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Abstract
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1 INTRODUCTION

Throughout the paper N denotes the set of all positive integers and R the set of all
real numbers. The concept of convergence of a sequence of real numbers has been

extended to statistical convergence independently by Fast [10] and Schoenberg [23].

This concept was extended to the double sequences by Mursaleen and Edely
[16]. Cakan and Altay [S5] presented multidimensional analogues of the results

presented by Fridy and Orhan [11].

Nuray and Ruckle [20] independently introduced the same with another name
generalized statistical convergence. The idea of Z-convergence was introduced by
Kostyrko, Salat and Wilczyriski [14] as a generalization of statistical convergence
which is based on the structure of the ideal Z of subset of the set of natural numbers.
Das et al. [6] introduced the concept of Z-convergence of double sequences in a
metric space and studied some properties of this convergence. A lot of development

have been made in this area after the works of [8, 15, 17].

The concept of convergence of sequences of numbers has been extended by
several authors to convergence of sequences of sets (see, [2, 3,4, 19, 28, 29]). Nuray
and Rhoades [19] extended the notion of convergence of set sequences to statistical
convergence and gave some basic theorems. Ulusu and Nuray [26] defined the
Wijsman lacunary statistical convergence of sequence of sets and considered its
relation with Wiijsman statistical convergence, which was defined by Nuray and
Rhoades.

Kisi and Nuray [12] introduced a new convergence notion, for sequences of
sets, which is called Wijsman Z-convergence. Sever et al. [24] studied the con-
cepts of Wijsman strongly lacunary convergence, Wijsman strongly Z-lacunary
convergence, Wijsman strongly Z*-lacunary convergence and Wijsman strongly Z-
lacunary Cauchy sequences of sets. Diindar et al. [7] examinated the ideas of Wijs-
man strongly lacunary Cauchy, Wijsman strongly Z-lacunary Cauchy and Wijsman

strongly Z*-lacunary Cauchy sequences of sets. Nuray et al. [21] studied Wijsman
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statistical convergence, Hausdorff statistical convergence and Wijsman statistical
Cauchy double sequences of sets and investigate the relationships between them.
Nuray et al. [22] studied the concepts of Wijsman Z, 7*-convergence and Wijsman
7, I*-Cauchy double sequences of sets.

In this paper, we study the concepts of Wijsman strongly Z,-lacunary conver-
gence, Wijsman strongly Z5-lacunary convergence, Wijsman strongly Z,-lacunary
Cauchy sequences and Wijsman strongly ZJ-lacunary Cauchy double sequences of

sets and investigate the properties and relationships between them.

2 DEFINITIONS AND NOTATIONS

Now, we recall the basic definitions and concepts (See [1, 2, 3,4, 6,7, 8,9, 14, 18,
19, 22, 24, 26, 27, 28, 29]).

Throughout the paper, we let (X, p) be a metric space and A, A; be any non-
empty closed subsets of X.

For any point x € X, we define the distance from = to A by

d(x,A) = inf p(z,a).

acA

We say that the sequence { Ay} is Wijsman convergent to A if limy_,., d(z, Ay)
= d(z, A), for each € X. In this case we write W — lim A, = A.

We say that the sequence {A;} is Wijsman Cauchy sequence, if for ¢ > 0
and for each x € X, there is a positive integer ky such that for all m,n > ko,
|d(x, Ap) — d(z, Ay)

By a lacunary sequence we mean an increasing integer sequence 6 = {k,.}

<e.

such that kg = 0 and h, = k., — k.1 — o0 as r — oo. Throughout this paper the

intervals determined by 6 will be denoted by I, = (k,_1, k|, and ratio kfil will be

abbreviated by ¢;.
Let & = {k,} be a lacunary sequence. We say that the sequence {A} is
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Wijsman strongly lacunary convergent to A if for each x € X,

lim hi ,%: d(z, Ay) — d(z, A)| = 0.

In this case we write A, — A([WN],) or Ay HELYY

A family of sets Z C 2N is called an ideal if and only if

(i) € Z, (i1) Foreach A, B € 7 we have AU B € Z, (iii) Foreach A € T
and each B C A we have B ¢ 7.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible
if {n} € Z foreachn € N.

