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ABSTRACT: The aim of this study is to develop a rubric to assess mathematical reasoning competence. Since the
aim is to assess a competency, the frameworks of the PISA exams in the literature, which give an important place to
competencies, have been examined. Due to its focus and in-depth analysis of mathematical reasoning, each of the
actions expected from the mathematical reasoning process in the PISA 2021 Mathematics Framework was handled as
a criterion and a rubric was created. Data were collected from 30 mathematics teachers with the data collection tool
consisting of questions that were stated to be suitable for assessing mathematical reasoning skills in the resource
presented as a broadened perspective for the PISA 2021 Mathematics field. The collected data were analyzed using
the finalized rubric. In reliability analysis; The “percentage of agreement” among researchers was used to determine
the criteria included in the rubric and to be followed with the data collection tool, “Cohen’s kappa coefficient” and
“Krippendorff’s alpha coefficient” methods were used for the agreement between the raters after the analysis of the
collected data. The findings show that the Reasoning Competence Rubric (RCR), which consists of 12 criteria, is
valid and reliable.

Keywords: Mathematical reasoning, competence, mathematical reasoning rubric, mathematical literacy, PISA.

OZ: Bu caligmanin amaci, matematiksel muhakeme etme yeterligini degerlendirmeye yonelik bir degerlendirme
tablosu gelistirmektir. Amag bir yeterligin degerlendirilmesi oldugu i¢in yeterliklere dnemli bir yer veren PISA
sinavlarmin literatiirdeki gergeveleri incelenmistir. Matematiksel muhakeme etmeyi odagina almasi ve derinlemesine
incelemesi sebebiyle PISA 2021 Matematik Cergevesi’nde yer alan matematiksel muhakeme etme siirecinden
beklenen eylemlerin her biri kriter olarak ele alinip degerlendirme tablosu olusturulmustur. PISA 2021 matematik
alan1 i¢in genisletilmis bir perspektif olarak sunulan kaynakta yer alan matematiksel muhakeme etme becerilerini
O0lgmeye uygun oldugu belirtilen sorulardan olusturulan veri toplama aract ile 30 ilkdgretim matematik
6gretmeninden veriler toplanmistir. Toplanan veriler son hali verilen degerlendirme tablosu kullanilarak analiz
edilmistir. Giivenilirlik analizlerinde, degerlendirme tablosunda yer alan ve veri toplama araci ile izlenecek olan
kriterlerin tespiti i¢in arastirmacilar arasindaki “uyum yiizdesi”, toplanan verilerin analizi sonrasinda puanlayicilar
arasindaki uyum igin “Cohen’in kappa katsayisi” ve “Krippendorff’un alfa katsayis1” yontemleri kullanilmigtir.
Degerlendirme tablosunun gecerligini saglamak i¢in uzman goriislerine bagvurulmustur. Elde edilen bulgular 12
kriterden olugan Muhakeme Etme Yeterligi Degerlendirme Tablosunun (MYDT) yeterli diizeyde gegerli ve giivenilir
oldugunu gostermektedir.

Anahtar kelimeler: Matematiksel muhakeme, yeterlik, muhakeme etme degerlendirme tablosu, matematik
okuryazarligt, PISA.
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Reasoning is the process of supporting an idea, confirming that idea or justifying
a decision (Toulmin et al., 1984). Leighton (2003) defined reasoning as the process of
organizing evidence, beliefs, and thoughts about the accuracy of conclusions. It can be
said that these two definitions are similar in that they see reasoning as a process.
Considering the relationship of reasoning with mathematics, reasoning is the foundation
of mathematics epistemologically. As science verifies through observation, mathematics
relies on logic (Steen, 1999).

Bal-incebacak and Ersoy (2016) stated that mathematics contains many skills
that an individual needs to develop, and one of the most important of these skills is
reasoning. There are many definitions in the literature on mathematical reasoning.
Russell (1999) defined mathematical reasoning as a tool for understanding the abstract,
symbolic expressions that create mathematics. Peresini and Webb (1999) stated that
mathematical reasoning is a dynamic activity that includes various ways of thinking.
Yackel and Hanna (2003) stated that mathematical reasoning is a common activity in
which more than one mathematical skill interacts, and they present a view parallel to
Peresini and Webb’s (1999) definition.

Reasoning is one of the important aims of mathematics teaching (Yankelewitz,
2009). When national and international improvement movements are examined, it can
be seen that mathematical reasoning plays an important role in learning mathematics
(Erdem, 2015). For this reason, it was stated that understanding mathematics would be
incomplete without reasoning (Ball & Bass, 2003). It is useful to examine the
definitions of reasoning in the mathematics teaching programs of different countries
since reasoning is important among the skills that mathematics should provide to the
individual and is among the objectives of mathematics teaching.

In the secondary education program of the Ministry of National Education
[MoNE] (2013), reasoning is defined as the process of acquiring new information.
Again, some indicators that should be taken into account to gain reasoning skills in the
secondary school mathematics course 2013 curriculum are;

» Defending the accuracy and reality of inferences
» Making logical inferences and generalizations

» Explaining and using mathematical patterns and relationships when analyzing a
mathematical situation

» Making predictions about the outcome of operations and measurements using
strategies such as rounding, grouping appropriate numbers, using first or last
digits, or strategies they have developed.

» Making an estimation of the measurement by taking into account a certain
reference point (MoNE, 2013, p. 5).

