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a system of differential equations, Mat. Stud. 49 (2018), 67-74.

The concept of complex valued bivariate entire functions of bounded index is extended to
C™ valued bivariate entire functions by replacing the absolute value in the definition of an entire
function of bounded index by the maximum of the absolute values of the components. If the
components of a C"-valued bivariate entire function are of bounded index, then the function
is also of bounded index. We present sufficient conditions providing index boundedness of
bivariate vector-valued entire solutions of certain system of partial differential equations.

1. Introduction. If f(z,w) is a bivariate entire function then at a point (a,b) € C? the
function f(z,w) has a bivariate Taylor expansion

f(z,w) = Zchl(z —a)*(w - b,

k=0 [=0

where

71/, b).

Ch owkoz! La;wb TR

1 [0 f(z,w)
S {

If the bivariate series is absolutely convergent then limy; |cy| = 0.
Similar to Gross ([6]) we presented in [9-11] the following notion of bivariate entire
function of bounded index.

Definition 1. A bivariate entire function f is said to be of bounded index provided that
there exist integers M and N independent of z and w such that

- {If(’“’”(z,wﬂ} O w)

0<k<M;0<I<N k! ilg!
for all 7 and j.

We shall say that f is of index (M, N) if N ad M are the smallest integers for which above
inequality holds. But it leads to the following question: What is the index of the function
of f if the corresponding inequality holds for (N, M) and (M, N)? Thus, the index of the
function is not uniquely defined. It is better to define an index of a bivariate function as
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height of the vector (N, M) i.e. N 4+ M. The least such integer N + M is called the index of
the function f and is denoted by N(f). A bivariate entire function which is not of bounded
index is said to be of unbounded index. The primary definition of entire function of several
variables of bounded index was introduced in [1]. Next, for simplicity the case of bivariate
entire functions is considered in 14, 15].

In this paper, we are concerned with one possible extension of this concept to vector-
valued bivariate functions. Let AT be a transpose of a n x n matrix A. If fi(z,w) i =
1,.2,...,n, are complex-valued bivariate entire functions, then

F<Z7w) = (fl(sz)vf2(27w)7'"afn(sz))Ta

is a C™-valued bivariate entire vector function and we write
IF(z, )l = pax {1z, w)l}

and for i, j € Z

Oy = SOFGw) (0 w) 0 f(nw) 0 (e w))
ST T owios T owior T dwior T dwio '

2. Main Result.

Definition 2. A vector valued bivariate entire function F'(z,w) is said to be of bounded
index provided that there exist integers M and N independent of z and w such that

{HF““’”(z,w)H} _ NES (2 w)

k1! il

max
0<k<M;0<I<N

(1)

for all 7 and j.

The least such integer N + M is called the indez of the vector function F and is denoted
by N(F).

A concept of bounded index for vector-valued entire function of one variable (i.e. an entire
curve) is considered in [7,12,13|. Particularly, they presented examples of entire curves of
bounded index without all of their components being of bounded index. Also there are
two papers about analytic curves of bounded [-index ([5,16]). The mentioned papers are
devoted to analytic theory of systems of ordinary differential equations. But we will study
entire functions F': C> — C" and our definition of bounded index uses partial derivatives
as in recent papers about L-index in joint variables (|2, 3]). Note that there is another
multidimensional approach using directional derivatives in the definition so called functions
of bounded L-index in direction ([4]). It is possible to use various norms in inequality (1).
Particularly, instead the sup-norm we can consider the Euclidean norm. But M. Bordulyak
and M. Sherementa ([5]) proved that an analytic curve F': D — C™ is of bounded I-
index by the sup-norm if and only if F' is of bounded [-index by the Euclidean norm, where
Dr={z€C: |z]| <R}, Re€(0,00]. Therefore, we will consider only the sup-norm.