A family of sets F' C 2N is called a filter if and only if

(i) 0 ¢ F, (ii) Foreach A, B € F wehave AN B € F, (iii) Foreach A € F
andeach B D A wehave B € F.

7 is a non-trivial ideal in N, then the set 7(Z) = {M C X : (3A € I)(M =
X\A)} is afilter in N, called the filter associated with Z.

Let 6 be lacunary sequence and Z C 2% be an admissible ideal. We say that
the sequence { A} is said to be Wijsman strongly Z-lacunary convergent to A or

Ny [Zyy]-convergent to A if for every € > 0 and for each = € X, the set

Ale,z) = {r eN: hiz |d(x, Ag) — d(x, A)| > 5}

" kel

belongs to Z. In this case, we write A, — A (Ny [Zi])

Let (X, p) be a separable metric space and Z C 2" be an admissible ideal. We
say that the sequence { A} is Wijsman strongly Z*-lacunary convergent to A if and
only if there exists a set M = {m; < mg < --- < my < ---} C N such that
M ={reN:myel,} e F(Z)foreachz € X,

.1
rliglo > Z |d(z, Apy,) — d(x, A)| = 0.

" kel,

In this case, we write A, — A (Np [Z}/]) -
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Let 0 be lacunary sequence. The sequence { A} is Wijsman strongly lacunary
Cauchy if for every ¢ > 0 and for each x € X, there exists ky = ko(¢) € N such
that

hi S ld(w, Ag) — d(z, Ap)] < <,
" k.pel,
for every k,p > k.

Let 0 be lacunary sequence and Z C 2" be an admissible ideal. The sequence
{A} is Wijsman strongly Z-lacunary Cauchy sequence if for every ¢ > 0 and for
each 2 € X, there exists kg = ko(c) € N such that

Ae,x) = {r eN: hiz |d(x, Ag) — d(z, Ay,)| > 5} eT.

" kel
Let (X, p) be a separable metric space, § be lacunary sequence and Z C 2" be
an admissible ideal. The sequence { Ay} is Wijsman strongly Z*-lacunary Cauchy
sequence if for every € > 0 and for each z € X, there exists a set M = {m; <

me < -+ <my <---} CNsuchthat M’ ={r e N:my € I,} € F(Z) and there
exists kg = ko(¢) € N such that

1
= D ld(w, Any) —d(x, A,)| <
" k,pel,
for every k,p > k.
The double sequence { A;; } is Wijsman convergent to A if

P — lim d(z,Ay;) =d(z,A) or lim d(x,Ay;) = d(z, A)

k,j—o00 k,j—00

for each x € X. In this case, we write W — lim A;; = A.
The double sequence § = {(k,, js)} is called double lacunary sequence if there

exist two increasing sequence of integers such that

ko=0, h,=k.—k,_1 =00 and jo=0, hy=7jyu—Ju_1 — 00 as r,u— oQ.
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We use the following notations in the sequel:
k'ru - krju, h'ru - hTBU7 I'ru - {(k’,j) : kr—l <k S k'r and ju—l <] S ju}y

Ju
and ¢, = —.
kr—l Ju—1

r

qr =

Let § = {(k,,js)} be a double lacunary sequence. The double sequence {Ay;} is

Wijsman strongly lacunary convergent to A if for each x € X,

rLanoo h Z Z d(z, Agj) — d(z, A)| = 0.

T k=kp_1+1 j=ju—1+1

) ) WaN,
In this case, we write Ay, [2—>9] A.

Throughout the paper we take 7, as a nontrivial admissible ideal in N x N.

A nontrivial ideal Z, of N x N is called strongly admissible if {i} x N and
N x {i} belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

={ACNxN: (Im(A) e N)(i,j > m(A) = (i,j) € A)}. Then, IV is
a nontrivial strongly admissible ideal and clearly an ideal Z; is strongly admissible
if and only if Z) C Z,.

