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1 Introduction

The concept of convergence of a sequence of real numbers was extended to statistical con-
vergence independently by Fast [1] and Schoenberg [2]. A lot of development were made in
this area after the works of Saldt [3] and Fridy [4, 5]. In general, statistically convergent
sequences satisfy many of the properties of ordinary convergent sequences in metric spaces
[1, 4-6]. This concept was extended to the double sequences by Mursaleen and Edely [7] and
Tripathy independently [8]. Cakan and Altay [9] presented multidimensional analogues of the
results presented by Fridy and Orhan [10]. They presented statistically bounded sequences,
statistical inferior and statistical superior of double sequences. In addition to these results,
they investigated statistical core for double sequences and studied an inequality related to the
statistical and P-cores of bounded double sequences. Tripathy and Sarma [11] defined the
notion of statistically convergent difference double sequence spaces.

The idea of Z-convergence was introduced by Kostyrko, Salét, and Wilczynski [12] as a
generalization of statistical convergence, which is based on the structure of the ideal 7 of
subset of the set of natural numbers. Nuray and Ruckle [13] indepedently introduced the same
with another name generalized statistical convergence. Kostyrko, Macaj, galét, and Sleziak
[14] gave some of basic properties of Z-convergence and dealt with extremal Z-limit points.
Das, Kostyrko, Wilczyniski and Malik [15] introduced the concept of Z-convergence of double

sequences in a metric space and studied some properties of this convergence. Also, Das and
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Malik [16] introduced the concept of Z-limit points, Z-cluster points and Z-limit superior, and
Z-limit inferior of double sequences.

Nabiev, Pehlivan, and Giirdal [17] proved a decomposition theorem for Z-convergent se-
quences and introduced the notions of Z-Cauchy sequence and Z*-Cauchy sequence, and then
studied their certain properties. A lot of development were made in this area after the works
of [18-36).

In this article, first we investigate some properties of Z-convergent of double sequences in
a linear metric space. Next, we prove the decomposition theorem of Z-convergent of double
sequences in a linear metric space and give some results regarding this theorem. Also, we
introduce the notions of Z-Cauchy double sequence and Z*-Cauchy double sequence, and study
their certain properties. Finally, we introduce the notions of regularly (Z2,Z)-convergence and
regularly (Zs,Z)-Cauchy double sequence.

2 Definitions and Notations

Throughout this article, N denotes the set of all positive integers, y a-the characteristic
function of A C N, R the set of all real numbers.

Now, we recall the concept of statistical and ideal convergence of the sequences and basic
definitions [1, 7, 12, 15, 27, 37, 38]

Definition 2.1 A subset A of N is said to have asymptotic density d(A) if

1l
d(A) = lim_ 5;“(/@-

A sequence x = (2, )nen of real numbers is said to be statistically convergent to L € R if
for any € > 0, we have d(A(e)) = 0, where A(e) = {n € N: |z, — L| > ¢}.

A double sequence = (Zmn)m nen Of real numbers is said to be convergent to L € R in
Pringsheim’s sense if for any € > 0 , there exists N. € N such that |2, — L| < &, whenever

m,n > N¢. In this case, we write

lim ., = L.
m,n—oo

A double sequence & = (2, ) of real numbers is said to be bounded if there exists a positive
real number M such that |,,,| < M, for all m,n € N. That is

[|z|loo = SUp |Tmn| < oo.
m,n

Let K ¢ Nx N. Let K,,, be the number of (j,k) € K such that j < m, k < n. If the
sequence {%} has a limit in Pringsheim’s sense, then we say that K has double natural

density and is denoted by
Kmn

m,n—oo M.MN

A double sequence x = () of real numbers is said to be statistically convergent to L € R
if for any € > 0, we have d2(A(e)) = 0, where A(e) = {(m,n) € Nx N: |2,, — L| > €}.

Let X # 0. A class Z of subsets of X is said to be an ideal in X provided:

i) eI,

ii) A,B €7 implies AUB €7,
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iii) AeZ, BC Aimplies B € 1.

7 is called a nontrivial ideal if X & 7.

Let X # (). A nonempty class F of subsets of X is said to be a filter in X provided:
i) 0 € F,ii) A,B € F implies ANB € F,iii) A€ F, AC B implies B € F.
Lemma 2.2 ([12]) If 7 is a nontrivial ideal in X, X # (), then the class

F(I)={Mc X:(EBAeT)(M=X\A)}
is a filter on X, called the filter associated with Z.
A nontrivial ideal 7 in X is called admissible if {z} € 7 for each = € X.

