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Abstract

In this paper Euclidean metric induced by u : M = G be the mean curvature of Tubular surfaces by

Bishop frame are computed and the curvatures in differential geometry that are so important for

computing the Helfrich and Willmore energy of the tubular surfaces by bishop frame and giving some

frame; Willmore theorems are seen. Even though these calculations are very important to prove that the curvatures are

energy very important in differential geometry, in actually these calculations are clearly important as
mathematical physics.
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Sabit Ortalama Egrilikli Bishop Catili Tubular Yiizeylerin Enerjileri

0z
Anahtar kelimeler Bu makalede u : M - G Oklid metrikli Bishop catili Tubular ylzeylerin Helfrich ve Willmore enerijileri
Tubular yuzeyler; hesaplandi and Bishop gatili Tubular yizeylerin Helfrich ve Willmore enerjilerinin bulunmasinda ve bazi

Egrilikler; Bishop catisi;  teoremlerin verilmesinde diferensiyel geometrideki egriliklerinin ne denli 6nemli oldugu gorildi. Bu
Willmore enerji hesaplamalar her ne kadar diferensiyel geometri icin egriliklerin nemli oldugunu ispatlasa da aslinda
bu hesaplamalar matematiksel fizik igin de 6nem arz etmektedir.
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1. Introduction WM) = hj:l HdA )
(Gray 2005, Willmore 1959, Willmore 1965).

In this paper we use Helfrich energy and
Willmore energy formulae and we calculate the
Helfrich energy and Willmore energy of the Tubular
Surfaces by Bishop frame.

Energy is the most important thing for people,
animals, plant and all living things. For example the
sun is the source of the energy. It is naturel energy
for the world. But the other type of energies are
artificial. these are very special for physicians and

mathematicians.

2. Preliminaries
For a,b > 0and C € R, the Helfrich energy of a

In differential geometry a canal surface is defined

surface X is
as the envelope of a family of some special spheres
E(Z) = Ja +bH? + cKds that have specific characters about their curvatures
z (Kisi 2017).
— aA(Z)+ij 2 4 cKds (1) If the radius function is constant, then the canal
T surface is called a tube or tubular surface (Dogan

The Willmore energy is found by Willmore as and Yayli 2011, Kisi 2017).
follows;

Let ¢ be a unit speed curve in Euclidean space. If
The Willmore energy W (M) of M is given by

N, (S) orthogonal to both T(s)and N,(s), then
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N, (s) =T(s)x N,(s) (positively oriented-we say
about these according to the righ hand rule or the
clockwise in physics) according to this it means
{T(S),Nl(s),NZ(S)} an orthonormal frame is
called Bishop frame. All we have the following

formulaes from the references (Dogan and Yayl
2011, Dogan and Yayh 2012):

T’(S):klNlJ’_kZNZl (3)
N, =—kT (4)
N, =-k,N, (5)
k, = KCOSx (6)
k, =xsina (7)
t=y' (8)

3. Mean and Gauss Curvatures of a Canal Surface

The mean H and Gauss K curvatures of tube
surface are computed in (Dogan and Yayh 2011) by
3 situation. These are,

(i) If the center curve is given with Frenet frame,

then the tube is around the center curve o becomes

Y (s,0) = a(s)+r(coséN +sin B), using

derivative formulas of this and

K — — KCosd ’ 9)
r(l—rxcosé)

H= EF + Kf:| (10)
20r

are obtained (Dogan and Yayli 2011, Dogan and Yayli
2012).

(ii)If the center curve is given with Bishop frame,
then the tube around the center curve a becomes

Z(s,0) =a(s)+r(cosN, +sinN,) , using

derivative formulas of this and

—k, cos@+k,sing

K = . (11)
r(r(k,cosé +k,sing)-1)

H=rK- K - (12)
2(k, cosd +k, sin 0)

are obtained (Dogan and Yayli 2011, Dogan and Yayl
2012).

(iii)Let W be a regular surface with a unit normal V
and the center curve @l c R —>W be a unit
speed. In case the tube around the center curve a
X (s,0) = a(s) + r(cos &P +sin 6S)

using derivative formulas of this (P is normal and

becomes

S is the binormal of the curve)

—k, cosd+k, sing
- r(l—rk, cosé@ +rk, sin o)
2r(k,cosf +k,sing) -1
- 2r(rk, cos® +rk; sin @ -1)

(13)

(14)

are obtained (Dogan and Yayl 2011, Dogan and Yayl
2012).