Lemma 1. If fi(z,w), fo(z,w), ..., fu(z,w) are bivariate entire functions of bounded index
with indexes N(f1) = N1, N(f2) = N, ..., N(f,) = N, respectively, then

F(Z,U)) = (f1<27w)7f2(zaw)a s 7fn(sz))
is of bounded index M such that M < N = max{Ny, No,..., N,}.
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Proof. For p € {1,2,...,n}, we write

(i.f) )
‘fp <Z7w)| S max |fp (Z,U))l
1! 0<k+I<N, k!
A5 (2, 0)] |FED (2, w)|
L S R - .
o<5?ff§zv{ Kl = 0EN Kl

Therefore, (1) is satisfied. O

If A= [a;;]is an n x n matrix, we use the norm

n

|All = g@bz |aij]-
j=1

Theorem 1. If a vector valued bivariate entire function F: C> — C™ is a solution of the
following system of partial differential equations

F(LO) (Z, U)) = AIOF(ZJ w)a F(OJ) (Z, ’LU) = AOIF(Z’ w)’

where Ayg, Ag1 are constant n X n matrices, then F(z,w) is an entire function of bounded
index with index N(F) < P where

P=pi+q, pp=min{p € Z;: [|[Ap| < (p+ 1)}, @ =min{p € Z;: [[An]| < (¢ + 1)}
Proof. For all integers p > 1 and ¢ > 1 and all (z,w) € C? we have

F(plﬂ”q)(z,w) — AlOF(lerp*l’q)(z,w), F(p,q1+q)(z’w) — A01F(p,q1+q71)(2’w)

Therefore
[FCHP Dz )] (Al [FPHPR0 (2, w)|
(pi+pl¢d ~(i+p) (r+p-1lg
[F®+ Dz w)| Ao [EPHD (2 w)]
Ma+q)! ~—(a+q) pllg+1+qg—1)
and so N
HF(Z,])(27 w)H HF(k,z)(Z,w)H
4 " 1< max 4+
7! 0<k+I<pi+q k!
for alli =0,1,2,...and j = 0,1,2,... and all (z,w) € C2. ]

In the proof of Theorem 2 we need the following lemma.

Lemma 2 (|14,15]). An entire bivariate function f is of bounded index if and only if there
exist integers M > 0, N > 0 and a constant C' > 0 such that

(M+1,i) (,N+1) < (i.5)
s max AL T ) <€ max {0z w)])

S0V S >

for all (z,w) € C2.
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Theorem 2. Let f(z,w) be a transcendental entire bivariate function and satisfying the
system of partial differential equations

—1n—1

pr D(z,w) = g(z,w),

-1

Qon(z, w)f(o’”)(z, w) + Qij(z, w)f(i’j)(z, w) = h(z,w),

i=0 j=0

3

Poo(z, w) f™ (2, w) +

' M

@
= CJ

where P;(z,w),Q;j(z,w),i = 0,1,2,...,m;j = 0,1,...,n are polynomials, Po(z,w) and
Qon(z, w) are polynomials with separab]e variables of degree in each variable not less than
degree of any P,j(z,w) and Q;;(z,w) in the same variable accordingly and g(z,w), h(z, w)
are entire functions of bounded index. Then f(z,w) is of bounded index.

Proof. 1f g(z,w) is of bounded index then there exist integers M > 0 and N > 0 and constant
C > 0 such that

max _ {[gM(z,w)] g (2 w)} <O max  {]g") (2 w)]}

0<i<M,0<j<N 0<i<M;0<j<N

LU S >

for all (z,w) € C2. For convenience we assume that P;,(z,w) = 0 and P, ;(z,w) = 0 for i,
7 € N. Thus

n aM—I—H—l

S g Pl )9 2 )

k=0 j=0

zm: Z Z Z( M:‘ 1 ) ( ; >P]£;J)(Z,w)f(k+M+1—t,j+i—l)(Z,w>
=0 t=0 1=0

<C max  {lg"Ew)l}

‘g(M-i-lz) (2,w }_

<

Hence

|POO(Z, IU)f(m+M+1’i)(Z, w)| <

u L MA1N(d e
> (MY () ) PE Gt )

