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1. Introduction and Background

Throughout the paper N denotes the set of natural numbers.

Many authors have studied on the concepts of invariant mean and invariant convergence (see, [10, 11, 13, 14,
19, 20, 25]).

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a 6-mean if it satisfies following conditions:

1. ¢(x) >0, when the sequence x = (x,) has x,, > 0 for all n,
2. ¢(e) =1, wheree=(1,1,1,...) and
3. 9(xg(n) = O(x) forall x € les.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping & at n. Thus, ¢ extends the limit functional on c, the space of
convergent sequences, in the sense that ¢ (x) = limx for all x € c.

In the case o is translation mappings o (n) = n+ 1, the c-mean is often called a Banach limit.

The concept of lacunary strong o-convergence was introduced by Savas [21] and then Pancaroglu and Nuray
[15] defined the concept of lacunary invariant summability.

The idea of .#-convergence was introduced by Kostyrko et al. [6] which is based on the structure of the ideal
# of subset of the set N. For more detail, see [7].

A family of sets .# C 2V is called an ideal if and only if (i) @ € .#, (ii) For each A,B € . we have AUB € .#,
(iii) For each A € .# and each B C A we have B € .#.

An ideal is called non-trivial if N ¢ .# and non-trivial ideal is called admissible if {n} € .# for each n € N.
Recently, the concept of o 6-uniform density of any subset A of the set N and corresponding the concept of
Jse-convergence for real sequences were introduced by Ulusu and Nuray [28].

Several convergence concepts for double sequences and some properties of these concepts which are noted
following can be seen in [1, 2, 8, 12, 16, 18, 23].

A double sequence x = (xi;) is said to be bounded if there exists an M > 0 such that |x; ;| < M for all k and j,
i.e., if supy ; |xp;| < oo

The set of all bounded double sequences will be denoted by ¢Z.
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A non-trivial ideal .#, of N x N is called strongly admissible ideal if {i} x N and N x {i} belong to .#, for each
i€EN.

It is evident that a strongly admissible ideal is admissible also.

Let (X, p) be a metric space and .#, be a strongly admissible ideal in N x N. A double sequence x = (x;,;,) in X
is said to be .#-convergent to L € X if for every € > 0,

A(e) = {(m,n) eNXN: p(xn,L) > €} € 5.

It is denoted by % — lim x,, = L.
m,n—yoo

The double sequence Gé = {(ky, ju)} is called double lacunary sequence if there exist two increasing sequence
of integers such that

ko=0, hy =k, —k,—1 — o and jy=0, f_ZMZju—jufl —> 0 aS r,u — oo.
We use the following notations in the sequel:
kry = kp juy hru = hrljlua L, = {(kv.]) thkro1 <k<k-and j,.1 <j< ]“}

Recently, the definitions of some invariant convergence for double sequences were presented in a study by
Ulusu et al. [27] as below:
Let 6, = {(k,, ju)} be a double lacunary sequence. A double sequence x = (x;) is said to be lacunary invariant

convergent to L if
) 1

lim
ru—»0

Xok(m),0i(n) = Ly

ru kijIru

uniformly in m,n = 1,2,... and it is denoted by x;; — L(er).

A double sequence x = (x;) is said to be strongly lacunary invariant convergent to L if
1

lim
ru—o

Z |xck(m),c>'-/(n) —L[=0,

"k, jEly

uniformly in m,n and it is denoted by x;; — L([VL?]).
Let 6, = {(kr, ju)} be a double lacunary sequence, A C N x N and

S = I"Inllrlll An{(c*(m),07(n)) : (k,j) € Lu }|,
Sru = max AN{(c*(m),c7(n)) : (k) € L }|.