We say that an admissible ideal Z, C 2"*N satisfies the property (AP2) if for
every countable family of mutually disjoint sets { A1, As, ...} belonging to Zs, there
exists a countable family of sets { By, Ba, ...} such that A;AB; € 79, i.e., A;AB,
is included in the finite union of rows and columns in N x N, for each j € N and
B =\J;Z, Bj € I, (hence B; € I, for each j € N).

Throughout the paper, we let Z C 2% be an admissible ideal, (X, p) be a
separable metric space and A, A, be any non-empty closed subsets of X.

We say that a double sequence of sets { Ay; } is Wijsman Z,-convergent to A, if
foreachx € X andforeverye > 0, {(k,j) € N x N: |[d(x, Ay;) — d(z, A)| > e} €
Z,. In this case, we write Zyy, — k’ljjinoo d(z, Ag;) = d(x, A).
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We say that the double sequence of sets { Ay, } is Wijsman Z;-convergent to A,
if there exists a set My € F(Zy) (i.e., N x N\My = H € T,) such that for each
reX

k‘glg%)o d(z, Ayj) = d(x, A).

(k,j)EM>
In this case, we write Zy;, — k:,ljiinoo d(z, Ag;) = d(x, A).
Lemma 2.1.(8], Theorem 3.3). Let {P,;}3°, be a countable collection of subsets
of N x N such that P, € F(Z,) for each i, where F(Z,) is a filter associate with
a strongly admissible ideal Z, with the property (AP2). Then, there exists a set

P C N x N such that P € F(Z,) and the set P\ P, is finite for all i.

3 MAIN RESULTS

Throughout the paper we take (X, p) be a separable metric space, § = {k,;} be a
double lacunary sequence, Z, C 2"*N be a strongly admissible ideal and A, Aj,; be

non-empty closed subsets of X.

Definition 3.1. The sequence {Ay;} is said to be Wijsman strongly T,-lacunary
convergent to A or Ny [ Ly, |-convergent to A if for every € > 0 and for each x € X,
the set

1

Ale,z) =q(r,u) e NxN: —
(&,2) {( ) e

S Jd(w, Ay) — d(z, A)| > 5} € Tp.

kj)Elry

In this case, we write Ay; — A (Ng [Iw,)) -

Theorem 3.2. If {A;} is Wijsman strongly lacunary convergent to A, then it is

Wijsman strongly Is-lacunary convergent to A.

Proof. Let {Ag;} is Wijsman strongly lacunary convergent to A. For every ¢ > 0
and for each x € X there exists kg = ko(g, x) € N such that

LS Jd(, Ay) — d(z, A)| < ¢,

fir (k,j)Elru
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for all k£, j > ky. Then, we have

T(x,e) = {(r,u)ENxN:hlﬁ Z |d(x,Akj)—d(x,A)|28}
TU(k7'

c{1,2,- ko—1}.

Since Z, is a strongly admissible ideal we have {1,2,--- kg — 1} € Z, and so
T (x,€) € Z,. This completes the proof. O

Definition 3.3. The sequence { Ay;} is Wijsman I} -lacunary convergent to A if and
only if there exists a set M = {(k,j) € N x N} such that M' = {(r,u) € N x N :
(k,j) € L} € F(I,) foreach x € X,
1
lim Z d(z, Ayj) = d(x, A).

7,U—00 hrhu (h3)el

In this case, we write A; — A (Ng (Z;‘Vz)) .

Definition 3.4. The sequence { A;} is Wijsman strongly L -lacunary convergent to
A if and only if there exists a set M = {(k, j) € N x N} such that M' = {(r,u) €
N x N: (k,j) € L.} € F(I,) foreach x € X,
1
lim > Jd(x, Ayy) — d(x, A)| = 0.

7, U—00 hrhu (heg)elre

In this case, we write A; — A (Ng [Iﬁ@]) )

Theorem 3.5. If the sequence {Ay;} is Wijsman strongly L;-lacunary convergent

to A, then { Ay;} is Wijsman strongly Ty-lacunary convergent to A.