In the secondary school mathematics course 2018 curriculum, the aim of
providing students with reasoning skills is “The student will be able to easily express
their own thoughts and reasoning in the problem-solving process, and will be able to see
the mathematical reasoning deficiencies or gaps of others (MoNE, 2018, p. 9).” is in the
form. The New Jersey Mathematics Teaching Curriculum states that mathematical
reasoning is the critical skill that enables a student to make use of all other math skills
(New Jersey Mathematics Coalition and the New Jersey Department of Education
[NJMCF], 1996, p. 44). In the Australian Mathematics Teaching Curriculum, on the

© 2022 AKU, Kuramsal Egitimbilim Dergisi - Journal of Theoretical Educational Science, 15(3), 453-474



Assessment of Mathematical Reasoning Competence... 455

other hand, reasoning is considered as a mathematical competence that needs to be
developed in students and is defined as the capacity for actions such as proving,
evaluating, explaining and making inferences (Australian Curriculum and Assessment
Authority [ACARA], 2017).

Mathematical Reasoning and Mathematical Literacy

The concept of mathematical literacy entered the literature with the Program for
International Students Assessment [PISA] exams. PISA exams, developed in 1997 and
administered for the first time in 2000, are administered by the Organization for
Economic Co-operation and Development [OECD] in three-year periods to evaluate the
knowledge and skills of students in the 15-year-old group. PISA exams are accepted as
an important tool to evaluate the education quality of countries, and the results of PISA
exams create a discussion environment where issues, such as education systems and
teaching quality of countries, can be discussed (Dabic-Boricic et al., 2020). Turkey has
not been able to get rid of the back ranks in the PISA exams it has participated in since
2003 (OECD, 2003, 2007, 2010, 2013). This situation has been instrumental in taking
PISA results into account when deciding on education policies in Turkey, as in many
participating countries (Giir et al., 2012). When considered in this context, it can be said
that the PISA exams and the frameworks determined for these exams have an important
place in the mathematics education literature.

The literature on mathematical literacy is quite rich (Gatabi et al., 2012; Giizel,
2017; Matteson, 2006; Ozgen, 2021; Yildiz, 2019). Many definitions of mathematical
literacy have been made so far (Iskenderoglu & Baki, 2011; OECD, 2013; PISA 2021a;
Steen et al., 2007). Steen et al. (2007) defined mathematical literacy as the capacity to
use mathematical knowledge and understanding effectively to overcome difficulties in
daily life. Iskenderoglu and Baki (2011) defined mathematical literacy as a way of using
mathematics in our individual lives as well as using individual capacity and making
causal defenses to understand the role of mathematics in the world. The definition made
by the OECD in the PISA 2021 Mathematics Framework is as follows:

Mathematical literacy is an individual’s capacity to reason mathematically and to formulate,
employ, and interpret mathematics to solve problems in a variety of real-world contexts. It
includes concepts, procedures, facts and tools to describe, explain and predict phenomena. It
assists individuals to know the role that mathematics plays in the world and to make the well-
founded judgments and decisions needed by constructive, engaged and reflective 21st century
citizens (PISA, 2021a, p. 7).

Mathematical reasoning takes its place among the mathematical competencies
both in the OECD definition of mathematical literacy (Mathematical literacy is an
individual’s capacity to reason mathematically and to formulate, use and interpret
mathematics to solve problems in a variety of real-world contexts) and in the
mathematical literacy model specified in Figure 1.
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Figure 1
PISA Mathematical Literacy Model

Challenge in real world context
Mathematical content categories: Quantity; Uncertainty and data; Change and relationships; Space and
shape

Real world context categories: Personal; Societal; Occupational; Scientific

Mathematical thought and action

Mathematical concepts, knowledge and skills

Fundamental mathematical capabilities: Communication; Representation; Devising
strategies; Mathematisation; Reasoning and argument; Using symbolic, formal and

technical language and operations; Using mathematical tools
Processes: Formulate; Employ; Interpret/Evaluate

/ Problem
=8
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in context

[ Mathematical ]\

problem
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[ Mathematical

results ]J

Results
\ K in context

Note. (PISA, 2021b, p. 5)

The key to mathematical competencies is mathematical literacy (Doyle, 2007).
Having mathematical competencies is closely related to mathematical literacy (Turner,
2010). Mathematical competencies are “the cognitive processes that should be activated
to connect the real world in which the problem arises with mathematics and solve the
problem posed” (Saenz, 2009, p. 126). Niss (2003) defined the concept of mathematical
competence, which he examined under eight different titles (thinking mathematically,
posing and solving mathematical problems, modelling mathematically, reasoning
mathematically, representing mathematical entities, handling mathematical symbols and
formalisms, communicating in, with, and about mathematics, making use of aids and
tools), as the ability to understand and use mathematics, while Niss and Hejgaard
(2019) defined mathematical competence as the ability to master the basic aspects and
wishes of mathematics and to act effectively in this field.

Various sources (Altun, 2020; Kilpatrick et al., 2002; Niss, 2003; OECD, 2013;
PISA, 2021a) in the literature show that mathematical reasoning is among the
mathematical competencies. An individual with mathematical competence can solve
problems encountered in school, mathematics lessons and daily life by reasoning
(Demir & Vural, 2016). Herman (2018) stated that reasoning is a very important aspect
of mathematical competencies in learning mathematics. These statements reveal the
importance of reasoning among the mathematical competencies.

OECD (2013) states that mathematical reasoning competence includes the
processes of searching for problem elements, inferring from them, checking a rationale,
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searching the rationale for statements to provide solutions to problems, and logical
thinking processes that link all these together. The PISA 2021 Mathematics Framework
supports that reasoning is a core competence for the science of mathematics, saying that
mathematics is a science about well-defined objects and concepts that can be analyzed
and transformed in different ways by mathematical reasoning.

