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Z,-CONVERGENCE OF DOUBLE SEQUENCES OF
FUZZY NUMBERS

E. DUNDAR AND O. TALO

ABSTRACT. In this paper, we introduce and study the concepts of Z2-convergence,
Z5-convergence for double sequences of fuzzy real numbers, where 7y denotes
the ideal of subsets of N x N. Also, we study some properties and relations of
them.

1. Introduction

The concept of convergence of a sequence of real numbers has been extended
to statistical convergence independently by Fast [9] and Schoenberg [33]. A lot of
development have been made in this area after the works of Salat [27] and Fridy
[10, 12]. In general, statistically convergent sequences satisfy many of the properties
of ordinary convergent sequences in metric spaces [9, 10, 12, 25]. This concept was
extended to the double sequences by Mursaleen and Edely [18] and Tripathy [36]
independently. Cakan and Altay [4] presented multidimensional analogues of the
results presented by Fridy and Orhan [11].

The concept of ordinary convergence of a sequence of fuzzy real numbers was
firstly introduced by Matloka [17] and proved some basic theorems for sequences
of fuzzy real numbers. Nanda [19] studied the sequences of fuzzy real numbers
and showed that the set of all convergent sequences of fuzzy real numbers form
a complete metric space. Recently, Nuray and Savas [23] defined the concepts of
statistical convergence and statistically Cauchy for sequences of fuzzy real num-
bers. They proved that a sequence of fuzzy real number is statistically convergent
if and only if it is statistically Cauchy. Nuray [22] introduced Lacunary statistical
convergence of sequences of fuzzy real numbers whereas Savas [29] studied some
equivalent alternative conditions for a sequence of fuzzy real numbers to be statis-
tically Cauchy. A lot of development have been made in this area after the works
of Altnok et al. [2], Bede [3], Saadati [26], Savas [31, 32], Talo and Basar [34],
Tripathy and Sarma [37] and many others.

Throughout the paper N and R denote the set of all positive integers and the
set of all real numbers, respectively. The idea of Z-convergence was introduced by
Kostyrko et al. [13] as a generalization of statistical convergence which is based
on the structure of the ideal Z of subset of the set of natural numbers N. Nuray
and Ruckle [21] indepedently introduced the same with another name generalized

Received: July 2011; Revised: December 2011 and March 2012; Accepted: August 2012
Key words and phrases: Ideal, Double Sequences, Z-Convergence, Fuzzy number sequences.
2010 Mathematics Subject Classification. 03E72, 40A05, 40A35, 40B05.


win7
Typewriter
SCI-E


38 E. Diindar and O. Talo

statistical convergence. Kostyrko et al. [14] gave some of basic properties of Z-
convergence and dealt with extremal Z-limit points. Das et al. [5] introduced the
concept of Z-convergence of double sequences in a metric space and studied some
properties of this convergence. Also, Das and Malik [6] introduced the concept of
Z-limit points, Z-cluster points and Z-limit superior and Z-limit inferior of double
sequences. A lot of developments have been made in this area after the works of
Kumar [15], Salat et al. [28], Tripathy and Tripathy [35], Nabiev et al. [20] and
many others.

Kumar and Kumar [16] studied the concepts of Z-convergence, Z*-convergence
and Z-Cauchy sequence for sequences of fuzzy real numbers.

In this paper, we introduce and study the concepts of Zy-convergence and Z5-
convergence for double sequences of fuzzy real numbers where Zo denotes the ideal
of subsets of N x N. Also, we study some properties and relations of them.

2. Definitions and Notations

Now, we recall the concept of ideal, convergence, statistical convergence, ideal
convergence of sequence, double sequence and fuzzy numbers and some basic defi-
nitions (See [1, 5, 8, 9, 13, 18, 24]).