Proof. Suppose that { Ay, } is Wijsman strongly Z;-lacunary convergent to A. Then,
there exists a set M = {(k,j) € N x N} such that M" = {(r,u) e NxN: (k,j) €
I,.} € F(Z,) foreach x € X,

1
" (k)€
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for every ¢ > 0 and for all k, j > ko = ko(e,z) € N. Hence, for every ¢ > 0 and

for each x € X we have

T(e,x) = {(r,u)GNXN:hlﬁ Z \d(:c,Akj)—d(:c,A)\ze}
T U(k

J)Elru
cHU (M’ N (({1,2, ., (ko — 1)} x N) U (N x {1,2, ..., (o — 1)}))),
for N x N\M' = H € Z,. Since Z, is an admissible ideal we have
HU (M' N (({1,2, ., (ko — 1)} x N) U (N x {1,2, ..., (o — 1)}))) e,
and so T'(¢,z) € Z,. Hence, this completes the proof. U

Theorem 3.6. Let T, C 2Y*N be a strongly admissible ideal with property (AP2).
If {Ay;} is Wijsman strongly Ty-lacunary convergent to A, then {Ay;} is Wijsman

strongly I -lacunary convergent to A.

Proof. Suppose that { Ay, } is Wijsman strongly Z,-lacunary convergent to A. Then,
for every ¢ > 0 and foreach x € X

1
T(e,x) = (ru) ENxN:— Y |d(x, Ayy) — d(z,A)| > e p € T,
hohy |,
(k,j)Elru
Put
1
Ty = {(r,u) eNXN:— Z |d(z, Ay;) — d(x, A)| > 1}
hT “ (k,j)Elru
and
T,={(rnu) eNxN: - < S Ja(z, Ayy) — d(z, A)| < ——
=45 (ru e N T, Agj) — alx, )
P P hehy 55 N p—1

forp > 2and p € N. Itisclear that T, N 7; = () fori # j and T; € Z, for
each i € N. By property (AP2) there exits a sequence of sets {Vp}peN such that
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T;AV; is included in finite union of rows and columns in N x N for each j and

V = |J V; € Z,. We prove that for each z € X

7=1

. 1
T,'lulgloo hohh Z |d(z, Ay;) — d(z, A)| =0,
T (kyg)E Dy

1
for M = N x N\V € F(Z,). Let § > 0 be given. Choose ¢ € N such that — < 4.
q
Then, for each x € X.

1 .
{<T7U)€NXN:hE Z |d(x,Akj)—d(x,A)|25}CUTj.
T (k,j)Elry J=1

Since T;AV/ is a finite set for j € {1,2,---, ¢ — 1}, there exists ny € N such that

q—1
<UT]-)ﬂ{(k,j)eNxN:kzno/\jzno}

Jj=1

q—1
= (UV})ﬂ{(k,j)ENXN:ano/\jan}.

j=1
If k,j > ngand (k,j) ¢ V, then

q—1 q—1

(k,5) ¢ | JV; andso (k) ¢ |J T3

j=1 j=1
Thus, for each x € X we have

1 1
— d(x, Ag;) — d(x, A)| < — < 6.
Dl Ay) — dw A) <

T (kyj)E Ly

This implies that

1
lim — > |d(z, Ay) — d(z, A)| = 0.

7,U—00 hrhu (k. Dreln

Hence, for each 2 € X we have Ay; — A (Np [Zy,]). This completes the proof.
L]
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Definition 3.7. The sequence {Ay;} is Wijsman strongly lacunary Cauchy if for
every ¢ > 0 and for each x € X, there exists ko = ko(e, ) € N such that

1

™ Y ld(z, Agy) — d(z, Ay)| <e,

“ (k’j)v(szt)el’f“

forevery k,j,s,t > k.

Definition 3.8. The sequence {Ay;} is Wijsman strongly Iy-lacunary Cauchy se-
quence if for each e > 0 and x € X, there exists numbers s = s(e,x),t = t(e,x) €
N such that

1

Ale,z) =q(r,u) e NxN: —
(€.a) {( ) =

D d(z, Agy) — d(z, A)| = 5} € To.