Throughout this article, we take Zs as a nontrivial admissible ideal in N x N.

A nontrivial ideal Z; of N x N is called strongly admissible if {i} x N and N x {i} belong
to Zs for each i € N.

It is evident that a strongly admissible ideal is admissible also.

I8 ={A C NxN: (3m(A) € N)(i,j > m(A) = (i,j) ¢ A)}. Then, I3 is a nontrivial
strongly admissible ideal and clearly an ideal Z; is strongly admissible if and only if Z§ C Zs.

In this section, we consider the Zo and Zj-convergence of double sequences in the more
general structure of a metric space (X, p). Unless otherwise mentioned, we shall denote the
metric space (X, p) by X only.

Let (X, p) be a linear metric space and Z, C 2Y*N be a strongly admissible ideal. A double
sequence & = (Zy,y,) in X is said to be Zs-convergent to L € X if for any ¢ > 0, we have

Ae) ={(m,n) e NxN: p(xymn, L) > €} € Io.
In this case, we say that z is Zp-convergent and write

I — lim xp, = L.
m,n— 00

If 75 is a strongly admissible ideal on N x N, then usual convergence implies Z-convergence.

Let (X, p) be a linear metric space and Zy C 28N be a strongly admissible ideal. A double
sequence & = (Xy,y) of elements of X is said to be Z5-convergent to L € X if and only if there
exists a set M € F(Zz) (that is, N x N\M € Z5) such that

lim zp, =L,
m,n—oo

for (m,n) € M and we write

Z; — lim xzp, =L.

Let (X, p) be a linear metric space and Zy C 28N be a strongly admissible ideal. A double

sequence & = (L) of elements of X is said to be Zo-Cauchy if for every € > 0, there exist
s =s(e),t =t(e) € N, such that

A(e) ={(m,n) e NX N: p(@ymn, Tst) > €} € Io.
We say that an admissible ideal Zo C 28%N satisfies the property (AP2) if for every countable

family of mutually disjoint sets {A;, As,-- -} belonging to Zo, there exists a countable family
of sets {Bi, Ba,---} such that A;AB; € I3, that is, A;AB; is included in the finite union of

rows and columns in N x N for each j € Nand B = |J B; € Z, (hence B; € I, for each j € N).
j=1
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Now, we begin with quoting the lemmas due to Das, Kostyrko Wilczyniki and Malik [15]

which are needed throughout this article.

Lemma 2.3 ([15], Theorem 1) Let Zo C 2M%N be a strongly admissible ideal. If 7%y —

lim z,, =L, then Zy — lim x,,, = L.

Lemma 2.4 ([15], Theorem 3) If Z; is an admissible ideal of N x N having the property
(AP2) and (X,p) is an arbitrary metric space, then for an arbitrary double sequence = =

(Tmn)m,nen of elements of X, Ty — lim  xp,, = L implies Z; — lim  xp,, = L.

m,n— oo m,n—o0

Lemma 2.5 ([15], Theorem 6) (a) Let Zo C 2Y*N be a strongly admissible ideal.

If lim =,,=L,thenZo— lim x,,, = L.

"(Lk?) Eoet Ty C 28%N he g adn?g;ibiz ideal. If Zo— lim z,, = Land Zo— lim vy, = K,
then e e

(i) Zo — mlrilrgoo(xmn + Ymn) = L+ K;

(i) o~ lim (mnymn) = LK.

3 The Decomposition Theorem for Z,-Convergence of Double Se-
quences

We extend the decomposition theorem of Nabiev, Pehlivan and Giirdal [17] from ordinary
(single) to double sequences as follows.

Theorem 3.1 Let (X,p) be a linear metric space, Zy C 2¥*N be a strongly admissible
ideal having the property (AP2) and © = (Zmn)m,nen be a double sequence in X. Then, the
following conditions are equivalent:

() o~ lim_ap, =L,

(ii) There exist ¥ = (Ymn)m,nen and 2z = (Zmn)m,nen be two sequences in X such that

r=9y+z, ljlgoop(ymn,L) =0 and supp z € 1o,

where suppz = {(m,n) € Nx N: z,,, # 6} and 6 is the zero element of X.
Proof (i) = (ii) Let Zo — lim a,, = L. Then by Lemma 2.4 there exists a set

m,n— oo

M € F(Zy) (that is, H = N x N\M € Z,) such that

lim  p(@mn, L) = 0.