If the following limits exist

— S
V#(A) = lim =™ and VP(A)= lim ™

)
ru—eo Ji,, ru—eo fiy,

then they are called a lower lacunary o-uniform density and an upper lacunary o-uniform density of the set A,
respectively. If VY (A) = V2 (A), then VY (A) = VP (A) = VP (A) is called the lacunary o-uniform density of A.
Denoted by .#9 the class of all A € N x N with Vf (A4) = 0.
A double sequence x = (xz;) is said to be lacunary .%>-invariant convergent or fzae-convergent to L if for every
>0

Ae = {(k,j) € L |xij — L| > €} € 7°,

i.e., VY (Ag) = 0. Itis denoted by .#% —limxy; = L or x; — L(#7?).
Marouf [9] presented definitions for asymptotically equivalent sequences and asymptotic regular matrices. Then,
the concept of asymptotically equivalence has been developed by many researchers (see, [3, 5, 17, 22, 24]).
Two nonnegative sequences x = (x;) and y = () are said to be asymptotically equivalent if

Xk

lim— =1.
k Yk

It is denoted by x ~ y.
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Hazarika and Kumar [4] presented some asymptotically equivalence definitions for double sequences as follows:
Two nonnegative double sequences x = (x;) and x = (yy) are said to be P-asymptotically equivalent if

denoted by x ~* y.
Two nonnegative double sequences x = (xy;) and x = (yy) are said to be asymptotically .#-equivalent of
multiple L if for every € > 0

{(kJ) eNxN: xkl—L‘ 28} € P,
Ykl
denoted by x ~7 - y and simply asymptotically .%-equivalent if L = 1.

Recently, Ulusu [26] by defining the concept of lacunary .#;-asymptotically equivalence and the concepts of
lacunary o-asymptotically equivalence for real sequences, studied some relationships among these concepts.

2. Main Results

In this study, we give definitions of asymptotically lacunary invariant equivalence, strongly asymptotically
lacunary invariant equivalence and asymptotically lacunary ideal invariant equivalence for double sequences.
We also examine the existence of some relations among these new equivalence definitions.

Definition 2.1 Two nonnegative double sequence x = (x;;) and y = (yx;) are said to be asymptotically lacunary
o»-equivalent of multiple L if

lim ok (m).0i(n)

ru—o

—3 L’
1k j€ln, Yok (m),67 (n)

o0

uniformly in m and n. In this case, we write x e y and simply asymptotically lacunary o»-equivalent if L = 1.

Definition 2.2 Two nonnegative double sequences x = (x;;) and y = (yy) are said to be asymptotically lacunary
SHH-invariant equivalent of multiple L if for every € > 0

A7 = {(k,j) €ly:

.
'v_L‘ 23} e
Ykj

JUO
ie., V29 (A7) = 0. In this case, we write x el y and simply asymptotically lacunary .#-invariant equivalent if
L=1.
The set of all asymptotically lacunary .#-invariant equivalent of multiple L sequences will be denoted by jg((’L)_
Theorem 2.3 Suppose that x = (xi;),y = (yj) € (2. If x and y are asymptotically lacunary %-invariant

equivalent of multiple L, then these sequences are asymptotically lacunary 6>-equivalent of multiple L.

Proof. Let m,n € N be arbitrary and € > 0. Now, we calculate

1 Xk j
t(62,m,n) = Zomoltn) ).
1k j€ly, Yk (m),69 (n)
We have
I(GZaman) S 151 (027man) +t2(92,m,n),
where
1 X sk i
11(65,m,n) = y Zotm)olln) _ g
Ll k,j€lu yo_k(m)vo_j(”)
Yok (m),cd (n) ]
Yok(m),oi(n)y |
and
X~k i
1(62,m,n) ;= Y —omoltn) ),
ru k€l Yok(m),oi(n)
xck(m),crj(n) _Ll<e
Yok (m), o) (n)
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We get 1,(6,,m,n) < g, for every m,n = 1,2,... . The boundedness of x and y implies that there exists a M > 0
such that

Yok (m),07(n)
Yok(m),ci(n)
for all k, j € I, and for every m,n. Then, this implies that

—L| <M,

M X _k j
tH1(6.mn) < — k.j)el, |-t 1|~ ¢
1( 2,1, ) =l {( a]) ru Yok (m). 0 () =
. > k m j n
max |4 (K, j) € I 1 |20 L > ¢
< m,n yak(m)ya./(,,) B MS”"
- hr” hru’
ge
L
hence x m(J)y_ .

