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Abstract

A numerical method that will improve and produce effective results for solving mathematical model for
the system of predator-prey interactions which is defined by convection-diffusion-reaction problem is
studied herein. We consider the Pseudo Residual-free Bubble (PRFB) method which is based on
augmenting the finite element space by appropriate functions for the space discretization. The method
is applied on different test problems and the numerical solutions are in good agreement with the result
available in literature. The numerical results depict that the algorithm is efficient and feasible.
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Av-Avci Problemleri i¢in Kararli Sonlu Eleman Yontemleri Uzerine Bir
Not

0z
Bu calismada, konveksiyon-diflizyon-reaksiyon problemleri ile modellenebilen av-avci denklem

Anahtar kelimeler

Av-avcl denklem
sistemleri;
Konveksiyon-diflizyon-
reaksiyon; Kararli
Sonlu Eleman Yontemi;
Cok-0lgekli YOntemler.

sistemlerinin simiilasyonunda kullanilan sayisal ¢6zim tekniklerini iyilestirecek ve daha etkin sonuglar
Uretecek sayisal bir yontem onerilmistir. Uzay ayriklastirmasi igin, sonlu elemanlar metodunu
uygularken segilen polinom baz fonksiyonlarina ilaveten fonksiyon uzayinin 6zel tip fonksiyonlarla
(residual-free bubbles) zenginlestiriimesine dayanan Pseudo Residual-free Bubble (PRFB) yontemi
kullanilmistir. S6z konusu yontem, cesitli test 6rneklerine uygulanmis olup elde edilen sayisal
¢Ozlimlerin, literatiirde mevcut olan sonuglar ile iyi bir uyum iginde oldugu goézlemlenmistir. Sayisal
sonuglar, dnerilen yontemin verimli ve uygulanabilir oldugunu gostermektedir.

© Afyon Kocatepe Universitesi

1. Introduction

The mathematical model for the predator-prey
interactions is an important subject in mathematical
biology and ecology (Allen 2007, Murray 2003). There
are many approaches to describe the predator-prey
systems that have been used to model the process of
dispersal and its ecological effects and evolution
(Chong et al. 2005, Meyer et al. 1997). One common
approach contains interactions between reaction
diffusion and convection processes, which can be
modeled in terms of the convection-diffusion-
reaction (CDR) problems (Cosner 2014, Medvinsky et
al. 2002). Here, the convection (C) term can be
interpreted as the movement of species; the diffusion
(D) describes the dispersion of the species

throughout the physical domain of the problem and
the reaction (R) defines the interaction process
through the generated / consumed species involved
in the phenomenon. Analytical solutions of those
problems can only be obtained under specific
circumstances, therefore efficient and feasible
algorithms are needed for the numerical solutions of
those problems. However, the numerical solution of
those problems might become a challenge as it is well
known that the discrete solutions generated by
standard numerical methods is usually globally
in the

whole domain. Therefore, effective algorithms for the

polluted by non-physical oscillations

numerical solutions of those problems has
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captured the interestof a number of many
researchers (Dimitrov and Kojouharov 2006, Garzon

et al. 2012, Stefano et al. 2013).

A considerable amount of research works has been
discretizing predator-prey systems
the finite difference method is

devoted for

among them,
frequently used. However, those methods are
inefficient and accurate solutions having the same
qualitative features as the continuous problem could
not be obtained for higher dimensions. Dimitrov and
Kojouharo used non-standard techniques to
construct stability-preserving Elementary Stable Non-
standard (ESN) schemes for arbitrary time step-sizes
(Dimitrov and Kojouharov 2007, Mickens 1994).
Nevertheless, the need for a positive discrete solution
for all positive initial values is considered as a
drawback of the ESN method. Recently many
researchers have worked on positive and elementary
stable nonstandard (PESN) algorithms for predator-
prey systems (Dimitrov and Kojouharov 2006,

Moghadas et al. 2004).

The second approach to get effective approximations
for treating CDR problems is the stabilized finite
element method (FEM). Among to that class, the
Residual-Free Bubbles (RFB) method which is based
on enriching the finite element space with special
“residual-free bubble” functions could be mentioned
first (Brezzi et al. 1997, Brezzi and Russo 1994).
Although the residual-free bubbles produce effective
discretization, the drawback of this methodology
resides in that it requires to solve locally defined
differential equation which has similar characteristic
behavior to the original one (Franca et al. 1998).
Motivating by that observation, the Pseudo Residual-
free Bubble (PRFB) method has been introduced. In
this strategy, the residual-free bubbles are
approximated by piecewise linear functions on a
suitable sub-grid to represent accurately the fine
scale-effect of the exact solution in the coarse scale
numerical approximation (Brezzi et al. 1998, Brezzi et
al. 2005, Sendur and Nesliturk 2012, Sendur et al.
2014). It seems that the PRFB strategy is quite robust
and effective method for the numerical solutions of

the CDR problems.