In PISA frameworks published by OECD in previous years (OECD, 2013, 2017,
2019), expected actions in the mathematical reasoning process are integrated with
mathematical process skills. In the framework of PISA 2021, mathematical reasoning
was handled as a fundamental aspect of mathematical literacy and focused on (Figure
2), and the expected actions in the mathematical reasoning process are listed (Figure 3)
as follows:

Figure 2

Mathematical Literacy: The Relationship between Mathematical Reasoning and
Mathematical Process Skills

Interpret
& evaluate

Note. (PISA, 20214, p. 8)

Figure 3
A Part of Expected Actions for Mathematical Reasoning

** Draw a simple conclusion
** Select an appropriate justification
** Explain why a mathematical result or conclusion does, or does nof, make sense given the context of a problem

Represent a problem in a different way, including organising it according to mathematical concepts and making appropriate
assumptions

Utilise definitions, rules and formal systems as well as employing algorithms and computational thinking
Explain and defend a justification for the identified or devised representation of a real-world situation

Explain or defend a justification for the processes and procedures or simulations used to determine a mathematical result or
solution

Identify the limits of the model used to solve a problem
Understand definitions, rules and formal systems as well as employing algorithms and computational reasoning

Note. (PISA, 2021a, p. 35)
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Although mathematical reasoning is a competence covered in many mathematics
teaching curricula around the world, teachers struggle to understand, teach and assess
mathematical reasoning (Loong et al., 2018). Loong et al. (2018) developed a rubric that
deals with each of the three reasoning actions (analyzing, generalizing, justifying) at
five levels (not evident, beginning, developing, consolidating, extending) assessment
students’ reasoning and presented it to the use of teachers. Bal-incebacak and Ersoy
(2016) used the mathematical reasoning stages of TIMSS 2003 to assess the
mathematical reasoning skills of secondary school 7th grade students. Coban and Tezci
(2020), on the other hand, developed a scale consisting of multiple-choice and open-
ended questions aiming to reveal the level of mathematical reasoning skills of secondary
school students. On the other hand, Ersanli et al. (2018) revealed that subject-based
dimensions of mathematical reasoning (e.g., proportional reasoning, reasoning about
ratio-proportionality, etc.) were addressed in more than one study, but there was a gap
in research on thinking styles and perspectives in the dimension of mathematical
reasoning. Teachers are the most effective people in teaching reasoning skills to
students. (Altiparmak & Ozis, 2005). Despite this important role of the teacher in
helping students gain reasoning competence, Herbert (2019) listed the difficulties of
teachers in assessing mathematical reasoning as follows; teacher’s reasoning
knowledge, teacher’s awareness of reasoning, students’ difficulties in expressing
reasoning, lack of guidance/support in curriculum documents, lack of work examples,
difficulty in monitoring and reporting student progress in reasoning. When these are
taken into consideration, to direct future studies and reform movements, it is considered
important to assess the reasoning competencies of teachers. Therefore, the study group
of this study consists of mathematics teachers. In this context, the aim of this study is to
create a rubric that can be used to assess teachers’ mathematical reasoning
competencies, and for this, the expected actions in the reasoning process specified in the
PISA 2021 Mathematics Framework were used since it is an up-to-date resource and
focuses on mathematical reasoning and examines it in depth.

Method

Creation of the Rubric

A rubric is a rating system in which teachers can determine at what level a
student can perform a task or demonstrate knowledge of a concept (Brualdi-Timmins,
1998). Many methods have been mentioned in the literature on the development of
rubrics (Brualdi-Timmins, 1998; Goodrich-Andrade, 1997; Moskal, 2000; Moskal &
Leydens, 2000; Russell & Airasian, 2001). By taking into consideration these methods,
the stages of creating the rubric used in this study are discussed in detail in the
following.

Determining the Criteria

Since the aim is to assess the competence of mathematical reasoning, the sources
of the PISA exams in the literature, which frequently bring the concept of competence
to the agenda, were scanned. Thus, due to the fact that it focuses on mathematical
reasoning and examines it in detail, the expected actions in the mathematical reasoning
process within the framework of PISA 2021 are primarily discussed as a list. The
actions expected in the mathematical reasoning process were translated into Turkish by
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taking expert opinion. Expert opinions were taken in one-on-one interviews to adapt the
actions to the Turkish language. The researchers consulted the opinions of two different
experts about the translations they made with the expert and the points where they had
dilemmas. Later, the actions were evaluated as criteria and started to be tabulated.

In PISA 2021, the first of the reasoning actions is handled in three separate
actions (1a, 1b, 1c) to include students at the extreme. Since the present study was
carried out on teachers, not students, unlike PISA, the third item (1c: Explain why a
mathematical result or conclusion does, or does not, make sense given the context of a
problem), which includes the first two, was included and the other two items (1a: Draw
a simple conclusion, 1b: Select an appropriate justification) were omitted in the rubric
by taking expert opinion. Only some criteria whose action was changed were combined
by taking expert opinion. The combined criteria are shown in Figure 4 and included in
the rubric with the codes indicated next to it.

Figure 4
Criteria Combined with Expert Opinion

Explain and defend a justification for the A

identifiled e devised representation of a real- Provide, explain, or defend a justification for the
world situation > identified or devised representation of a real-
Provide a justification for the identified or world situation (C3).

devised representation of a real-world sination )

. N . =y
Explain or defend a justification for the

processes and procedures or simulationsused to ) o .
determine a mathematical result or solution Provide, explain or justify a mathematical result
or solution for the processesused to determine a

Provide a justification for the processes and mathematical result or solution (C4).

procedures used to determine a mathematical
result or solution

Critique the limits of the model used to solve a

problem Identify or criticize the limits of the model used
Identify the limits of the model used to sclvea to solve a problem (C5).
problem

Utilize definitions, rules and formal systems as

well as employing algorithms and Utilize or understand definitions, rules, formal
computational thinking systems, as well as using emploving algorithms,

