21  kk

K
rKH

+
−=   (12) 

 

are obtained (Doğan and Yaylı 2011, Doğan and Yaylı 

2012). 

(iii)Let W be a regular surface with a unit normal V 

and the center curve WRI →:  be a unit 

speed. In case the tube around the center curve α 

becomes )sin(cos)(),( SPrssX  ++=  

using derivative formulas of this ( P  is normal and 

S  is the binormal of the curve) 

 

)sincos1(

sincos





ng

ng

rkrkr

kk
K

+−

+−
=   (13) 

)1sincos(2

1)sincos(2

−+

−+
=





ng

ng

rkrkr

kkr
H   (14) 

 

are obtained (Doğan and Yaylı 2011, Doğan and Yaylı 

2012). 

From (Doğan and Yaylı 2011 ), let the center are 

obtained in  )(s  be a spherical curve with order 

2 .  According to ( Bishop 1975 ),  if a space curve 

is a spherical curve, then the pair ),( 21 kk  lies on 

not passing throug a line 01 =++ hygx . For the 

−s parameter curves cos=g  and sin=h , 

 

01sincos 21 =++  kk    (15) 

 

So 

 

)1(

1

)1)sincos((

sincos

21

21

+
=

−+

+−
=

rrkkrr

kk
K




   (16) 

 

)1(2

12

)sincos(2 21 +

+
=

+
−=

rr

r

kk

K
rKH


  (17) 

(Liu 2005, Doğan and Yaylı 2011). 

 

4. Willmore Function on Curvatures of Tubular 

Surfaces 

 

In 1965 Willmore (Willmore 1959, Willmore 1965) 

proposed the study of the functional as follows:  

By using (2) we compute the Willmore of the Tube 

surface for the situation (i), so we obtain theorem as 

below: 
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Theorem 4.1. In this notation, the Willmore energy 

)( tubei YW  of M is given by Willmore energy of the 

Tube surface  for the situation (i) as follows: 

 




















−
+

−
−

=

tubeY

tubei dA

r

rrr
YW

2

22

2

)cos1(4

cos

)cos1(

cos

2

1

4

1

)(









 

      (18) 

Proof.  Let the mean H  curvature of the tube 

surface and )( tubei YW  Willmore energy of the tube 

surface for the situation (i), so we take 

 

dAHYW

tubeY

tubei = 2)(  

    dAr
r

tubeY

 















+=

2

1

2

1
  

dAr
rrr

tubeY

2

)cos1(

cos1

4

1
 









−

−
+=




 

dA

r

r
rrrr

tubeY

2

2

22

2

)cos1(4

cos

)cos1(

cos1
2

4

1

4

1




















−

−
+

−

−
+

=









 

dA

r

rrr

tubeY




















−
+

−
−

=

2

22

2

)cos1(4

cos

)cos1(

cos

2

1

4

1









 

      (19) 

 

This is the proof of the theorem. 

 

Theorem 4.2. Let take H the mean curvature of 

the Tube Surface. Thus  we can obtain the 

Willmore energy of the Tube surface for  the 

situation (ii) on the side:

 

 

 

( )

dA

kk

kkrr

kk

kk

kkrr

kk

r

kkr

kkkk

ZW

tubeZ

tubeii 



































+










−+

+−

+

+










−+

+−

−

−+

+−

=

2

21

2

21

21

21

2

21

21

2

21

22

221

22

1

sincos2

1)sincos(

sincos

sincos

1)sincos(

sincos

1)sincos(

sin2sincos

)(

















      (20) 

 

Proof. Let substituting (17) in (2), so we obtain, 

 

dAHZW
M

tubeii = 2)(  

      dA
kk

K
rK

M

 








+
−=

2

21 )sincos(2 
 

 

 

 

( )

dA

kk

kkrr

kk

kk

kkrr

kk

r

kkrr

kk
r

tubeZ





































+










−+

+−

+

+










−+

+−

−










−+

+−

=

2

21

2

21

21

21

2

21

21

2

21

212

sincos2

1)sincos(

sincos

sincos

1)sincos(

sincos

1)sincos(

sincos

















 

 

 

 

 

( )

dA

kk

kkrr

kk

kk

kkrr

kk

r

kkrr

kkkk
r

tubeZ





































+










−+

+−

+

+










−+

+−

−

−+

+−

=

2

21

2

21

21

21

2

21

21

2

21

2

22

221

22

12

sincos2

1)sincos(

sincos

sincos

1)sincos(

sincos

1)sincos(

sin2sincos
















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 

 

 

( )

dA

kk

kkrr

kk

kk

kkrr

kk

r

kkr

kkkk

tubeZ





































+










−+

+−

+

+










−+

+−

−

−+

+−

=

2

21

2

21

21

21

2

21

21

2

21

22

221

22

1

sincos2

1)sincos(

sincos

sincos

1)sincos(

sincos

1)sincos(

sin2sincos

















 

       

This completes the proof and we have (20). 