A double sequence & = (Zmn)mnen of real numbers is said to be convergent
to L € R in Pringsheim’s sense if for any ¢ > 0 , there exists N. € N such that
|Zmn — L| < &, whenever m,n > N.. In this case we write

lim x,,, = L.
m,n— 00

A double sequence x = (z,5,) of real numbers is said to be bounded if there
exists a positive real number M such that |z,,,| < M, for all m,n € N. That is,
|z]|co = SUP |Zymn| < 0.
m,n
Let K C N x N and K, be the number of (j,k) € K such that j < m, k < n.
If the sequence {K,,,/(mn)} converges in Pringsheim’s sense then we say that K
has double natural density and is denoted by
Km'n
da(K)= lim .

m,n—o0 Mn

A double sequence & = (x5, ) of real numbers is said to be statistically convergent
to L € R, if for any € > 0 we have da(A(e)) = 0, where A(e) = {(m,n) e Nx N:
|Zmn — L] > €}
Let X # (. A class T of subsets of X is said to be an ideal in X provided:
(i) Ve,
(i) A,B € 7 implies AUB € T,
(iii) AeZ, BC Aimplies BeT.
T is called a nontrivial ideal if X ¢ 7.
Let X # (). A non empty class F of subsets of X is said to be a filter in X
provided:

(i) 0 ¢ F,
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(i) A, B € F implies AN B € F,
(iii) A€ F, AC B implies B € F.

Lemma 2.1. [13] If Z is a nontrivial ideal in X, X # 0, then the class
FIZ)={MCX:(3Ac)(M=X\A)}
s a filter on X, called the filter associated with T.

A nontrivial ideal Z in X is called admissible if {z} € T for each = € X.

Throughout the paper we take Z» as a nontrivial admissible ideal in N x N.
Details about different types of ideals of N x N is found in Tripathy and Tripathy
[35].

A nontrivial ideal Z of N x N is called strongly admissible if {7} x N and N x {i}
belong to Zy for each i € N. It is evident that a strongly admissible ideal is also
admissible.

Let Z9 = {A C N x N: (3m(A) € N)(i,j > m(A) = (i,5) € A)}. Then Z9 is a
nontrivial strongly admissible ideal and clearly an ideal Z5 is strongly admissible if
and only if 79 C Ts.

Let (X, p) be a linear metric space and Z, C 2N be a strongly admissible ideal.
A double sequence © = () in X is said to be Zy-convergent to L € X, if for any
e > 0 we have A(e) = {(m,n) € NX N: p(@pn, L) > e} € Iy and we write

Iy — lim x,,, = L.
m,n— 00

If 75 is a strongly admissible ideal on N x N, then usual convergence implies
T»-convergence.

Let (X,p) be a linear metric space and Z, C 2NN be a strongly admissible
ideal. A double sequence x = () of elements of X is said to be Zj-convergent
to L € X, if there exists a set M € F(Zy) (i.e., N x N\M € Z,) such that

lim z,, =L,

m,n— 00
for (m,n) € M and we write
75 — lim xp, = L.
m,n— o0

We say that an admissible ideal Z, C 2N satisfies property (AP2), if for every
countable family of mutually disjoint sets { A1, Ao, ...} belonging to Zs, there exists a
countable family of sets { By, Ba, ...} such that A;AB; € 19, i.e., A;AB; is included
in a finite union of rows and columns in Nx N for each j € Nand B = U;i1 B; eI,
(hence B; € Z, for each j € N).

A fuzzy real number is a fuzzy set on the real axis, i.e., a mapping v : R — [0, 1]
which satisfies the following four conditions:

(i) w is normal, i.e., there exists an zy € R such that u(zo) = 1.

(ii) w is fuzzy convex, i.e., u[Ax + (1 — N)y] > min{u(z),u(y)} for all z,y € R
and for all A € [0,1].

(iil) » is upper semi-continuous.
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(iv) The set [u]o := {x € R : u(x) > 0} is compact, (cf. Zadeh [38]),
where {z € R : u(x) > 0} denotes the closure of the set {x € R : u(z) > 0} in the
usual topology of R.
We denote the set of all fuzzy real numbers on R by E' and call it as the space of
fuzzy real numbers. a-level set [u], of u € E' is defined by

[ {teR:z(t) >0} , (0<a<l),
[u]a_{{teR:x(tba}, (o = 0).