In this study, we aim to discover the potential of the
Pseudo Residual-free Bubble method as an algorithm
for the of predator-prey
interactions. The organization of the paper is as

numerical solution
follows: In Section 2, we introduce the mathematical
models for the process of predator-prey dynamics in
1D. We describe the details of the numerical method
in Section 3. Finally, we perform the numerical
experiments and draw conclusions in Section 4.

2. Model Description

We consider the following CDR problem as a
mathematical model for a predator-prey system:

ou 0%u ou
E—Elﬁ—a1£+f(u,v)

ov 0%v ou

E=Ezﬁ—a2£+g(u,v) in O x (0,T]

(1)

where  f(-),g(-) are assumed to be a
c2([0,T]; L*(Q)) functions. We will focus on the
following two specific type functions,

Kinetics (i) fw,v) =ulry —u) —yuv and
g, v) = v(r, —v) + yuv.
Kinetics (i) f(w,v) =u(l—u)— L and

uta

gwv) == —yv.

ut+a

Here, the 1-dimensional bounded domain where the
problem is to be solved has been denoted by Q c R,
the boundary by 9Q and the time interval by (0, T].
The system parameters are as follows: u and v define
the populations of prey and predators, €; and €, are
diffusion constants, a; and a, are the convection
rates, r; and r, are the growth rates, y; is the
predation rate and y, is the conversion rates of the
prey and the predator, respectively. Here, €, €5, a4,
a5, 11, T2, Y1, V2 are positive constants. The equation
(1) will be supplied with the homogeneous Neumann
boundary condition

ou ov
= =5.=0 onaQ, t € (0,T]
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and with an initial condition of the form
u=u’ v=v" inQ t=0

The qualitative properties of the model (1) including

the theoretical aspects are studied in detail in (Garvie

2007, Garvie et al. 2015, Hilker and Lewis 2010, Zhang

and Jin 2017).

3. Motivation for the numerical method

We will first recall the variational formulation of
problem (1):

Find u € L2((0,T); V) n €°( [0,T); L*(Q)) such that

@@),w) + au(®),w; e, a;) = (f (w,v),w), VYw € H§(Q)

@), w) + a(w(t), w; €5, a,) = (glu,v),w), Vw € H}(Q)

u(x,0) = u° v(x,0) =v°

(2)

where V = H} (Q). Here, the superposed dot denotes
the time differentiation and (-,-) is the L?(€) inner
product and the bilinear operator is

a(ut),w;e,B) =€ [, uy we + [, Buy w (3)

let O0=xp<x1 <X <--<xy_1<xy=1 and
T, = {K} be a decomposition of ( into subintervals
K = (x3_1,xx) where k=1,..,N and {0 =1t, <
t; ... <ty =T} be a uniform partition of time
interval with At,,, = t;,+1 — t;n. Moreover, the time
discretization of the continuous reaction kinetics
f(u,v) and g(u,v) are defined by:

Kinetics (i)

f@™v™) = pur(1—u™b) —pu™v™ ! = f(u,v)

G, v") = Bv(r — v L) + pu" v = g(u, v)

Kinetics (ii)
-1
f@vY) = ur(1-—u?t) - v fu,v)
u 14
un—lvn
GO = = < gCa)

Here, the finite element solutions u™ and v™ are
approximations of the continuous solutions u and v
at t,,. The problem (1) can be integrated in time by
using semi-implicit time-stepping scheme to get the
following discretized problem:

ut—yn-1 92un oun A
=€ ——a;,—+
Aty 1 gx2 1 ox f

(4)
n n-1 92pn ov™ ~
= ezﬁ—a2¥+g, n=1,..,M.

Then, the corresponding bilinear form is defined as,

at, +a(u™,w;e,a) = (f, w)

@"w)-(v"Lw)

+a(w", w;eya,) =(Gw),n=1,.., M.
Aty

(5)

forany w € Hj.