(k,j)Elru
Theorem 3.9. If { A;;} is Wijsman strongly lacunary Cauchy sequence, then { Ay;}

is Wijsman strongly 1,-lacunary Cauchy sequence of sets.
Proof. The proof is routine verification so we omit it. [

Theorem 3.10. If { Ay; } is Wijsman strongly Zy-lacunary convergent then { Ay} is

Wijsman strongly Ls-lacunary Cauchy sequence.

Proof. Let { Ay;} is Wijsman strongly Z,-lacunary convergent to A. Then, for every

€ > 0 and for each z € X, we have

T(%,x) = {(r,u) eNxN: hi_ Z d(z, Ayj) —d(xz, A)| > g} € Iy.

" (kg)Elru

Since 7 is a strongly admissible ideal, the set

€ 1 €
T° (51») — {(r,u) eNxN: = Z |d(x, Ap;) — d(z, A)| < 5}
(k,j)Elru
is non-empty and belongs to F'(Z,). So, we can choose positive integers r, u such
that (r,u) ¢ T'(5,z), we have
1 €
— > Jd(x, Aggy) — d(z, A)| < 5

r (kOij)e]ru
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Now, we define the set

B(e,x) = {(r, u) € NxN: hlﬁ Z d(z, Agj) — d(x, Akyjo)| > 5}.

(k.7),(ko,j0) Elru

We show that B(e,z) C T(5, z). Let (r,u) € B(e, v) then, we have

1
= Z ’d(l‘, Akj) - d($? Akojo)‘
hyhoy (k5),(kovjo) €l ra

e <

1 1
< = X ldlz Ayy) —d(z, A+ — X d(z, Aryje) — d(z, A)]
hrhu (k,j)EIry hrhu (ko,70)ELry
1

£
— d(z, Ay;) — d(x, A)| + =.
= (k,j)zelm| (2, Arj) — d(z, A)] + 3

This implies that

1
Py, *

3

D fd(x, Ay) — d(x, A)| > 3

J)Elru

and therefore (r,u) € T'(5, r). Hence, we have B(e, z) C T'(5, ). This shows that
{Ay;} is Wijsman strongly Z,-lacunary Cauchy sequence. O]

Definition 3.11. The sequence { Ay;} is Wijsman strongly I;-lacunary Cauchy se-
quence if for every ¢ > 0 and for each x € X, there exists a set M = {(k,j) €
N x N} such that M’ = {(r,u) € Nx N : (k,j) € I,,} € F(Z;) and a number
N = N(e,z) € N such that

1
3 E Z ‘d(l‘,Ak]) — d(Z’,ASt>| <€

T (kvj)v(svt)elmt

forevery k,j,s,t > N.

Theorem 3.12. If the double sequence {Ay;} is a Wijsman strongly I;-lacunary

Cauchy sequence then {Ay;} is a Wijsman strongly Iy-lacunary Cauchy sequence

of sets.
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Proof. Suppose that {Ay;} is a Wijsman strongly Z;-lacunary Cauchy sequence.
Then, for every ¢ > 0 and for each = € X, there exists aset M = {(k,j) € Nx N}
such that M’ = {(r,u) € Nx N : (k,j) € I,,} € F(Z2) and a number ky =
ko(e, z) € N such that

1

— > d(z, Ayy) — d(w, Ag)| < €
T (K,5),(8,8) €T,

for every k, j,s,t > k.

Let H = N x N\M'. It is obvious that H € 7, and
T(e,xz) = {(T, u) € NxN: ﬁ Yoo d(z, Agj) — d(x, Ag)| > 5}
(k). (5,0) €L

CHU(MWWHLZWA%—lﬂxNMMNx{Lzm(%—lﬂ»>
As 7, be a strongly admissible ideal then,
HU (M' A ({12, (ko — 1)} x N) U (N x {1,2, .., (ko — 1)}))) € Io.