The set [u], is closed, bounded and non-empty interval for each « € [0, 1] which is
defined by [u]s := [u™ (), u™ (a)]. R can be embedded in E', since each r € R can
be regarded as a fuzzy real number 7 defined by

oy 1, (x=7)

f@={0 o2
Theorem 2.2. [8] Let [u], = [u™(a),u™(a)] for u € E' and for each o € [0,1].
Then the following statements hold:

]
]

(i) u™ is a bounded and non-decreasing left continuous function on (0,
(i) w* is a bounded and non-increasing left continuous function on (0,
(iii) The functions u~ and u* are right continuous at the point o = 0.
(iv) w= (1) < u™(1).

Conwversely, if the pair of functions u~ and u™ satisfies the conditions (i)-(iv),
then there exists a unique u € E' such that [u]o = [u™(a),u™(a)] for each a €

[0,1]. The fuzzy real number u corresponding to the pair of functions u~ and u™ is
defined by u: R — [0,1], u(x) :=sup{a:u (o) <z <ut(a)}.

1
1

Let uw,v,w € E' and k € R. Then the operations addition, scalar multiplication
and product defined on E! by

utv=w <= [wlo=[ulo+ V], forallacl0,1]
= w (a)=u (a)+v (a) and w'(a) = vt (a) +vT(a),
[ku]o = klu]q, for all o €[0,1]

and
uv = w <= [W]y = [u]a[v]a, forall a € [0,1],
where it is immediate that

w™ () = min{u™ (@)v™ (a),u” (@)v" (a),u" (a)v™ (a),u" (a)v"(a)},
wh(a) = max{u™ (a)v™ (a),u” (a)v (a),u™ (a)v™ (a),ut (a)vt(a)}
for all a € [0, 1].

Let W be the set of all closed bounded intervals A of real numbers with endpoints
Aand A, i.e. A:=[A, A]. Define the relation d on W by

d(A, B) := max{|A — B|,|4 - BJ}.
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It can be observed that d is a metric on W and (W, d) is a complete metric space,
(cf. Nanda [19]). Now, we may define the metric D on E' by means of the Hausdorff
metric d as

D(u,v) == sup d([u]a,[v]a) := sup max{|ju”(a) — v~ (a)|,|ut(a) —vT(a)[}.
agl0,1] a€l0,1]

One can see that
D(u,0) = s max{|u” ()], [u™ ()]} = max{|u~(0)], [u* (0)[}. (1)
o )
The partial ordering relation < on E! is defined as follows:

u=veu (o) <v (a)and v (a) < v (a), forall ac|0,1].

Two fuzzy numbers u and v are said to be comparable if © < v or v < w holds.
Now, we may give:

Proposition 2.3. [3] Let u,v,w,z € E* and k € R. Then,
(i) (E', D) is a complete metric space.
(ii) D(ku,kv) = |k|D(u,v).
(iii) D(u+v,w+v) = D(u,w).
(iv) D(u+v,w+ z) < D(u,w) + D(v, 2).
(v) |D(u,0) — D(v,0)| < D(u,v) < D(u,0) + D(v,0).

Following Matloka [17], we give some definitions concerning the sequences of
fuzzy real numbers below, which are needed in the text.

A sequence u = (uy) of fuzzy real numbers is a function u from the set N into
the set E'. The fuzzy real number u; denotes the value of the function at k € N
and is called as the k' term of the sequence. By w(F), we denote the set of all
sequences of fuzzy real numbers

A sequence (uy,) € w(F) is called convergent with limit u € E, if for every e > 0
there exists ng = no(¢) € N such that D(u,,u) < g, for all n > nyg.

Definition 2.4. A double sequence u = (unk) of fuzzy real numbers is defined by
a function u from the set N x N into the set E'. The fuzzy number u,; denotes
the value of the function at (n,k) € N x N.

Definition 2.5. [30] A double sequence u = (Up,y,) of fuzzy real numbers is said
to be convergent in the Pringsheim’s sense or P-convergent if for every € > 0 there
exists k € N such that D(umn,ug) < € for all m,n > k and is denoted by

P— lim Uy, = ug.
m,n— 00

The fuzzy real number ug is called the Pringsheim limit of w.