In order to discretize the problem (5) in space, we use
an economical form of the RFB method (Brezzi et al.
1992, Hughes 1995) which is designed for the
stationary problem and its explicit description is given
in (Sendur and Nesliturk 2012). Here, the RFB
functions are replaced by pseudo RFBs, which retain
the same qualitative behavior as the RFBs, and they
are computed by using appropriate sub-grid inside
each element K. Once the subgrid points are
calculated, we can treat the resulting scheme as doing
plain Galerkin on the new mesh that results adding
the sub-grid to the original one. We now apply the
strategy proposed in Sendur and Nesliturk (2012) to
the problem (5), that is:

Find up, vy € V, such that vwy, € V,

( (uhwn)= (g~ wn)

v + a(u,’{,wh; €1, 6(1) = (f' Wh)
n

(vhwn)=(vh " wh)
Aty

(6)

where 1, C H&(I) is the finite-dimensional space
(see Sendur and Nesliturk (2012) for details). It is also
possible to express finite dimensional problem (6) as
linear algebraic equations in the following block
matrix form for each time step:

655
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A11‘L—1 BIl—l um un_l q);l—l
0 ot A Il 7 el e
where AT, B1 c=1 d~1 and W1 are some

matrices, depending on the solution at time level

T eewmaemerss
| it v-predators|
tho1-

4. Numerical Results

We present experimental results demonstrating the
performance of the present algorithm (PRFB) for the
nonlinear  convection-diffusion-reaction  systems

modeling predator-prey interactions.

4.1. Experiment 1: Model (1) with kinetics (i)

We will first consider the following test problem (see y :SiEIZZB,O,Si '
Zhang and lJin (2017)) in a bounded domain Q = :
(—100,150):

(ou _  0%u du
> = €15z -0.3 ax+u(1 —u)—0.2 uv

v %v ou . o8y .: :

;—625—0.8 £+v(1—v)+0.8 uv in Q x (0,25] | : 2

ou ov : :

polalrwi 0 ondQ, te (0,25] 02} : :

_ _ 02, X E [—1,1] Soo -;c; 0 50 : 700 150
ku(x, 0)=1 v(x0)= {0, otherwise
(7) (b) Numerical solution (Gal) for N = 4000.

We first set €, = €, = 1 and decompose the domain = .
into subintervals of length N = 100 and present the | H gmmmmm———t
solutions obtained with the standard Galerkin I : :
method on both coarse / fine mesh (as reference 2 : :
solution) and the present formulation in Figure 1. We ’ : ;

observe that the present method is stable and

produces a solution that is very close to the exact

solution while the approximations obtained by the 28

Galerkin method exhibit non-physical oscillations. 0af

0.2

[
8
o
o
ol
o
=]
2
=]

=
.
b

150

(c) Numerical solution (PRFB) for N = 100.
Figure 1: The numerical solution when €; = €, = 1 and
At = 0.001.
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In Figure 2, we present the numerical solutions when
€, =1 and N =100 for various intensities of
diffusion (e; = 0.01,0.001,0.0001). The results
illustrate the importance of the augmented grid
strategy to capture the details of the solution. We
note that the results with finer meshes (not presented
here) show better numerical approximations to the
exact solution as At and Ax decrease. The results are
qualitatively similar to the one in Zhang and lJin
(2017).

s v Y
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r

08

0.6

0.4

0.2

8
23
t=
=}

50 100 150

(c) €, =0.0001
Figure 2: The numerical solutions (PRFB) when €, = 1,
At = 0.001, N = 100.

4.2. Experiment 2: Model (1) with kinetics (ii) with
different conditions

Next, we consider the following test case in a
bounded domain Q = (0,4000):

(a) & = 0.01

u(x,T)
16 JReY ==y(x,T)

-

ou a%u ou uv
E=€1ﬁ_ala+u(1_u)_ +§
v 9%v du uv .