From (Dogan and Yayli 2011 ), let the center are
obtained in «(S) be a spherical curve with order
a?. According to ( Bishop 1975 ), if a space curve
is a spherical curve, then the pair (K,,k,) lies on
not passing throug a line gx+hy+1=0. For the
S —parameter curves g = c0s& and h=sin@,

k,cos@+k,sind+1=0 (15)
So

_ —kcos@+k,sing 1
r(r(k,cos@+k,sin0)—1) r(r+1)

(16)

3 K _2r+1
2(k,cos@+k,sind) 2r(r+1)
(Liu 2005, Dogan and Yayli 2011).

H=rK (17)

4. Willmore Function on Curvatures of Tubular
Surfaces

In 1965 Willmore (Willmore 1959, Willmore 1965)
proposed the study of the functional as follows:

By using (2) we compute the Willmore of the Tube
surface for the situation (i), so we obtain theorem as
below:

1325
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Theorem 4.1. In this notation, the Willmore energy
W, (Y,,pe) Of M is given by Willmore energy of the

Tube surface for the situation (i) as follows:

1 1 «xcosd
4r®>  2r (L-rxcosé)
. dA
K°Cos” 4
4(1l-rxcosf)?

Y!ube

(18)
Proof. Let the mean H curvature of the tube
surface and W; (Y,,,.) Willmore energy of the tube

surface for the situation (i), so we take

Wi (Ytube) = J.H 2dA

Ytube

r 2
= j 1[1+Kf:H dA
Ytuhe 2 r

r 2

- J % %Jr r(1:’(rzC<050039) r} aA
Yiube L

1 121 — KC0s6 .

4r* 4 rr(l-rxcosd)
:Ym-[e . —x?cos’ 6

| 4(1-rxcosh)’

1 1  xcosé

4r®>  2r (L-rxcosé)
, dA
x?cos’ 0
+ 2
4(1—rxcosb)

Ylube

(19)

This is the proof of the theorem.

Theorem 4.2. Let take H the mean curvature of
the Tube Surface. Thus we can obtain the
Willmore energy of the Tube surface for the
situation (ii) on the side:

Wii (Ztube) = J.

k2 cos? 6 —k,k,sin 20 +k2sin? 6|

[r(k, cosé +k, sin §) -1

i [r[r(kl cos@ +k, sin 9) 1]

—k, cos8 +k,sin @ T

k, cos@+k,siné

Ztube

N {r[r(k1 cos@ +k, sin 0) 1]

—k, cosd +k,sin@ T

2(k, cos@ +k, sin §)°
(20)

Proof. Let substituting (17) in (2), so we obtain,

W, (Z ) = [ HdA
M

Ztube

the

2
= J.{rK— K . } dA
o 2(k, cos@ +k, sin )

—k, cos@+k,sing

r2
{r[r(k1 cosd +k, sin 6) —l]}

—k,cosd +k,sin @

{r[r(kl cosd +k, sin 6) —1]}

k, cos@+Kk,sing

C

—k, cos@+k,sin@ i
r(k, cosé +k, sin 6) —1]

— kZ
rZ 1

2(k, cosé +k, sin @)

cos? 6 —k,k, sin 26 + k2 sin2 4|

r?[r(k, cosé +k, sin §) —1J

—k, cosd +k,sin @ T

i {r[r(kl cosd +k, sin 0) —1]

k, cosé +Kk, sin @

—k, cos@+k,sin @

AC

r(k, cosé +k, sin 0) —1]}

2(k, cos@ +k, sin )’
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k2 cos? 6 —k,k, sin 20+ k2sin? 6|
[r(k, cosé +k, sin §) —1]
[ —k, cos@ +k,sin o T
r[r(k, cosé +k, sin 8) 1]
B z{be - k, cosé +Kk, sin @
[ —k, cosd +k,sin@ T
r[r(k, cos@ +k, sin @) —1]
2(k, cos@ +k, sin 6)*

This completes the proof and we have (20).