+ ( M+1 ) < L )P(t’l)(zjw)f(m+M+17t,n+ifl)(z,w> +

l m0

3
E

E

fﬁ E:E:( ) ()Y w) 79 )

+C max
0<k<M;0<j<N

=0 r=0 s=0
<(C+1)(m+1)(n+1)(M+2)(M+ 1IN +2)(N+1)x
% nggm,OSJSIg,l(?égM+1 0<l<z{| (7 )|}o< <M+g10<]<z+n+1 Hf (2w }}
Now since degree of Fy is greater than degree of Pj; in each variable, £ = 0.,1,2,...,m;

7=0,1,2,...,n, there exist K >0, R > 0 and ) > 0 such that

|Pro(z, )] EK‘PIS’”(z,w)’ k=012 M+1landl=0,1,2,...,i
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and for all |z| > R and |w| > Q. Thus,

‘f(m+M+1,n+i)(Z U))‘ S

<(C+1D)(m+1D)(n+ 1)(M+2)(M + 1)!(i + 1)3! I {1 £ (z,0)|}

for |z] > R and |w| > Q. Hence, for

Si=C+)(m+1)n+1)(M+2)(M+DIi+ 1), T=m+ M, U=n+1,

IO <5 e (0]

for |z] > R and |w| > @. Similarly, it can be proved that

|FTU (G w) <8y max  {[f5(z,w)]}

SRSLUS)S

These inequalities hold for all |z| < R and |w| < Q. Choosing S > max{S;, S2} by
Lemma 2, we have f is bounded index. O

Theorem 3. If a vector valued bivariate entire function F': C?> — C" is a solution of system
of partial differential equations

m—1n—1
Pro(z,w)F™0 (2 w) + Z ZP“ VFOI (2 w) = g(z,w),
=0 j=
m—1n—1
Qon(z, w)FO™ (2 w) + Qi (2, w)F) (2, w) = h(z,w),
i=0 j=0
where Pj;(z,w),Qi;j(z,w),i = 0,1,2,. = 0,1,...,n are polynomials and P,,y(z,w),

Qon(z, w) are polynomials with separab]e Variables of degree in each variable not less than
that of degree of any P;;(z, w) and Q;;(z,w) in each variable respectively and g(z,w), h(z,w)
are entire functions of bounded index, then each component of F(z,w) is of bounded index.

Proof. Since each component of F(z,w) satisfies a system of partial differential equations of
the form in Theorem 2, each component is of bounded index. O

Theorem 4. If a vector valued bivariate entire function F: C?> — C" is a solution of the
following system of partial differential equation

F(l’o)(z, w) = ApF(z,w) + Ri(z,w), F(O’l)(z, w) = Ap1 F(z,w) + Ra(z,w),

where Ayg, Aoy are constant n X n matrices, then F(z,w) is an entire function of bounded
index with index N(F) < P where

P=pi+q, pp=min{peZ,: ||Ap|| < (p+1)andp—1> Elzu%degrﬂ}

¢ =min{qg € Z,: ||Ao|| < (¢g+1) and g — 1 > max degrio},

Ri(z,w) = (r1(z,w), ra1(z,w), ..., rpa (2, w)),

Ry(z,w) = (r1a(z, w), 92 (z,w), ..., Tn2(2, w))

are vector valued polynomials.
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Proof. Let p and g be two nonnegative integers such that ||Ap| < (p+1) and p —1 >
maxj<i<n degrﬂ, HAOlH S (q + 1) and q — 1 Z maxj<i<n degrig. Then

F(m+p’”)(z, w) = AlOF(m+p_1’”)(z, w) + R(m+p_1’”)(2, w) = AlOF(m+p_1’")(2, w)
for all integers m > 1 and n > 1 and all (z,w) € C2. Therefore,