3. I,-convergence

Definition 3.1. Let Z, C 2¥*N be a strongly admissible ideal. A double sequence
U = (U ) of fuzzy real numbers is said to be Zy-convergent to a fuzzy real number
ug, if for any € > 0 we have

A(e) = {(m,n) € NX N: D(upmpn,ug) > e} € Iy
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and is written as

Theorem 3.2. Let T, C 2Y%N be a strongly admissible ideal. If a double sequence
U = (Umn) of fuzzy real numbers is Iy-convergent to a fuzzy real number ug, then
ug determined uniquely.

Proof. Suppose that u = (u,y,) is Zo-convergent to two different fuzzy real numbers
ug and vg. We first prove that under the assumption of the theorem uy and vy are
comparable. Suppose that ug and vy are not comparable. Then there exists an
ag € [0,1] such that

ug (o) < vg (ao) and ug (ag) > vy (ao) (2)

ug () > vy (ap) and ug (ap) < vg (o). (3)

We prove (2) only, (3) can be analogously proved. Suppose (2) holds. Choose
g1 = vg (ap) — ug (o) and ez = ug (ag) — vg (@), then it is clear that e; > 0 and
g2 > 0. Let ¢/ = min{ey,e2}. Choose € such that 0 < € < %/ Since u = (Upmy) is

Ir-convergent to fuzzy real numbers ug and vy, we have
Mi(e) = {(m,n) € N X N: D(tmn,uo) < e} € F(Za)

and
Ms(e) = {(m,n) € NX N: D(umn,v0) < €} € F(Z2).

Since F(Zy) is afilter on NxN, so ) # M1NMs € F(Z2). Let (m,n) € M1NMaz, then
we have D(umn,uo) < € and D(umn,vo) < €. This implies that d([umn]a, [to]a) < €
and d([Umn]a, [Vo]a) < &, for each a € [0,1]. Hence we have d([tmn]aqs [U0]ag) < €
and d([Umn]aos [V0]ag) < €. Now definition of d implies that

[t (t0) — g (00)] < & and [y, (00) = vg (a0)] < . ()
1y (00) — i (0)| < & and [, () — v ()] < e. (5)

(4) shows that u,,, () € (uy () — &, 1y () +¢) N (v (o) — €, 05 () +¢) = 0.
In this way we obtain a contradiction. Hence ug and vy are comparable fuzzy real
numbers. We may suppose that ug < vg. Take ¢ = D(ug,v9)/3 > 0 such that the
neighborhoods

A(e) = {(m,n) € NX N: D(umn,uo) < €}
and

B(e) ={(m,n) € N x N: D(tmn,v0) < €}
of ug and vy, respectively, are disjoint. Since (tmy,) is Zo-convergent to ug and vy so
by definition of Zs-convergence A(e), B(e) € F(Zz) and this implies A(e)NB(e) # 0.
In this way we obtain a contradiction to the fact that the neighborhoods A(e) and
B(e) of ug and vy, respectively, are disjoint. Hence, ug is unique. (I
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Theorem 3.3. Let T, C 2"*N be a strongly admissible ideal, u = (U,y) be a double
sequence of fuzzy real numbers and ug be a fuzzy real number. Then

P— lim  wupp = ug implies To — lim Uy, = ug.
m,n— 00 m,n— oo
Proof. Let
P— lim um, = uo.
m,n— 0o

For every € > 0 there exists kg = ko(e) € N such that D(un,up) < € for all
m,n > ko. Then,
Ale) = {(m,n) € N X N: D(tmn,uo) >}
c (Nx{1,2,...,(ko—1}U{1,2,...,(ko — 1)} x N).
Since T is a strongly admissible ideal, so (N x {1,2,..., (ko — 1)} U{1,2,..., (ko —
1)} x N) € Z, and A(e) € Z. Hence, we have

I2 B m,17111£>100 Umn = Up. O
Theorem 3.4. Let T, C 2"*N be a strongly admissible ideal, u = (Umpn), v = (Vyn)
be two double sequences of fuzzy real numbers and ug, vy be two fuzzy real numbers.