Understand definitions, rules and formal computaticnal thinking and reascning (C6).

systems as well as employing algorithms and
computaticnal reasoning

In the framework of PISA 2021, it is stated that understanding numbers,
operations, representations (symbols containing numbers, etc.) and how to move
between representations are the basis of mathematical reasoning. It can be said that the
importance of establishing the relations between the expression “moving between
representations” and the contextual language and mathematical language required for
representation is emphasized. Therefore, “Explain the relationships between the
context-specific language of a problem and the symbolic and formal language required
to represent it mathematically.” The statement “Construct or explain the relationships
between the context-specific language of a problem and the symbolic and formal
language required to represent it mathematically. (C9)” and included in the rubric with
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the code specified next to it. Other statements (C1, C2, C7, C8, C10, C11, C12) were
included in the rubric without any changes. While the verbs of the criteria are
transferred to the rubric, they are conjugated with the singular third person. As a result
of all these steps, a rubric with 12 criteria was obtained.

Deciding on the Type of Rubric and the Levels to be Used

According to many researchers, in the scoring made by dividing a field into sub-
fields, the scoring is less affected by the subjectivity of the raters and the difference
between the raters decreases (Giiler, 2019). Biilbiil (2019) said that the categories of the
criteria in the rubrics should be determined numerically and their contents should also
be defined. In other words, the scoring in the rubrics should be made according to the
criteria and the way these criteria are applied and found (Biilbiil & Biilbiil, 2021). For
this reason, the scoring strategy of the rubric was made as “analytical”. Analytical
rubrics contain criteria that define the dimensions of a task at multiple levels (McGatha
& Darcy, 2010). Each criterion in the rubric is addressed at 0-1-2 points. According to
the rubric, the individual who fully demonstrates the relevant criterion gets 2 points,
while the individual who does not show any gets 0 points.

Defining the Score Levels of the Criteria

While preparing the rubrics, the highest levels of the criteria are determined first.
At this stage of the study, first of all, the meaning of the highest score levels (2 points)
of the criteria was determined by consulting expert opinions. After the top score levels
were defined, the meaning of the other score levels (0 Points and 1 Point) was shaped in
line with the expert opinions.

Creating the Draft Rubric and Determining How It will be Used

At this stage, a draft version of RCR with 12 criteria and 0-1-2 score levels for
each criterion was created in detail. It is not necessary to observe each of the criteria in
the rubric for any question included in a data collection tool that will use RCR in its
analysis. For a question in the data collection tool, it should first be determined which of
the criteria in the rubric are observable. For example, if a question allows four of the
criteria to be followed, the maximum score that can be obtained from that question will
be eight.

Obtaining Expert Opinion on the Rubric

An expert opinion form was used to consult the opinions of the experts regarding
the RCR draft form. For an expert opinion, three academicians (one professor, two
associate professors) who are experts in the field of mathematics education were asked
for their opinions. Attention has been paid to the fact that the experts are experienced in
the fields of mathematical competences and reasoning, have studied in related fields or
taught courses in the relevant fields. Two of the experts conducted a graduate-level
mathematical reasoning course, and all of the experts conducted a thesis on
mathematical reasoning and mathematical literacy. They were asked to express their
opinions and make suggestions in terms of the suitability of being able to be used
without being tied to any mathematics subject, and the suitability of the way the criteria
were handled at 0-1-2 score levels (appropriate, not suitable/suggestion). The expert
opinion form was also open to expert suggestions, apart from these mentioned issues.
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Performing the Validity and Reliability Analyzes of the Rubric

After expert opinions, RCR (Appendix 2) was revised, and its validity was
ensured and made ready for reliability analysis. Two researchers used the rubric
developed independently of each other in the analysis of the data obtained from the data
collection tool. The findings of the analyzes are given in the findings section.

Data Collection Tool

As a data collection tool, a Reasoning Competence Test (RCT) consisting of two
open-ended questions, in which the RCR will be used in the analysis, was used. In the
resource presented as a broadened perspective for the PISA 2021 Mathematics field,
there are sample questions that are stated to be suitable for measuring reasoning skills
(PISA, 2021b). Among these sample questions, two questions in Appendix 1 were
chosen because they have different content areas and different real-life contexts. The
content categories and real-life contexts of the questions are given in Table 1.

Table 1

Content Categories and Real-Life Contexts of the Questions in RCT

Questions Mathematical Content Categories Real-Life Context Categories
Multiplication Quantity Personal

Tree Leaves Space and Shape Scientific

The naming of the questions belongs to the researchers. Sub-questions items
were added to the questions by taking the opinion of a mathematical education expert so
that the questions were aimed to gain depth, and two open-ended questions became
seven questions together with their sub-items.

Data Collection

At all stages of the research, data were collected online due to the COVID-19
Pandemic period. The study group of the research consists of 30 mathematics teachers
(for 11 to 14 years old pupils) working in schools under the Ministry of National
Education in different cities. It was stated to the teachers that participation in the
research was not compulsory, it was on a voluntary basis, and their names would be
kept confidential. Demographic characteristics of the teachers participating in the study,
such as gender, professional experience and education level, are given in Table 2 below.

Table 2
Demographic Characteristics of the Study Group
Professional Experience Education Level
1-5 year 6-10 year 11 year and more Bachelor’s ~ Master’s Doctorate
Female 20 1 2 19 4 -
Male 2 5 - 6 - 1
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RCT was represented to the participating teachers online, and their feedback was
received online. For this reason, uncontrollable variables such as the inability to control
the environment in which the questions were solved may have had an impact on the
findings, since the researcher could not actually be with them while the teachers were
solving the RCR.