The converse of Theorem 2.3 does not hold. For example, x = (x;) and y = (yy;) are the sequences defined by
following;

k1 <k<k,._ Vhy], ! ’
2, if ,rl o 1+ _r] and k+j isan even integer.
Jr—1 < J < Jjr—1+Vhi,
Xkj =
kr—1 <k<k,._ Vhy], ) .
o, if 7 _rH_[ _r] and k+j isan odd integer.
Jr—1 <] < Jr=1 +[\/ hu]v
Ykj =1.

When o(m) =m+ 1 and o(n) = n+ 1, this sequences are asymptotically lacunary o»-equivalent but they are
not asymptotically lacunary .#,-invariant equivalent.

Definition 2.4 Two nonnegative double sequence x = (x;;) and y = (yx;) are said to be strongly asymptotically
lacunary o»-equivalent of multiple L if

(4]
uniformly in m and n. In this case, we write x [NE\(JL)] y and simply strongly asymptotically lacunary o»-equivalent
ifL=1.
The set of all strongly asymptotically lacunary invariant equivalent of multiple L sequences will be denoted by
R
Theorem 2.5 If double sequences x = (xy;) and y = (yx;) are strongly asymptotically lacunary o,-equivalent
of multiple L, then these sequences are asymptotically lacunary % -invariant equivalent of multiple L.

NS 3)]
Proof. Letx 3 y and given € > 0. Then, for every m,n € N we have
xo‘k(m),o’/:(n) _L‘ > Xo—k(m).()'f:(n) _L‘
k. j€lyy | Pk m).0d (n) k.jelu Yok (m).ci (n)
“okm.olm) ;s
Yok (m),0d (n) -
. Xk (m),c)
> e. k cl., : Zot(m).6/(n) —Ll>e¢e
> o) et eeen >
N ki) el | emaim s
2 €-max (,])E ru.H%_ = €
m,n ok (m),07 (n)
and so
. x l\ U j n
{ i , max {(k7])61m: W—L'>8H
BN ok (m),6J (n) —L‘ > ¢ m,n o (m),a/(n)
Ry k,j€lry Yok (m).0d (n) o I/
_ oS
hru



<L)

S
This implies that lim - =0 andsox ~’ y. O

U= fyy

Theorem 2.6 Suppose that x = (xij),y = (ykj) € (2. If double sequences x and y are asymptotically lacunary
SH-invariant equivalent of multiple L, then these sequences strongly asymptotically lacunary 63-equivalent of
multiple L.

cf

A,
Proof. Suppose that x,y € /2 and x A y. Let € > 0. By assumption, we have V29 (A7) = 0. The boundedness
of x and y implies that there exists an M > 0 such that

Xok(m),0i (n)

—LI <M

Yok (m),0i(n)

for all k, j € I, and for every m,n. Observe that, for every m,n € N we have

1 Sokmolm) _ | — L Sokm).oi(n) _ L‘
Rru k,jely, | Tk 0m),0d (n) i kj€ly Yok (m),o ()
ok (m),a/ (n) _L|>e
Yok(m), 04 (n) -
L okm).ol(m) _ L‘
Ry k,j€lyu Yok (m).0d (n)
“okm.olm) | g
Yok (m),cd (n)
N .
max | (k, j) € I, : |-20/) _J| > ¢
mn Yok (m).0d (n)
< +€
hru
S
< M™+te
hru
Hence, we obtain
. 1 X <k j
lim — ot (m).0” (n) —L| =0,
1= Ry g e, | Yok m). ol (n)
uniformly in m and n. O
Theorem 2.7
~0c0 2. ¥ B o6 2
J2(L) ﬂéw = [mz(L)] ﬂfoo
Proof. This is an immediate consequence of Theorem 2.5 and Theorem 2.6. O
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