Therefore, we have T'(c, z) € Z,, thatis, { A;; } is a Wijsman strongly Z,-lacunary

Cauchy sequence of sets. [
Combining Theorem 3.5 and Theorem 3.10, we have following Theorem:

Theorem 3.13. If the double sequence {Ay;} is a Wijsman strongly I3-lacunary
convergence then {Ay;} is a Wijsman strongly Iy-lacunary Cauchy sequence of

sets.

Theorem 3.14. If Z, C 2N is an admissible ideal with the property (AP2) then
the concepts Wijsman strongly L,-lacunary Cauchy double sequence and Wijsman

strongly I5-lacunary Cauchy double sequence of sets coincide in X.

Proof. If a sequence is Wijsman strongly Z;-lacunary Cauchy sequence, then it is
Wijsman strongly Z>-lacunary Cauchy sequence of sets by Theorem 3.12, where Z,

need not have the property (AP2).
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Now, it is sufficient to prove that a sequence {Aj;} in X is a Wijsman strongly
Z;-lacunary Cauchy sequence under assumption that it is a Wijsman strongly Z,-
lacunary Cauchy sequence. Let {Aj;} in X be a Wijsman strongly Z,-lacunary
Cauchy sequence. Then, for every € > 0 and for each z € X, there exists numbers

s = s(e,x),t =t(e,x) € Nsuch that

1
Ale,z) = {(r u) e NxN:— Z |d(z, Ay;) — d(x, Ast)| > 5} € I,.
Ry |, “
(k,j)Elry
Let
P = {<T7 u) € NxN: ﬁ Z(k,j)e[m |d(I7Al€J) - d(x7A5iti>| < %}a

(1=1,2,...),
where s; = s(1\i),t; = t(1\é). It is clear that P, € F(Z,), (i = 1,2,---). Since
7, has the property (AP2), then by Lemma 2.1 there exists a set P C N x N such
that P € F(Z,) and P\ P, is finite for all 7. Now, we show that

1
lim — Z |d(z, Agj) — d(x, As)| = 0,

k,n,s,t—o00
hT‘ hu (kvj)7(s»t)€IT‘u

for each z € X and for (k,j),(s,t) € P. To prove this, let¢ > 0 and m € N
such that m > 2/e. If (k, j), (s,t) € P then P\P,, is a finite set, so there exists
v = v(m) such that (k, j), (s,t) € P, for all k, j, s,t > v(m). Therefore, for each

zin X,
1 1
— D d(w, Ay) — d(x, As,,)] < ~
T (kg €l
and
1
hh Z |d(x7A5t)_d(x’ASmtm>| <=
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for all k, j, s,t > v(m). Hence, it follows that

1 1
Y Ay - d A € = Az, Ary) = d(@, Auy,)
T (khj)v(svt)e[?“u T (k7 ‘)EI”'U
1
+o—= |d(z, Ast) — d(@, Aspt,n)|
hyhoy,
(S,t)el'r'u
1 1 2
< —+—==
m m m
< e,

for all k, j,s,t > v(m) and for each z in X. Thus, for any ¢ > 0 there exists v = v(e)
such that for k, j, s,t > v(e) and (k, j), (s,t) € P € F(Z2)

1
e (k7j)7(51t)617‘u

for each x in X. This shows that the sequence { A;} in X is Wijsman strongly Z5-lacunary

Cauchy sequence of sets.

References

[1] Aubin, J.-P. and Frankowska, H., Set-valued analysis, Birkhauser, Boston, (1990).

[2] Baronti, M. and Papini, P., Convergence of sequences of sets, In: Methods of func-
tional analysis in approximation theory, ISNM 76, Birkhauser-Verlag, Basel, pp. 133-
155, (1986).

[3] Beer, G., On convergence of closed sets in a metric space and distance functions, Bull.
Aust. Math. Soc. 31 (1985), 421-432.

[4] Beer, G., Wijsman convergence: A survey, Set-Valued Var. Anal. 2 (1994), 77-94.

[5] Cakan, C. and Altay, B., Statistically boundedness and statistical core of double se-
quences, J. Math. Anal. Appl. 317 (2006) 690-697.