Analysis of Data

In the first stage of data analysis, it is necessary to decide which of the two
questions in RCT allows monitoring which of the criteria in RCR. For this, the
percentage of agreement between the choices made by the researchers on the basis of
the criteria was examined. The percentage of agreement was calculated using the
reliability formula proposed by Miles and Huberman (1994) in order to ensure the
reliability of the research. This formula is as follows:

[Reliability = Agreement / (Agreement + Disagreement) x 100]

Secondly, after the criteria had been determined, the collected data were
analyzed independently by the researchers using RCR. Sample analyzes are included in
Appendix 3. In the literature, it is seen that many techniques such as inter-rater
correlation coefficient, Cohen’s kappa coefficient, Krippendorff’s alpha coefficient,
ANOVA based on the difference between the scorers are used to determine the
reliability of agreement between raters. Cohen’s kappa coefficient was developed to
determine the degree of agreement between two raters, and Krippendorff’s alpha
coefficient was developed to determine the degree of agreement between two or more
raters (Cohen, 1960; Krippendorff, 1995).

In this study, “Cohen’s kappa coefficient” and “Krippendorff’s alpha
coefficient” were calculated to determine the reliability of agreement between raters
since there were two raters. Since both analysis methods were suitable for this study,
both were applied to increase reliability. SPSS for Windows 22.0 program was used to
calculate Cohen’s kappa coefficient. In order to calculate Krippendorff’s alpha
coefficient, the data obtained were uploaded to the website prepared by Freelon (2010)
to calculate this coefficient and the results were tabulated. In this study, one of the
methods used in the examination of the reliability of the Reasoning Competence Rubric
(RCR) is Krippendorff’s alpha coefficient. Having a sample size of at least 30 is a
sufficient size for the Kripendorff alpha fit coefficient to accurately estimate the
parameter (Kanik et al., 2010).

Ethical Approval

This study ethics committee’s approval was received with the session date and
number 27.07.2021/2020-05 from Bursa Uludag University Research and Publication
Ethics Committees, Social and Human Sciences Research and Publication Ethics
Committee. Scientific, ethical and citation rules were followed during the writing
process of this study. No falsification was made on the collected data.
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Findings
The findings related to the RCR, which was developed to assess mathematical
reasoning, are presented under two headings: findings related to validity and findings
related to reliability.

Findings Regarding the Validity of RCR

Expert opinions were sought in order to evaluate whether the rubric developed to
assess the mathematical reasoning proficiency is a valid assessment tool. In this
direction, the opinions of the experts on the use of the criteria in the rubric without
depending on sampling and any mathematics subject, and the appropriateness of the
handling of the scoring levels in the rubric were taken. All of the experts stated that the
criteria in the rubric could be used regardless of sampling and any mathematics subject.
Two of the experts suggested that the handling of the scoring levels in the evaluation
table was appropriate, and the third expert suggested verbal changes in some of the level
1 expression. Changes were made in one-on-one interviews with the expert. Thus, it was
observed that the opinions of the experts as appropriate/not suitable were mostly
similar. As the criteria were taken from the reasoning section of the PISA 2021
Mathematics Framework, it was not questioned whether they served the scope of
mathematical reasoning.

Findings Regarding the Reliability of RCR

In order for RCR can be used in the data analysis of research, it is first necessary
to determine which of the criteria in the RCR allow the monitoring of the questions in
the data collection tool. For this reason, the reliability analyzes of the RCR, which was
developed to assess the mathematical reasoning competence, started from here. The
researchers independently decided which of the criteria in RCT allowed the questions in
RCR to be followed. As a result, the percentage of agreement (compliance) between the
choices made by the researchers on the basis of criteria was calculated as %87.5.

The criteria agreed between the researchers and allow the questions in RCT to be
watched in RCR are given in Table 3.

Table 3

Criteria by which the Questions Allowed to be Tracked

Question Option a Option b Option ¢ Optiond Throughout the question
Multiplication Cl1 C2-C9 C1 - C6

Tree Leaves C5-C9 C5 C4-C8-C10 C3 C6

The rationale for the selection of criteria is shown in Figure 5.
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Figure 5
The Rationale for Selection of Criteria
Multiplication Tree Leaves
- = - =

Option a. Expressing how the caleulations
available in the representations are made
mcludes understanding and explaining the
process steps followed within the frameworlk of
a certain algornithm (C11).

!

Option b. Suggesting a new way to do the
operationrequires a different representation of
the problem situation {C2). Expression of
representationis not a random operation. Itis
necessary to establish a relationship between the
symbolic and formallanguage that creates the
representation and the contextuallanguage of
the problem situation {C9).

|

Option ¢. The person should make a choice and
reach a decision onthe basis of mstruction
among all the representations put forward for
the problem situation. He should satisfactonly
explain the reasons forhis decision (C1).

¥

Option a. To determine the surfzee zress of leaves, 2 solution
model must be expressed. The steps of the selution modsl to
work will be the limits of the model and should be explamed
(C3). While explzmmg the selution medsl, the relations
between the contextual language and the mathematicsl
languzgs should be established (C9).

!

Option b, The lmitztions of the selution meds] expressed m
the previous question item durmg its mplementstion should be
expressed. This requires criticizmg the steps of the model,

namely its limits (C3).

Option c. Identifymg the tree leaf with the largest surface arez
should be based on 2 reselution process (C4). The meaning of
the sclution depends on 2 contextuz]l mterpretztion (CH).
Contextuzl comment should not be 2 random comment, but a
comment consisting of explanations that support or qualify the

zolution (C10).

Option d. It requires 2 solution for the problem sitnation that
may ocour m rezl life. This solution can be considersd as 2 seli-
designed representation. He should provide 2 justification for
his verbal representation m which he expresses the solution

Inadditionto all theze, the solution ofthe

problemrequires using and understandng the
defimtions and rales ofthe mathermatical
language (CE).