If c e R,

Io— lim Uy, =up and Io — lim vy, = v,
m,n— oo m,n—o0o
then we have
(i) Zo — lm  Cupmn = cug and (it) Zo — Um  (Umn + Vmn) = uo + vo.
m,n— 00 m,n— 00

Proof. (i) Let ¢ € R and Zy — limyy, —y00 Umn = Up. If ¢ = 0, there is nothing to

prove, so we assume that ¢ # 0. Let € > 0 be given. Then,

{(m,n) € NxN: D(ctmn, cug) > E} C {(m,n) € NxN: D(upmpn,ug) > ﬁ} € I,.
c

Hence, we have

Io— lim  cum, = cugp.
m,n— oo

(ii) Let Ty — limy, n—soo Umn = uo and Ty — limyy, n—soo Umn = vo. We write

A (%) = {(m,n) € N x N: D(umn,ug) > g}
and
B (g) = {(m,n) € NXN: D(vpn,v9) > %},

for every € > 0. Then, for every € > 0 we have

{(m,n) € N x N: D(Unmn + Umn, uo + Vo) 25} CA(%) UB(E),

for D(Umn + Umn, o + o) < D(tmn,ug) + D(Vmn, vo) and hence

{(m,n) € N X N: D(Umn + Vmn, o + vo) > 6} € Io.
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Theorem 3.5. Let T, C 2YXN be a strongly admissible ideal, u = (Upn) and
v = (Umn) be two double sequences of fuzzy real numbers such that

(1) Umn = Umn for every (m,n) € M C N x N with M € F(1),
(”) 1 — hmm,n—wo Umn = U and Ly — hmm,n—wo Umn = V0.
Then ug = vg.
Proof. By (ii) for each € > 0
A={(m,n) € NXN: D(tmn,uo) > e} € Io
and
B={(m,n) € NxN: D(vmn,v0) > €} € L.

Suppose that ug < v is not true, then there exist ag € [0,1] such that ug (o) >

vy (ap) or ug () > vy (). We may suppose that ug (cg) > vy (ap), the case for

ud (o) > v (ap) is analogously proved. Take e = M Since M € F(Iz)
and A, B € Ty so we have ) # M N A°N B¢ € F(Zs). Let (m,n) € M N A° N B¢,
then we have

Umn =X Umn, D(Umn,uo) < & and D(Vpn,v9) < €. (6)

Last two inequalities of (6) give the following

[ (20) — g (a0)] < & and [vpn(a0) — v (t0)] < & o
and

lut () — ud ()| < & and v}, () — vg ()] < e. (8)

Thus equation (7) shows that u,,, (o) > v;,,,(c0). Therefore we obtain a contra-
diction t0 Uy < Vmn as (m,n) € M. Hence we have uy < vp. O

Theorem 3.6. Let I, C 2"<N be a strongly admissible ideal, u = (Umn), v = (Vymn)
and w = (Wyy) be three double sequences of fuzzy real numbers such that
(i) Umn =X Umn = Wi for every (m,n) € M C N x N with M € F(Z,)
(11) To — limy, n—s00 Umn = o and Lo — liMy, p—s oo Winn = Uo-
Then Iy — limy, n—yo0 Umn = Ug-
Proof. Let Ty —limyy, p—yoo Umn = Lo — liMy, pn—s00 Wimn = Ug. For € > 0 we can take
A={(m,n) € NXN: D(tmn,up) > e} €Iy
and
B ={(m,n) € NxN: D(wmn,ug) >} € L.
Now we define the set C = {(m,n) € N X N : D(vspn,up) > €}. We can have
either (m,n) € M or (m,n) € M¢. Assume that (m,n) € M (as otherwise C C
AU BUM?¢) then we have Uy, < Umn = Wiy Since

D(Vmn,uo) = sup max{|vy,, (@) = ug ()], [y, () —ug (@)[} > €,
acl0,1
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therefore by definition of supremum, there exists ag € [0, 1] such that

max{|v,,, (a0) — ug (@), [y, (@) — ug (a0)[} = e — €',

for every 0 < ¢’ < e. This implies that

[Vmn(@0) = ug (@0)] > € — &' (9)
[v7n (@0) — ug ()| > & — €. (10)