(m,n)eM

Let us define the double sequence ¥ = (Ymn )m,nen by

Tmn, (m,n)eM
Ymn = (3.1)
L, (m,n) € Nx N\M.
It is clear that y = (Ymn) is in X and

lim p(ymna L) =0.

m,n— oo

Also, let

Zmn = Tmn — Ymn, M,1 € N. (3.2)
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As
{(m,n) e NXN: Zpmn # Ymn} CNXN\M € I,

we have

{(m,n) e NxN: zp,, # 0} € Is.

It follows that suppz € Z and by (3.1) and (3.2), we get © = y + z.
(ii) = (i) Suppose that there exist two sequences y = (Ymn) and z = (Zpny,) in X such
that

z=y+2z, lm p(ymn,L)=0, and supp z = {(m,n) e Nx N: 2z, # 0} € Io. (3.3)

We show that

Io— lim =z, = L.
Let
M ={(m,n) e NXN: z,, =0} =N x N\supp z. (3.4)

As suppz € Iy, from (3.3) and (3.4), we have M € F(Z2), Zmn = Ymn for (m,n) € M and

Iy — lim  p(zmn, L) =0.

(m7,n)€M
By Lemma 2.3, it follows that
Io— lim =z, = L.
This completes the proof of theorem. O

Corollary 3.2 Let (X, p) be a linear metric space and Zo C 2N be a strongly admissible
ideal having the property (AP2). Then,

Io— lim xpn =1L

m,n—oo

if and only if there exist ¥y = (ymn) and z = (zjmy,) in X such that

r=y+2z lim p(Ymn,L)=0, and Zo — lim 2z, = 0.

m,n— o0

Proof LetZo— lm @, = L and y = (ymn) is the sequence defined by (3.1). Consider

the sequence

Then, we have

lim p(ymna L) =0

m,n— o0

and as 7 is a strongly admissible ideal, so

ZTo— lim  ymn = L.

m,n— oo

By Lemma 2.5 and by (3.5), we have

Io— lim zp,, =0.

m,n— o0
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Now, let Zynn = Ymn + Zmn, Where

Im  p(Ymn, L) =0 and To — lim 2, = 6.

m,n— o0 m,n— 00

As 7, is a strongly admissible ideal, so

Io— lim yun=1L

and by Lemma 2.5, we have

Io— lim =z, = L.
m,n— o0

O

Remark 3.3 In Theorem 3.1, if (ii) is satisfied, then the strongly admissble ideal Z5 need
not have the property (AP2). As

{(m,n) e NxN: p(zmn,0) >} C{(m,n) e NxN: 2y, #0} €I

for each € > 0, then

Io— lim zp,, =0.
m,n— 00
Thus, we have
I — lim xp, = L.
m,n— 00

4 7,-Cauchy Double Sequences

Now, we introduce the notion of Z5-Cauchy double sequence.

Definition 4.1 Let (X, p) be a linear metric space and Zo C 2N be a strongly admissible
ideal. A double sequence © = (X, ) in X is said to be Z5-Cauchy sequence if there exists a set
M € F(Z,) (that is, H = N x N\M € I,) such that for every € > 0 and for (m,n), (s,t) € M,
m,n,s,t > ko = ko(e)

P(Tmn, Tst) < €.

In this case, we write

lim p(xmnuxst) =0.

m,n,s,t— oo

Theorem 4.2 Let (X, p) be a linear metric space and Zy C 2N be a stronly admissible
ideal. If = (2y,) in X is an Z3-Cauchy sequence, then it is Zo-Cauchy.

Proof Suppose that © = (z.,,) is an Zj-Cauchy sequence. Then, there exists a set
M € F(Zy) (that is, H = N x N\M € Z,) such that

p(wmnuxst) < g,
for any € > 0 and for all (m,n), (s,t) € M, m,n,s,t > ko = ko(e) and ko € N. Then,

Ae) = {(m,n) e Nx N : p(@mn,xst) > €}
CHU[MN(({1,2,3,--+,(ko — 1)} x NJU(N x {1,2,3,---, (ko — 1)}))].

As 7, be a strongly admissible ideal, then,

HU[MN(({1,2,3,-++, (ko =1} x N)U (N x {1,2,3,---, (ko — 1)}))] € Za.
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Therefore, we have
A(E) € Is.