<E= Ezﬁ—aza-Fng—OB v in QX (0,40]
ou v
Pl 0 on dQ, te(0,600]
u(x,0) = g + 1078 (x — 1200) (x — 2800), v(x,0) =

0.8

0.6

0.4r

0.2r

I
1
i
1
i
i
i
1
i
i
i
i
i
i
i
g

(b) €, = 0.001

100

150

(8)

We first set €, = €, = 1 and decompose the domain
into subintervals of length N = 50 and present the
numerical solutions obtained with the standard
Galerkin method on both coarse and fine mesh
(reference solution) and the present formulation.
Comparing the results in Figure 3, we conclude that
the present method performs very well even on
coarse mesh and produces a solution that is very close
to the exact solution while the approximation

obtained by the Galerkin method is not satisfactory.
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In Figure 4, we present the numerical solutions when

0.9+

0.8

0.7+

06

0.5F

0.4F

0.3F

0.2

0.1F

u-prey r
+ =+ =1 y-predators "

e

S ———-

€, =1 and N =100 for various intensities of
diffusion (e; = 0.01,0.0001). The results show the
present formulation is convenient to capture the
1 exact characteristics of the solution for a wide range
. of problem configurations.

50
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~predators

T T T
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a —predators|
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200
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f
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(a) Numerical solution (Gal) for e; = 0.01, N = 4000.
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(b) Numerical solution (PRFB) for ¢; = 0.01, N = 100.

(c) Numerical solution (PRFB) for N = 50.

200

Figure 3: The numerical solutions when €; = €, = 1 and

At = 0.001.
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u-prey
== y-predators

T L

0.8

06

04r

0.2r

200

(c) Numerical solution (Gal) for e; = 0.0001, N =
4000.

= u prey
==y predator

0.8¢

0.6+

0.4}

0.2+

200

(d) Numerical solution (PRFB) for €; = 0.0001, N =
100.

Figure 4: The numerical solution when €, = 1 and At =
0.001.

4.3. Experiment 3: Model (1) with kinetics (ii)
Finally, we take the following test case (see Garvie

(2007)) in a bounded domain Q = (0,200) with
different conditions:

Ju 9%u u uv

ot = €1z — g tull —u) ———

v %v Jdu uv i

%= Cogm ~ Tag T2, —08 v in QX (0,40]
]

ou _ 2

—~===0 on 30, t€ (040]

100)2
u(x,0) =e * 5, v(x0) =§

(9)

In Figures 5-6, we set €, = €, = 1 and ¢; = 0.0001,
€, = 1, respectively, decompose the domain into
N =100 subintervals and plot the numerical
approximations obtained with the standard Galerkin
method on fine mesh (as reference solution) and the
present method. Figures 5-6 demonstrate that we
achieve a perfect match between the numerical and
reference solutions. We also note that the plots are
qualitatively similar to the one in Garvie (2007).

0.8

—— u-prey
1= = y-predators

0.1
0

500 1000 1500 2000 2500 3000 3500 4000

(a) Numerical solution (Gal) for N = 4000.

0.8

— U prEY
==y predator

0.1
0

' L ' L ' s L
500 1000 1500 2000 2500 3000 3500 4000
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(b) Numerical solution (PRFB) for N = 100.
Figure 5: The numerical solution when €; = €, = 1 and
At = 0.001.

0.8 T T T r
— u-prey
+= = y-predators|

0.1 L s . L s L
0 500 1000 1500 2000 2500 3000 3500 4000

(a) Numerical solution (Gal) for N = 4000.

0.8

— U prey
----- v predator

0.1
0

500 1000 1500 2000 2500 3000 3500 4000

(b) Numerical solution (PRFB) for N = 100.
Figure 6: The numerical solution when e; = 0.0001 €, =
1 and At = 0.001.

5. Conclusion

In this paper, numerous benchmark problems are
employed to validate the performance and the
robustness of the PRFB method for the numerical

solution of predator-prey interactions. Numerical

experiments cover a wide range of problem
configurations and the results illustrate the good

performance of the PRFB method.
References
Allen, L. J. S., 2007.

Biology. Marcia J. Horton, Pearson/Prentice Hall, New
Jersey, 365.

An Introduction to Mathematical

Brezzi, F., Bristeau, M. O., Franca, L. P., Mallet, M. and
Roge, G., 1992. A relationship between stabilized finite
element methods and the Galerkin method with bubble
functions. Comput. Methods Appl. Mech. Engrg. 96,
117-129.

Brezzi, F., Franca, L. P., Hughes, T.J.R. and Russo, A., 1997.
b = [ g. Computer Methods in Applied Mechanics and
Engineering, 145, 329-339.

Brezzi, F. and Russo, A., 1994,
advection-diffusion problems. Mathematical Models
and Methods in Applied Sciences, 4, 571-587.

Choosing bubbles for

Brezzi, F., Marini, D. and Russo, A., 1998. Applications of
pseudo residual-free bubbles to the stabilization of
convection-diffusion problems. Computer Methods in
Applied Mechanics and Engineering, 166, 51-63.