(C3).
.

In zddition to 21l thess, the selution of the problem raquirss
using and understandmg the defmitions and rules of the
mathematical languzge (CH).

The researchers scored the data collected using RCT independently of each other
according to the criteria they agreed on in Table 3. “Cohen’s kappa coefficient” and
“Krippendorff’s alpha coefficient” were calculated to determine the reliability of
agreement between raters. The values obtained as a result of the analysis are shown in
Table 4 on the basis of criteria.

Table 4

Cohen’s Kappa Coefficient and Krippendorff’s Alpha Coefficient for the Reliability of
Agreement between Raters of the RCR

Criteria Cohen's Kappa Coefficient Krippendorff’s Alpha Coefficient

C1 .886 .888
C2 .634 .705
C3 74 178
C4 74 178
C5 750 .7158
C6 .688 .686
C7 - -
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C8 74 74

C9 .750 753
C10 .750 750
Cl1 .837 .839
C12

When Table 4 is examined, Cohen’s kappa coefficient values calculated to
determine the reliability of agreement between raters are between .634 and .886. While
the lowest agreement was obtained for the criterion coded C2, the highest agreement
was obtained for the criterion coded C1. When Table 4 is examined, Krippendorff’s
alpha coefficient values calculated to determine the reliability of agreement between
raters are between .686 and .888. The lowest agreement was obtained for the criterion
coded C6, while the highest agreement was obtained for the criterion coded C1.

Discussion and Suggestion

In this study, it is aimed to develop a valid and reliable rubric to assess
mathematical reasoning competence. Expert opinions were taken to ensure the validity
of the developed RCR. The fact that the opinions expressed by the experts were mostly
the same showed that the RCR was structurally valid. The fact that the criteria in RCR
were taken from the sections of PISA resources related to mathematical reasoning
without any changes is seen as sufficient evidence for the validity of RCR in scope.

Considering the findings regarding its reliability, the percentage of agreement
between the choices made by the researchers on the basis of criteria regarding which of
the criteria in the RCR allows monitoring of the questions in RCT is 87.5%. According
to Miles and Huberman (1994), the percentage of agreement must be higher than 70%
in order for the inter-rater evaluation results to be considered reliable. Considering the
findings of the analysis, it can be said that the selections of the researchers on the basis
of the criteria are consistent.

Cohen’s kappa coefficient values, which were calculated to determine the
reliability of agreement between raters in the data analyzed by the researchers, ranged
between .634 and .886. Kappa values between .61 and .80 were considered significant,
and values between .81 and 1 were accepted as an indicator of a very high level of
agreement (Landis & Koch, 1977). Calculated Krippendorff’s alpha coefficient values
ranged between .686 and .888. According to Krippendorff (1995), an alpha coefficient
greater than .60 indicates that the assessment tool is reliable. Bikmaz-Bilgen and Dogan
(2017) revealed in the reliability analysis performed by calculating Cohen’s kappa
coefficient and Krippendorff’s alpha coefficient that the highest reliability values were
obtained when there were two raters, and the reliability gradually decreased as the
number of raters increased. In this study, as a result of the analyzes carried out on two
raters and the findings obtained, it was decided that the RCR is a reliable tool.

As a result, a rubric was developed for the assessment of mathematical reasoning
competence in this study. When the studies on the assessment of mathematical
reasoning are examined; it is thought that the rubric developed by Loong et al. (2018) is
suitable for use in the data analysis part of a research, and the scale developed by Coban
and Tezci (2020) is suitable for use in the data collection part of a research. Considering
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that concepts such as rubric and scale can be used with the same meanings (Goodrich-
Andrade, 1997), there is no harm in comparing related studies. So, considering the use
of RCR in research, which was created in line with the purpose of the current study,
while it is similar to the rubric developed by Loong et al. (2018), it differs from the
scale developed by Coban and Tezci (2020). Bal-incebacak and Ersoy (2016) used the
reasoning stages introduced by TIMSS 2003 while evaluating 7th grade students’
reasoning skills. The criteria in the RCR created as a result of the current study, on the
other hand, include the mathematical reasoning actions set forth by the PISA 2021
framework. Therefore, it can be said that since PISA and TIMSS are international
student assessment exams, the two studies show similarities in terms of analysis. The
fact that RCR is a tool to assess the mathematical reasoning competence of the
individual suggests that it will be useful in eliminating the difficulties in assessing the
reasoning put forward by Herbert (2019).

In order for the use of RCR to become more functional in a study, it is
recommended that researchers who will use RCR first determine the criteria in the RCR
that they want to follow and then choose a question appropriate to those criteria. Since
the questions in the RCT used in this study do not contain the criteria C7 and C12, the
aforementioned criteria could not be analyzed in this research. Studies on the relevant
criteria are also continuing.
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Appendices

Appendix 1

1. MULTIPLICATION
A group of children are leaming how to multiply 2-digit mumbers in different ways. In the examples
below they are caleulating 47 x 36.

The ways in which students represent this process in different ways are shown below.

Representation 2

Representation 1 Th H T 0
X |40 |7 4 7
6 | 240 | 42 | 282 X| 3 &
30 | 1200 | 210 | 1410 4 2

1692 2 4

2 1

1 2

1 6 9 2

a) Explain how the caleulation is done in Beprezentation 1 and Representation 2.

b} Suggest a different way for this group of students to do the operation. Justify your suggestion. {If
vou have more than one suggestion, you can specify).

c) Which computational way do you think is more mstructive, including the way you propose?
Base your decision on a logical reazon.