This shows that the double sequence © = (2,5, ) is Zo-Cauchy. ]

Theorem 4.3 Let (X,p) be a linear metric space, Zy C 2% be an arbitrary strongly
admissible ideal and () in X. Then, Zo- lim ,,, = L implies that (z,,,) is an Zo-Cauchy

sequence.

Proof Suppose that & = (2., ) is Zo-convergent to L. Let € > 0 be given. Then,
A(3) = {(m.n) ENXN: plamn, L) = 5} € T,
This implies that the set
A%(5) = {(m,n) €N X N: plamn, L) < 5} € F(T2)
and therefore A°(5) is non-empty. So, we can choose positive integers k& and [ such that
(k,1) ¢ A(5), but then we have

plzr, L) <

N ™

Let
B(e) = {(m,n) € NX N: p(Tpn, T1) > €}

We prove that B(e) C A(5). Let (m,n) € B(e), then we have
€
e< P(»Tmn, xkl) < p(xmnu L) + p(iUkl, L) < P(»Tmn, L) + 5
This implies that
and therefore (m,n) € A(5). As B(e) C A(5) and A(5) € Tz, we have
B(E) € 1.

This completes the proof. O

5 Regularly Z,-Convergence and Regularly Z,-Cauchy Double Sequ-
ences

Now, we denote regularly (Z2, Z)-convergence and regularly (Zs, Z)-Cauchy double sequences

and study their certain properties.

Definition 5.1 ([29]) Let Zy be an ideal of N x N and Z be an ideal of N, then a double
sequence & = (X, ) in X is said to be regularly (Z2,Z)-convergent (r(Za,Z)-convergent) if it is
Zs-convergent in Pringsheim’s sense and for every € > 0, the followings hold:

{meN:|zpm, — L,| >} €T, (5.1)
for some L, € X, for each n € N and
{neN:|zn, — Kn| >c} €l (5.2)

for some K,, € X, for each m € N.
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Definition 5.2 Let Zy be an ideal of N x N, 7 be an ideal of N and (X, p) be a linear
metric space, then a double sequence x = (z,,,) in X is said to be r(Z5,Z*)-convergent if there
exist the sets M € F(Zy) (that is, Nx N\ M € Iy), My € F(Z), and My € F(Z) (that is,
N\ M; € 7 and N\ M, € 7) such that the limits

im  Zp,, Im z,,,(n € N)and lim Z,,, (m € N)

m,n—0o0 n—oo

(m,n)eM me My neMsz

exist. Note that if x = (z,,) in X is regularly convergent to L € X, then the limits

lim lim ,,, and lim lim x,,, exist and are equal to L € X.

m—0o00 N—00 n—oo m—0o0

Theorem 5.3 Let Zs be a strongly admissible ideal of N x N, Z be an admissible ideal
of N, and (X, p) be a linear metric space. If a double sequence © = (zp) in X is r(Z5,7%)-

convergent, then r(Zy,Z)-convergent.

Proof Let x = (my) be r(Z5,Z*)-convergent. Then, it is Z5-convergent and by Lemma
2.3, Io-convergent. Also, there exist the sets My € F(Z) and My € F(Z), such that

(Ve > 0) (3mo € N) (Ym > myg) (m € M) p(zmn,Ln) <e,
for some L,, € X and for each n € N and
(Ve > 0) (Fng € N) (Vn >mno) (n € M2) p(Tmn, Km) <,
for some K,, € X and for each m € N. Hence, we have
Ai(e) ={m eN: p(xmn, Ln) > e} C HHU{1,2,--- ,;mo— 1} for eachn € N
and
Az(e) = {n e N: p(xmn, Km) >} C HoU{1,2,--- ,ng — 1} for each m € N,
for Hy, Hs € Z. As T is admissible ideal, we have
HyU{1,2,--,mo—1}, HoU{1,2,--+ ,ng—1}eT
and
Aq(e), As(e) € T.
This shows that the sequence x = (Tmny) is 7(Z2, Z)-convergent. O

Definition 5.4 Let 7> be a strongly admissible ideal of N x N, 7 be an admissible ideal
of N, and (X, p) be a linear metric space, then a double sequence x = (Z,,,,) in X is said to
be regularly (Z3,7)-Cauchy (r(Zz,Z)-Cauchy) if it is Zo-Cauchy in Pringsheim’s sense and for
every € > 0, there exist k,, = k,(¢) and l,,, = l,,(¢) € N such that the followings hold:

Ai(e) ={m e N: p(Tpn,Tk,n) >t €L (n €N)
and
As(e) ={n e N: p(®mn,Tmi,,) > €} €L (m €N).