[6] Das, P., Kostyrko, P., Wilczyriski, W. and Malik, P., I and I*-convergence of double
sequences, Math. Slovaca, 58 (5) (2008), 605-620.



16

Erdin¢ Diindar Ugur Ulusu and Nimet Pancaroglu

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Diindar, E. and Sever, Y., On strongly I-lacunary Cauchy sequences of sets, Contem-
porary Analysis and Applied Mathematics, 2(1) (2014), 127-135.

Diindar, E. and Altay, B., Zs-convergence and Is-Cauchy of double sequences, Acta
Mathematica Scientia 34B(2) (2014), 343-353.

Diindar, E. and Altay, B., On some properties of Zs-convergence and Io-Cauchy of
double sequences, Gen. Math. Notes 7(1) (2011), 1-12.

Fast, H., Sur la convergence statistique, Colloq. Math. 2 (1951) 241-244.

Fridy, J. A. and Orhan, C., Lacunary statistical convergence, Pacific J. Math. 160(1)
(1993), 43-51.

Kisi, O. and Nuray, F. A new convergence for sequences of sets, Abstract and
Applied Analysis, vol. 2013, Article ID 852796, 6 pages. http://dx.doi.org/10.-
1155/2013/852796.

Kisi, O., Savas, E. and Nuray, F., On Z-asymptotically lacunary statistical equivalence

of sequences of sets. (submitted for publication).

Kostyrko, P., Salat T. and Wilczyfiski, W., I-convergence, Real Anal. Exchange, 26
(2) (2000), 669-686.

Kumar, V., On I and I'*-convergence of double sequences, Math. Commun. 12 (2007),
171-181.

Mursaleen and Edely, O. H. H., Statistical convergence of double sequences, J. Math.
Anal. Appl. 288 (2003) 223-231.

Nabiev, A., Pehlivan, S. and Giirdal, M., On I-Cauchy sequence, Taiwanese J. Math.
11 (2) (2007), 569-576.

Nuray, F., Ulusu, U. and Diindar, E., On Cesaro summability of double sequences of
sets, Gen. Math. Notes, Vol. 25, No. 1, November 2014, pp. 8-18.



Strongly Z,-Lacunary convergence and Z,-Lacunary cauchy double - -- 17

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

Nuray, F. and Rhoades, B. E., Statistical convergence of sequences of sets, Fasc. Math.
49 (2012), 87-99.

Nuray, F. and Ruckle, W.H., Generalized statistical convergence and convergence free
spaces, J. Math. Anal. Appl. 245 (2000), 513-527.

Nuray, F., Diindar, E. and Ulusu, U., Wijsman statistical convergence of double se-

quences of sets, (under communication).

Nuray, F., Diindar, E. and Ulusu, U., Wijsman Is-convergence of double sequences of
closed sets, Pure and Applied Mathematics Letters, 2(2014), 31-35.

Schoenberg, 1.J., The integrability of certain functions and related summability meth-
ods, Amer. Math. Monthly 66 (1959) 361-375.

Sever, Y., Ulusu, U. and Diindar, E., On Strongly I and I*-Lacunary Conver-
gence of Sequences of Sets, AIP Conference Proceedings, 1611, 357 (2014); doi:
10.1063/1.4893860, 7 page.

Tripathy, B.C, Hazarika, B. and Choudhary, B., Lacunary Z-convergent sequences.
Kyungpook Math. J., (2012). 52, 473-482.

Ulusu, U. and Nuray, F., Lacunary statistical convergence of sequence of sets,
Progress in Applied Mathematics, 4(2) (2012), 99-109.

Ulusu, U. and Nuray, F. On strongly lacunary summability of sequence of sets. Journal
of Applied Mathematics & Bioinformatics, (2013).3(3), 75-88.

Wijsman, R. A., Convergence of sequences of convex sets, cones and functions, Bull.
Amer. Math. Soc. 70 (1964), 186-188.

Wijsman, R. A., Convergence of Sequences of Convex sets, Cones and Functions II,
Trans. Amer. Math. Soc. 123 (1) (1966), 32-45.