Corollary 4.3. In addition we can write

Wi (X ue) = j H?dA

B I 2r(k, cos@+k, sing) -1 T
Xu 2r(rk, cos@ +rk, sin @ 1)
(21)

Corollary 4.4. If we compute the Willmore energy
for, then we obtain

Wiii (Stube) = _[H ZdA

Stube

_[ 2r +1
r +1
(22)
Since r is constant, Willmore energy of S, is
taken as
2r +1)
Wlu(Sue)_(— dA
YR Ar?(r +1)° S;[
2
4r®(r +1)

5. Helfrich Energy for Tube Surfaces

a,b>0and ceR, From

(Karsten 2012) we can give the Helfrich energy of a

Defintion 5.1. For

surface X is
E(X) =ja+bH2 +cKds
)

= aA(Z) + j bH 2 +cKds (24)
z

Now let compute the Helfrich energies for tube
surfaces according to the 3 situation

Theorem 5.1. If we compute the Willmore energy
E; (Yue) of M is given by Helfrichenergy of the

Tube surfaces for the situation (i), then we take as
follows:

Ei (Ytube) = aA(Ytube) +
11 ?
.E[b[E[F + Krﬂ +C

Proof. Let take the H and K be the mean and
gauss curvature of the Tube surfaces by Bishop
frame. The Helfrich energy of the Tube surface

__—KC0S§ _ (29)
r(l—rxcosé)

E,(Yuw) of M is given by for the situation (i), so
we have

E(YVype) = 8A(Ye) + [DH? + cKads

Ytube

Ei (Ytube) = aA(Ytube) +

] -

Ytube

—KkCosé
r(l—rxcosd)

It is the proof of the theorem and we obtain (25).

Corollary 5.1. Let calculate the Helfrich energy of
the Tube surface by Bishop frame for situation (ii).
So we have
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Ei (Ztube) = aA(Ztube) +

2
I bl rK — K : (26)
2(k, cosé +k, sin 8)

Ztuhe
—k, cosé +k,siné
C : s
r[r(k, cosé +k, sin )-1]

Corollary 5.2. Let calculate the Helfrich energy of
the Tube surface by Bishop frame for situation (iii).

Ei (Xtube) = aA(Xtube) +
2
So we obtain J bl rK — K -
o 2(k, cos@ +k, sin 9)
—k, cos@+k,sinég
+C : S
r[r(k, cosé +k, sin8)-1]
(27)
Corollary 5.3. For k, cos@+k,sin6+1=0,
If r is constant, then we obtain, the Helfrich
energy is written as;
2r +1)°
E (S =aA(S + b(—
|( tube) ( tube) SJ. 4r2(r+1)2
tube (28)
c ! ds
r(r+1)

Exercise 5.4. Let compute the Willmore energy of
the tube surface for the situation (i), with the curve
a(t) = (tcost,tsint,t) at the point .

Solution. Firstly we have to find the curvatures of
the curve. So, we obtain

a'(t) = (cost —sint,sint + cost,1)

a''(t) = (-2sint —tcost,2cost —tsint,0)
a''(t) = (-3cost +tsint,—3sint —tcost,0)

and

e ®] =

At the point t = 0, we can find values of the

2+t

differentials
of the curve ¢ as follows:

a'(0) = (L0.D),
a"(0) = (0,2,0),
a'"(0) = (~3,0,0).

So, we have the values f the Frenet frame elements
1 1

T(0) =(—+=.0,—=),
J_ J_

B(0) =( \/— \/—

N (0) = (0,-1,0).

After these calculations we obtain the curvatures of
the curve as follows:

K(0) =1
7(0) :%

Willmore energy of the tube surface for the
situation (i) can be obtained, so we have

1 _i KCcosé
WY ) I 4r®  2r (L-rxcosf) dA
i\ tube/ — o .\ K‘Z COSZ 9

A(1-rxcosd)?

1 1 1cosd
4r*  2r (1-rlcosé)
= J. 2 2 dA
Yoo, 1°cos® @
4(1-rlcosh)?
1 1 cosé

J. 4% 2r @a- rcose)

y cos’ @
tube +

4(1—rcosh)?
Special Case:
If radius r =1 and the angle @ = 30, then Willmore

energy of the tube surface for the situation (i)
can be obtained as follows:

W, (Ye) = —— jdA

Ytube

B Z AI Ytube

Wi (Ytube) =

6. Conclusions

In this work we study and compute the Helfrich
and Willmore energies of the Tubular surfaces
We obtain the mean and the Gauss curvatures
are so important for calculating the energies of
the tubular surfaces by Bishop frame.

If we compare the energy of the tube surface with
Bishop frame and energy of the the tube surface
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with Frenet frame, then we obtain that the energy
of tube surface with Bishop frame is less than the
energy of the tube surface with Frenet frame.
Because K and H of the tube surface with Bishop
frame is less than K and H of the tube surface
with Frenet frame.
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