A double sequence & = (2,5,) in X is said to be regularly (Z5,Z*)-Cauchy (r(Z;,Z*)-Cauchy)
if there exist the sets M € F(Zz), M1 € F(I), and My € F(Z) (that is, Nx N\ M € I,
N\ M; € Z, and N\ M; € 7) and for every € > 0, there exist N = N(¢) € N, s = s(e), t = t(¢),
kn = kn(€), Iy = L () € N such that

P(Tmn, Tst) < € (for (m,n),(s,t) € M, m,n,s,t > N),
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P(Tmn, T,n) < € (for each m € My and for each n € N), (5.3)
and
P(Tmn, Tmi,,) < € (for each n € My and for each m € N), (5.4)

whenever m,n, ky,l, > N.

Theorem 5.5 Let 75 be a strongly admissible ideal of Nx N, Z be an admissible ideal of N,
and (X, p) be a linear metric space. If the double sequence z = (z,5,) in X is r(Z5,Z*)-Cauchy,
then 7(Zz,Z)-Cauchy.

Proof As double sequence © = (zpy) is r(Z;,Z*)-Cauchy, so Z5-Cauchy. We know that
Z3-Cauchy implies Z,-Cauchy by Theorem 4.2. Also, as double sequence & = (2, is (25, Z*)-
Cauchy, so there exist the sets My € F(Z), My € F(Z) (that is, N\ My € T and N\ M, € 7)
and for every € > 0, there exist k, = ky(€), I, = l;m(¢) € N such that

P(Tyn, Tin) <€ (for each m € My and for each n € N) (5.5)
and
P(Tmns Timi,,) <€ (for each n € My and for each m € N) (5.6)
for N = N(e) € N and m,n, kn,l,,, > N. Hence, we have
Ai(e) ={m e N: p(@mn, Th,n) > C HHU{L,2,--- (N —=1)} (m € M; and n € N)
and
Asz(e) ={n € N: p(mn,Tmi,,) > e} C HoU{1,2,--- (N =1)} (n € My and m € N)
for Hy = N\My, Hy = N\M; € Z. As 7 is admissible ideal,
HyU{1,2,--- (N -1)},H,U{1,2,--- ,(N-1)} eT.

Therefore, it is clear, A;(¢) € 7 and Ay(e) € Z. This shows that = (x,) is 7(Zz2, Z)-Cauchy.
|

Theorem 5.6 Let 7, be a strongly admissible ideal of N x N; 7 be an admissible ideal
of N, and (X, p) be a linear metric space. If the double sequence & = (24,,) in X is 7(Zo,Z)-

convergent, then (2, ) is 7(Zz2,Z)-Cauchy sequence.

Proof Let x = () in X be a r(Zz,7)-convergent double sequence. By Theorem 4.3,

2 = (Tmn) is Zo-Cauchy sequence. Also, for every € > 0, we have
Al(%):{meN:p(xmn,Ln) > %} e, (5.7)
for some L, € X, for each n € N and
AQ(%):{HEN:p(xmn,Km) > %}el (5.8)
for some K, € X, for each m € N. As 7 is admissible ideal, so the sets
A5(5) = {m € N: p(amn, Ln) < S} (n €N)

and
A5(5) = {n € N plamn, Kn) < 5} (m €N)
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are nonempty and belong to F(Z). For k,, € A1(§) (n € N and k,, > 0), we have

(n €N).

€
2
g
p(xknnu Ln) < 5

Now, we define the set

Bi(e) = {m € N: p(Tmn, Tk,n) > €} (n €N),

where k,, = k,(¢) for € > 0. We must prove that

Let

€
Bl(S) C Al(i)
m € By (g). Then, for k, € A1(5) (n € N and &, > 0), we have

e < p(xmnu xknn) < P(ffmn, Ln) + p(xknnu Ln) < P(ffmn, Ln) +

N ™

This shows that

% < p(Zmn, Ln)

and therefore m € A;(5). Hence, we have

€
Bl(S) C Al(i)
Similarly, for I, ¢ A2(5) (m € N and I,,, > 0), we have

(@i, Km) < = (meN)

2

Therefore, it can be seen that

3

BQ(E) C A2(2),

where

Bso(e) ={m € N: p(Zmn,Tmi,,) > €} (m € N).

This shows that () is 7(Z2,Z)-Cauchy sequence. O
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