Without loss of generality we may assume that (9) holds. Now according to v,
and ug are comparable or not we have the following possibilities:

U (@0) < ug (@0) and vyh,, (o) < ug (o) or vy, (o) > ug (o) (11)
and
U (Q0) > ug (o) and vt (o) < ué‘(ao) or v (ag) > uar(ozo). (12)

We can suppose that (1) holds. One can analogously prove that (12) holds. Since
Umn = Umn < Wmp, we have u, . (ag) < v, (ap). But then (9) implies that
[t (o) — ug ()| > € —€’. As ¢’ was chosen arbitrarily so D(wmy, t) > €. This
shows that (m,n) € A and therefore C C AU BU M¢€. Hence, C € T, and we have

To— lim vy, = ug.
m,n— oo 0

4. T5-convergence

Definition 4.1. Let Z, C 2% be a strongly admissible ideal. A double sequence

U = (Umn) of fuzzy real numbers is said to be Zj-convergent to ug € E*, if there
exists M € F(Z) (i.e., H =N x N\M € Z,) such that

lm Uy = Ug

m,n— oo

(m,n)eM
and is written

75— lm  upy, = uo.

m,n— 00

Theorem 4.2. Let I, C 2Y%N be g strongly admissible ideal, u = (Umn) be a double
sequence of fuzzy real numbers and ug € E*. Then,

3 — lm  upy =up tmplies Io — lim Uy, = uo.
m,n— 00 m,n—00

Proof. Let I3 —limyy, pn—soo Umn = Uo. By definition, there exists a M € F(Iy) (i.e.,
H =N x N\M € I,) such that

im  Uppn = ug.
m,n—00
(m,n)eM
Then, for every € > 0 there exists ko = ko(¢) € N we have D(tn, ug) < € whenever
m,n > ko for (m,n) € M. Now, let A(e) = {(m,n) € N X N : D(tmn,uo) > €}.
Therefore, clearly we have

A(e)c HU [Mﬂ(({1,2,...,(l<;0—1)}xN)U(Nx {1,2,...,(k0—1)}))].
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Since Z, is a strongly admissible ideal, so
HU[MN(({1,2,...,(ko— 1)} x N)U(Nx {1,2,..., (ko — 1)}))] € Z».
Hence, we have A(e) € I, and consequently

Io— lim  Uppn = ug.
m,n— 00 O

Theorem 4.3. Let I, C 2N be o strongly admissible ideal. For any double

sequence u = (Ump) of fuzzy real numbers, if there exist two sequences v = (Vmn)
and w = (Wyy) of fuzzy numbers such that

u=v+w, lim v,,=uy and suppw € Iy,
m,n—00
where suppw = {(m,n) € NX N : wy,, # 0} and 0 is the zero element of fuzzy real
numbers, then u = () is Ta-convergent to ug € EL.

Proof. Suppose that there exist two sequences v = (V) and w = (W) of fuzzy
real numbers such that

u=v+w, lm vy, =uy and suppw € L.
m,n— oo

Let M = {(m,n) € NxN : wy,, = 0}. Since suppw € Iy, so M € F(I,).
Since Umpn = Umy for each (m,n) € M and limy, 500 Umn = o, so it follows that
limy, p—s 00 Wmn = up. This shows that

75— lm  upy, = uo.
m,n— 00

Thus, by Theorem 4.2 we have

Iy — m,lrltgloo Umn = UQ- 0
Theorem 4.4. Let T, C 2N be a strongly admissible ideal with property (AP2),
u = (Umn) be a double sequence of fuzzy numbers and uy be a fuzzy real number.
Then,

Zo— lim Uy = ug implies Iy — lim Uy, = uo.
m,n— oo m,n— 00
Proof. Let I, satisfy the property (AP2) and u = (um,) be a double sequence of
fuzzy real numbers and ug € E' such that T, — limy, o0 Umn = uo. Then for any
e>0
A(e) ={(m,n) € NX N : D(ump,ug) > e} € Io.