 

Corollary 4.3. In addition we can write 

 

dAHXW
M

tubeiii = 2)(  

                   

dA
rkrkr

kkr

tubeX ng

ng

2

)1sincos(2

1)sincos(2














−+

−+
=




 

      (21) 

 

Corollary 4.4. If we compute the Willmore energy 

for , then we obtain 

 

dAHSW

tubeS

tubeiii = 2)(  

      
( )

( )
dA

rr

r

tubeS


+

+
=

22

2

14

12
  

      (22) 

 

Since r is constant, Willmore energy of  tubeS is 

taken as 

( )

( ) 
+

+
=

tubeS

tubeiii dA
rr

r
SW

22

2

14

12
)(  

 

      
( )

( )
cA

rr

r
+

+

+
=

22

2

14

12
  (23) 

 

 

 

5. Helfrich Energy for Tube Surfaces  

 

Defintion 5.1. For 0, ba and Rc , From 

(Karsten 2012) we can give the Helfrich energy of a 

surface   is 

 


++= cKdsbHa 2)(                    

          


++= cKdsbHaA 2)(    (24) 

Now let compute the Helfrich energies for tube 

surfaces  according to the 3 situation  

 

Theorem 5.1. If we compute the Willmore energy 

)( tubei YE of M is given by Helfrichenergy of the 

Tube surfaces for the situation (i), then we take as 

follows:  

 

ds
rr

cKr
r

b

YaAYE

E

tubetubei

)cos1(

cos1

2

1

)()(

2





−

−
+
















+

+=


 (25) 

 

Proof. Let take the H and K  be the mean and 

gauss curvature of the Tube surfaces by Bishop 

frame. The Helfrich energy of the Tube surface 

)( tubei YE  of M is given by for the situation (i), so 

we have 

 ++=

tubeY

tubetube cKdsbHYaAY 2)()(  

ds
rr

cKr
r

b

YaAYE

tubeY

tubetubei

)cos1(

cos1

2

1

)()(

2





−

−
+
















+

+=


 

 

It is the proof of the theorem and we obtain (25). 

 

 

Corollary 5.1. Let calculate the Helfrich energy of 

the Tube surface by Bishop frame for situation (ii). 

So we have 
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( )

( ) 
ds

kkrr

kk
c

kk

K
rKb

ZaAZE

tubeZ

tubetubei

1sincos

sincos

sincos2

)()(

21

21

2

21

−+

+−
+










+
−

+=








  (26) 

 

Corollary 5.2. Let calculate the Helfrich energy of 

the Tube surface by Bishop frame for situation (iii). 

So we obtain
( )

( ) 
ds

kkrr

kk
c

kk

K
rKb

XaAXE

tubeX

tubetubei

1sincos

sincos

sincos2

)()(

21

21

2

21

−+

+−
+










+
−

+=









      (27) 

 

Corollary 5.3. For  01sincos 21 =++  kk , 

If r is constant, then we obtain, the  Helfrich 

 energy is written as; 

( )

ds
rr

c

rr

r
bSaASE

tubeS

tubetubei

)1(

1

)1(4

12
)()(

22

2

+
+

+

+
+= 

 (28) 

 

 

Exercise 5.4. Let compute the Willmore energy of  

the tube surface for the situation (i),  with the curve 

 ),sin,cos()( tttttt = at the point . 

 

Solution. Firstly we have to find the curvatures of  

the curve. So, we obtain 

)0,cossin3,sincos3()(

)0,sincos2,cossin2()(

)1,cossin,sin(cos)(

ttttttt

ttttttt

ttttt

−−+−=

−−−=

+−=







 

and 

22)( tt += . 

At the point 0=t , we can find values of the 

differentials 

 of the curve  as follows: 

).0,0,3()0(

),0,2,0()0(

),1,0,1()0(

−=

=

=







 

So, we have the values f the Frenet frame elements 

).0,1,0()0(

),
2

1
,0,

2

1
()0(

),
2

1
,0,

2

1
()0(

−=

−=

=

N

B

T

 

After these calculations we obtain the curvatures of 

the curve as follows: 

4

3
)0(

1)0(

=

=



K

, 

Willmore energy of the tube surface for the  

situation (i) can be obtained, so we have 




















−
+

−
−

=

tubeY

tubei dA

r

rrr
YW

2

22

2

)cos1(4

cos

)cos1(

cos

2

1

4

1

)(









 

                   


















−
+

−
−

=

tubeY

dA

r

rrr

2

22

2

)cos11(4

cos1

)cos11(

cos1

2

1

4

1









 

 


















−
+

−
−

=

tubeY

dA

r

rrr

2

2

2

)cos1(4

cos

)cos1(

cos

2

1

4

1









. 

Special Case: 

If radius 1=r  and the angle 30= , then Willmore 

energy of the tube surface for the situation (i) 

can be obtained as follows: 

−=

tubeY

tubei dAYW
4

7
)(  

tubeYtubei AYW
4

7
)( −=  

 

6. Conclusions 

 In this work we study and compute the Helfrich 

 and Willmore energies of the Tubular surfaces 

 We obtain the mean and the Gauss curvatures 

 are so important for calculating the energies of 

 the tubular surfaces by Bishop frame.  

If we compare the energy of the tube surface with 

 Bishop frame and energy of the the tube surface  
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with Frenet frame, then we obtain that the energy  

of tube surface with Bishop frame is less than the  

energy of the tube surface with Frenet frame. 

Because K and H of the tube surface with Bishop 

 frame is less than K and H of the tube surface  

with Frenet frame. 
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