Brezzi, F., Marini, D. and Russo, A., 2005. On the choice of
a stabilizing sub-grid for convection-diffusion problems.
Computer Methods in Applied Mechanics and
Engineering, 194, 127-148.

Chong, O. A, Diniz, G. L. and Villatoro, F. R., 2005.
Dispersal of fish populations in dams: modelling and
simulation. Ecological modelling, 186, 290-298.

Cosner, C., 2014. Reaction-diffusion-advection models for
the effects and evolution of dispersal. Discrete and
Continuous Dynamical Systems, 34, 1701-1745.

Dimitrov, T.D. and Kojouharov, H.V., 2006. Positive and
elementary stable nonstandard numerical methods
with applications to predator - prey models. Journal of
Computational and Applied Mathematics, 189, 98—108.

Dimitrov, D.T. and Kojouharov, H.V., 2007. Stability-
preserving finite-difference methods for general multi-
dimensional  autonomous

dynamical  systems.

660



A Note on Stabilized FEMs for Predator-Prey Systems, Sendur

International Journal of Numerical Analysis and
Modeling, 4, 282-292.

Franca, L. P., Nesliturk, A. and Stynes, M., 1998. On the
stability of residual-free bubbles for convection-
diffusion problems and their approximation by a two-
level finite element method. Computer Methods in
Applied Mechanics and Engineering, 166, 35-49.

Garvie, M. R., 2007. Finite-Difference Schemes for

Reaction—Diffusion Equations Modeling Predator-Prey

Interactions in MATLAB.

biology, 69 (3), 931-956.

Bulletin of mathematical

Garvie, M. R., Burkardt, J. and Morgan, J., 2015.
Finite Element Methods for Approximating Predator-
Prey Dynamics in Two Dimensions Using Matlab.
Bulletin of mathematical biology, 77 (3), 548-578.

Simple

Garzon-Alvarado, D.A., Galeano, C.H. and Mantilla, J.M.,
2012. Computational examples of reaction- convection-
diffusion equations solution under the influence of fluid
flow: First example. Applied Mathematical Modelling,
36, 5029-5045.

Hilker, F.M. and Lewis, M.A., 2010. Predator-prey systems
in streams and rivers. Theoretical Ecology, 3, 175-193.

Hughes, T. J. R., 1995. Multiscale phenomena: Green’s

functions, the Dirichlet-to-Neumann formulation,
subgrid scale models, bubbles and the origin of
stabilized methods. Computer Methods in Applied

Mechanics and Engineering, 127, 387—-401.

Medvinsky, A. B., Petrovskii, S. V., Tikhonova, I. A,
Malchow, H. and Li, B. L, 2002. Spatiotemporal
complexity of plankton and fish dynamics. SIAM review,
44, 311-370.

Meyer, J. F. C. A., and Diniz, G. L., 1997. Changes of habitat
of fish populations: a mathematical model.
International Journal of Mathematical Education in

Science and Technology, 28, 519-529.

Mickens, R. E., 1994. Nonstandard finite difference model
of differential equations. World Scientific, Singapore.

Moghadas, S. M., Alexander, M. E. and Corbett, B. D. A,,
2004.
generalized Gause-type predator-prey model. Journal
of Physics D, 188, 134—151.

Non-standard numerical scheme for a

Murray, J. D., 2003.
Models and Biomedical Applications. Interdisciplinary

Mathematical Biology Il: Spatial

Applied Mathematics, 18, Springer, New York.

Sendur, A. and Nesliturk, A. 1., 2012. Applications of the
pseudo residual-free bubbles to the stabilization of
convection-diffusion-reaction problems. Calcolo, 49,

1-19.

Sendur, A., Nesliturk, A. I. and Kaya, A., 2014. Applications
of the pseudo residual-free bubbles to the stabilization
of the convection-diffusion-reaction problems in 2D.
Computer Methods in Applied Mechanics and
Engineering, 277, 154-179.

Stefano, M., Perotto, S. and David, F., 2013.  Model
adaptation enriched with an anisotropic mesh spacing
for nonlinear equations: application to environmental
and CFD problems. Numerical Mathematics: Theory,
Methods and Applications, 6, 447—-478.

Zhang, T. and Jin, Y., 2017. Traveling waves for a reaction-

diffusion-advection predator-prey model. Nonlinear
Analysis: Real World Applications, 36, 203—232.

661