Now put
A = {(m,n) € N X N: D(tmn,uo) > 1},
1 1
A, = {(m,n)ENxN:kﬁD(umn,u0)<k_1}

for k > 2. Tt is clear that A;NA; = (0 for i # j and A; € T for each i € N. By virtue
of (AP2) there exists a sequence {By }ren of sets such that A; A Bj is included in
finite union of rows and columns in N x N for each j € N and B = Ujoil B; € I,.
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We prove that
lim  upp = uo,

m,n—oo
(m,n)eM
for M =N x N\B € F(Z3). Let § > 0 be given. Choose k € N such that 1/k < 4.
Then, we have k
{(m,n) € N X N: D(tmn,ug) >} C U A;.
j=1
Since A; A B; are included in finite union of rows and columns for j € {1,2,...,k},
there exists ng € N such that
k k
(UBj> N{(m,n):m>ngAn>ng} = (UAj) N{(m,n):m>mngAn>ngy}
j=1 j=1
If myn > ng and (m,n) € B then
k k
(m,n) & U Bj and so (m,n) ¢ U A;.

j=1 j=1
Thus, we have D(tmn,up) < + < 6. This implies that

m,l'rltriloo Umn(l‘) = Yo

(m,n)eM
Hence, we have

z5 — mlyllrgoo Umn = UQ- 0

Definition 4.5. [7] Let Zo C 2"*N be a strongly admissible ideal. A double
sequence of functions {fm,} is said to be Zy-uniformly convergent to f on a set
S C R if for every ¢ > 0

{(m,n) e NXN: |fyn(x) — f(z)| > €} € Iy, for each fixed z € S

and is denoted by f,, =z, f. This can be stated as follows : For ¢ > 0, 3H € 7,
such that for all x € S, | fin(z) — f(2)| <&, V(m,n) & H.

A double sequence of functions {f,,,} is said to be Zj-uniformly convergent to
fon S C Rif and only if there exists a set M € F(Z2) (i.e., N x N\M € Z,) such
that for e > 0

lim  fin(x) = f(z), for each (fixed) z € S

m,n— 00
(m,n)eM
and is written fy., =75 f.
Theorem 4.6. Let Ty, C 2N be o strongly admissible ideal with the property
(AP2), u = (umn) be a double sequence of fuzzy real numbers and ug € E*. Then,
Lo — limp, n—s00 Umn = Uo if and only if
U (@) 275 g () and uy, (@) Sz ug ()

on [0,1].
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Proof. Let Iy — limy, p—oo Umn = up. By definition we have
{(m,n) € N X N: D(tmn,up) > €} € Io,

for every € > 0. Then, by Theorem 4.4 for every ¢ > 0 there exists a set M € F(Z»)
and N = N(e) such that

D(umna uO) = Sup max {|u;1n(a) - ua(a”’ |u7tzn(a) - uO |} <ég,
agl0,1]
for all m,n > N and (m,n) € M. This implies that
max { [y, (@) = ug ()], [uf, (@) —ug (@)} <e,

hence the result follows for all a € [0, 1].
To prove the converse implication, let ¢ > 0 be fixed. Then by Definition 4.5
and by Theorem 4.4, there exist M; € F(Z;) and N1 = Ni(¢) € N such that

[tyn (@) — ug (@) <&,
for all m,n > Ny and (m,n) € M;, and for each o € [0, 1]. Similarly, there exist
Ms € F(Iy) and Ny = Nz(e) € N such that

mn(@) —ug ()] <e,

for all m,n > Ny and (m,n) € Ma, and for each « € [0,1].
Let N3 = max{Ny, No} and M3 = My N My € F(Zy). Thus, for every € > 0

|u

there exists M3 € F(Zz) such that for all m,n > N3, (m,n) € M3,
s, mase {15, ()~ (@), 15, (2) 0 ()]} = Dl ) <
ac|0,1

This implies Z5 — lim,,, n— 00 Umn = Uo. Hence, we have
2 s 0 )

Io— lm Uy, = ug.
m,n—00
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