1. TEEE LEAVES

OAK HORNBEAM MAPLE

a) The drawings of the leaves of the three trees are shown above. How do you measure the surface
area ofleaves? Your measurement should be based on a mathematical reasoning.

b} Does this measurement method create any problems or lmmitations? Explain your reasoning
causally.

c) As the surface area of tree leaves mcreases, the amount of photosynthesis increases. Which of
the leaves illustrated above can be zaid to produce more oxygen, ignorng other biological
features? Your answer should be based on a mathematical solution process.

d) These are just particular leaves from the three tree kinds oftrees. The actualleaves on a tree vary
somewhatm size from one to the next. Suppose youhad a sample of, says, 100 leaves from each
tree. How would you estimate the average surface area of leaves of each type? Your solution
process should be based on a mathematical reasoning.
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Appendix 2

MATHEMATICAL REASONING CRITERIA'S 0 1 2
Explains why a mathematical result or conclusion The result/conclusion 1s not The reasons for the result/ The reasons for fhe restlt/ conclusion
Cl does, or does not, make sense given the confext ofa | available or is available but the conclusion are not adequately are adequately explained
problem. Teasons are not explamed. explained/incomplete. ‘
e e e W e Repre;entanon 15.a\aﬂab1e but not l'he;e Is an accurate representation
. . . . . orgamzed according to that 15 orgamzed according to
C2 | organising it according to mathematical concepts Representation 1s not available. ) . ) .
and makine 1te assumpfions mathematical concepts/approprate | mathematical concepts/made
102 SPPICPTIALE ASSUmpUORs. assumptions are not made. approprate assumptions.
Provide, explain. or defend a justification for the No justification 15 provided for the N Tustification provided/explamed or
C3 | identified or devised representation of a real-world | dewvised representation or there is no igﬁemmn is devised but not defended for defined or devised
situation. devised representation. ] Tepresentation.
. . . . - The mathematical solution process is
Prou.de__ explain or Justify a mathemahcﬂ Tesult or The mathematical solution process The m&mtcﬂ sohlhqn process | oo 4. the rationale is
C4 | solution for the processes used to determine a . . 1s determined. but the rationale for o
. - 15 not determined. . . provided/explamed or defended for
mathematical result or solution. the process is not provided.
the process.
The limits of the model used to
. e . The limits of the model used to solve the problem have been The Limits of the model used to solve
(] I:lenhfy orbcin fcize the limitsof the model used o solve a problem have not been identified, but the limts are the problem have been comrectly
SOVE Aprobiem. identified criticised. inaceurate/missing or the crificisms | identified/criticised adequately.
are not sufficient for the limits.
Definitions, rules and formal .
Utilize or understand definitions, rules, formal Definitions, rules, and formal systems have been taken into Defmtions, ules and formal systems
. . . . ‘ have been taken into account and
C6 | systems, as well as using employing algorithms, systems have been inored or account, but comectivicompletely put o work
computational thinking and reasoning. misused mcomectly/incompletely put to yleompieiey p )
work.
The mathematical argument has The mathematical argument has been
Reflects on mathematical arguments, explaining and | The mathematical arsument is not beenreflected but the reflected and the mathematical result
U reflected : mathematical result 15 not is explainediustified in Jine with the
explained/justified in line with the .
mathematical argument. mathematical argument.
An interpretation 15 avatlable n a
Interprets a mathematical result back into the real- - ISR real-world context but the An interprefation in a real-world
C8 | world context in order to explain the meaning of the }Iol ) Il detauim is avalable ima interpretation does not depend on | context depends on the mathematical
results. Teas-ond coext the mathematical result er isnot | result and is comect
correct.
The relationships between the The relations between the context-
Explains the relationships between the context- The relationship between the confext-specific language and the | specific language and the symbolic
co | specificlanzuage ofa problem and the symbolic and context-specific language and the | symbolic and formal language that | 4 formal language that constitutes
formal language needed to represent it zzﬂmugefroer;ielﬁ:}dmofh;?t ;’cn;’;;ngf__ -ﬁiﬂf:grm e the representation have been
mathematically. not been established or explained | established or explained comrectly established or explamed
incorrectly/incompletely. comectly.
A mathematical solution has been . L
e T A mathematical solution is not reflected, but no jndm:n I:E(:Ilizoul-'malmmlemoms reiﬂtei
C10 explanations and arguments that support, refte or reflected for contextualised explanaion/arguanen has been u‘eatedﬁl supports, refutes, or
qualify a mathematical solution to a contextualised created that supports, refutes or . UppOrE, T
problem. . ; qualify a sclution to a contextualised
problem. qualify a solutionto a oblem.
confextualised problem. P
How the algorithm works is
Explains how a sinple alzorithm works and o How the algoritim works isnot | S0 ned but explanationsare ) How the algoriim worksis -~
- . . . missing, or errors in the explained correctly/fully, or errors in
CI1 | detects and comrects errors in algonthms and explamed or errors in the o o
algorithm/program are not detected algorithm/program have been the algorithm/program are detected
progras. = = * | detected but comections is not and comrections are explamed.
explained.
The similarities/difE The similanties/differences The similarities/differences between
Analyses similanties and differences befweena be’rwseen aco & m;;ianieniodel nd between a computational model and | a computational model and the
C12 | computational model and the mathematical problem o .. | the mathematical problem thatitis | mathematical problem that it is
. . the mathematical problem that it 1s . .
that it is modelling. . modelling have not been adequately | modelling have been adequately
modelling have not been analyzed. - ! - -
’ analyzed analyzed.
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Appendix 3
Example answers given to item b of the “multiplication” question

The answer given to item b of the “Multiplication” question must be an answer that meets the criteria
coded K2 and KO.

*Example of an answer 1: [ 6 x (40 + 7 )] + [ 30 x ( 40 + 7 ) ] Multiplication without making a table
can be done by using the distributive property over the addition operation.