[Fe2 2 w)]| Al [EC0 (e w)]

(m+p)n!l =~ (m+p) (m+p—1)n! ’

similarly
[t Dz, w)l| [ Aol| [FD (2 w)|

m!(n+q)! ~ (n+q) mi(n+q-—1)" "~
and so N

IFOGw L IE )

7! 0<k+I<p+q kN

for alli € Z,, j € Z, and all (z,w) € C% O

Theorem 5. If F': C?> — C" is an entire solution of the following system of partial differential
equations

F(l’o)(z, w) = A F(z,w) + Ry (z,w), F(O’l)(z, w) = A1 F(z,w) + Ra(z.w),

where Ajg, Ag1 are n X n matrices whose entries are rational bivariate functions which are
bounded at infinity and Ry(z,w), Ra(z,w) are vector valued functions whose components
are rational functions which are bounded at infinity, then F(z,w) is a function of bounded
index.

Proof. Let py; be the least common denominator of the a;;’s and r;’s where Ry = (711,721, . - .,
Tn1), a;; are entries of Ajg. Let b;; = po;s;; and p; = poir;. Then b;; and p; are bivariate
polynomials of degree < degpg;. Let h = By = [by;] and P = (p1,p2,...,pn)", Py =
(Poi, - .., Pon) and so F is a solution of F39 (2, w)Py = By F(z,w) + P. Differentiating M
times with respect to z and N times with respect to w where M > h+1and N > h+1, we
obtain

N —k,N—
() e

Mz

33

k=0 =0

0

==

) ( ];7 >B (. l)(z, w) FM=FN=D (5 ap)

which simplifies
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because deg b;; < h. Therefore

FOHLN (7 w) 1 zh:zh: 1 Bﬁ”’l)(z,w) FM=EN=U(2 ) B @)
(M+1INU (M +1) &</ py (M — k)Y(N —1)!
Zh:ZL . k 1_i pék’l)(z,w) F(M—i—l—k,N-i—l—l)(Z’w)
Cst Lt ) M+ 1 N/} po(z,w) (M+1—k)(N—-D1)
Since
s (2, 0)
0 27 50 |z] 200, |w|—=o0 for k=1,2... hl=12...h
Po
there exists T > 0 such that
P | plkd
ZZO— <- if [z|>T, |w >T. (3)
k=1 [=1 p

The inequality degb;; < h yields

h h
ZZLHB(’“)( W)l _
e kN po(z,w)] T

if |z] > T, |w\ > T, where H is a constant. Choose M; > h + 1 and Ny > h + 1 such that

on +1)H < . Then
hoh (k.)
LBy (zw)| 1
—Pu % - 4
M+1 X_:X_;kl [po(z, w)| 4 (4)
it M > M, N> Ny,and |2| > T, |w| >T. 1t M > M;, N> Ny, and |z| > T, |w| > T, we
have
FMFLN) (5 LSRG | B Pl [pDs,
I (zwlll ZZ_H Oz, )H+ZZ_ P (W)l
(M + 1)!N! M+ 1) &= = Kl po(z w) e~ k! Do
0<i<M1;0<5< Ny z'!j! '
Therefore
[FAHEN (2, w) | | FE (2, w)|
(M +1)INT = osicalogjen  ily!

for all M > My, N > Nj and |z| > T, |w| > T. But every entire function is of bounded
index on a compact set. Thus, there are integers My and N, such that
(4,9) (1,9)
|f .(iz,w)l < i |f .(.Z,w)l
ilj! 0<i<M2;0<j<N 7!
foralli=0,1,2,...;7=0,1,2,...;k=0,1,2,... and all (z,w) such that |z| > T, |w| > T.
Choosing M > max{Mj, M} and N > max{Ny, N}, we have (1) forall: =0,1,2,...;5 =
0,1,2,... and all (z,w) € C2 O
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