The teacher’s answer of “[ 6 x (40 +7 )]+ [30x (40 +7)]” can be considered as a representation, but
this representation is an incomplete representation in terms of difference when compared to the existing
representations in the question considering the operations it contains. The teacher gets 1 point from the
K2 coded criterion. While obtaining the representation, the relations between the contextual language and
the symbolic language were established correctly and explained as “...it can be done by using the
distributive property of multiplication over addition”. The teacher gets 2 points from the K9 coded

criterion.
*Example of an other answer:

X 2 4

- AL
A
T

In this method, after substituting the numbers in the table, we divide the empty squares between them as
in the figure and multiply the numbers. If the resulting number is a single digit, we write 0 in the upper
section. If it has two digits, we write the ones digit at the bottom with the tens digit at the top. We collect
the results as | marked in red. If the addition operation is handed, we add this to the next sum. In this
way, our process is finished.

The path suggested by the teacher-representation- is organized according to mathematical concepts and is
different from the paths in the text of the question. The teacher gets 2 points from the K2 coded criterion.
The verbal explanations he makes after the representation are the explanations in which the relations
between mathematical language and contextual language are established correctly. The teacher gets 2
points from the K9 coded criterion.

Example answers given to item c of the “multiplication” question

The answer given to item ¢ of the “Multiplication” question must be an answer that meets the criterion
coded K1.

*Example of an answer 1: Representation - 1, Representation - 2, and when | think about the way |
propose, | find Representation - 2 more useful and more instructive. In Representation — 2, numbers are
placed in the digit table according to the number of digits. In the digit table, operations are performed
according to the place value of each number. With this method, students can see where the phrase “shift
one step to the left”, which has been said in schools for years, comes from while the subject of
multiplication is being taught. In this way, instead of going to memorization by taking what is given by
the way of presentation, as in teaching, and conditioning himself by saying “I must not forget to move one
step”; He finds and sees where this rule comes from. Since it learns based on logical reasons, the
knowledge becomes more permanent, the connection with new knowledge can be established more easily
in the future, and the learning situation can be taken to a higher level.

The teacher made a decision by choosing representation 2 in the question item and explained the reasons
for making this decision by saying, “The student finds and sees where this rule comes from instead of
conditioning himself so that he should not forget to move one step. For logical reasons... it can take it to a
higher level.” explained in terms. The reasons explained by the teacher for his decision are sufficient. The
teacher gets 2 points from the K1 coded criterion.
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*Example of an other answer 2: | think Representation 2 is more instructive. We can multiply any two-
digit number.

The teacher made a decision by choosing representation 2. However, he did not adequately explain the
reasons for his decision. We can also multiply any two-digit number by the representation 1. The reasons
for his decision are not enough. The teacher gets 1 point from the K1 coded criterion.

Sample answers to item c of the question “tree leaves”

The answer given to item c of the “Tree Leaves” question must be an answer that meets the criteria coded
K4, K8 and K10.

*Example of an answer: In advanced classes, integral curves can be calculated with parabolic curves.

The teacher talked about the mathematical solution process without reaching a mathematical conclusion,
but did not justify the process. It gets 1 point from the K4 coded criterion. Since there is no mathematical
solution in the answer, there are no explanations supporting the solution (K10) and no contextual
interpretation (K8) explaining the meaning of the result because there is no result. The teacher could not
get points from the K8 and K10 coded criteria. If the teacher had made qualitative or supportive
explanations for the solution he thought (K10) and then made a contextual comment as “... the leaf
produces more oxygen” after the solution he put forward (K8), he could get full points from the relevant
criteria.

*Example of an other answer: | took the printout of the models as they were in the research pdf, drew
squares of the same size in each leaf model and combined the leaf parts outside the square and placed
them in another model that included all 3 leaves as a control model. When | place the square models that
I placed in the models and the remaining parts into the control model and investigate, | think that the
hornbeam leaf has more area and produces more oxygen.

The teacher talked about the mathematical solution process in detail. The fact that the teacher will reach
the amount of oxygen production through field knowledge can be accepted as a justification for the
solution process. The teacher gets 2 points from the K4 coded criterion. The teacher’s comment as
“Horbee produces more oxygen” is a real-world interpretation based on the mathematical result. The
teacher gets 2 points from the K8 coded criterion. In addition, the teacher’s statement “because the
hornbeam leaf has more area ...” is an explanation for the contextual problem that characterizes its
mathematical solution. The teacher gets 2 points from the K10 coded criterion.

Sample answers to item d of the question “tree leaves”

The answer given to item d of the “Tree Leaves” question must be an answer that meets the K3 coded
criterion.

*Example of an answer: | would choose the largest and smallest leaves and average them.

The teacher designed a verbal representation for the solution. However, he did not justify the
representation he designed. The teacher gets 1 point from the K3 coded criterion. If the teacher had
written an answer such as “I would choose the largest and smallest leaves to represent different leaf
samples and take the average”, he would have justified the solution process and received full marks from
the question.

*Example Answer 2: | would find the square of the leaves on the assumption that many events in nature
conform to the normal distribution. Because in a normal distribution mode=median=mean, | would
calculate the area of the median leaf.

The teacher designed a verbal representation for the solution of this problem that may exist in the real
world. He provided a justification for the representation he designed as “many events in nature are
normally distributed... since mode=median=mean in a normal distribution...”. The teacher gets 2 points
from the K3 coded criterion.

@@@ This is an Open Access article distributed under the terms of the Creative CommonsAttribution-
NonCommercial-ShareAlike 4.0 International (CC BY-NC-SA 4.0). For further information, you can

refer to https:/creativecommons.org/licenses/by-nc-sa/4.0/
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