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Abstract. In this paper, we give the definitions of statistical inner and outer limits for sequences of closed
sets in metric spaces. We investigate some properties of statistical inner and outer limits. For sequences of
closed sets if its statistical outer and statistical inner limits coincide, we say that the sequence is Kuratowski
statistically convergent. We prove some proporties for Kuratowski statistically convergent sequences.
Also, we examine the relationship between Kuratowski statistical convergence and Hausdorff statistical
convergence.

1. Introduction

Let K be a subset of positive integers IN and K(n) = |[{k < n : k € K}|, where |A| denotes the number of
elements in A. The natural density of K is given by

5(K) = lim %K(n)

if this limit exists.
Statistical convergence of a sequence of scalars was introduced by Fast [6]. A sequence x = (x;) is said
to be statistically convergent to the number L if the set

(ke N:|x—Ll> ¢}

has natural density zero for every ¢ > 0, i.e.

lim 1|{k3n - L > el = 0.

n—oo 1

In this case we write

st— I}im xx = L. @)
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Lemma 1.1. [15, Lemma 1.1] Statement (1) holds if and only if there exists a set
K:{k1<k2<k3<"'}gN
such that 6(K) = 1 and lim x;, = L.

The concepts of statistical limit superior and statistical limit inferior were introduced by Fridy and Orhan
[8]. For a sequence of real numbers x = (xi), the notions of statistical limit inferior and limit superior are
defined as follows:

infA,, A, #0,

st —liminfx := { oo, otherwise,

supBy,  Br#0,

st —limsupx := { —c0, otherwise,

where
Ay = {aeR:6(lkeN:x <a}) #0},
By = {beR:6({fkeN:x;>b})#0}.

Lemma 1.2. [8] If B = st — lim sup x is finite, then for every ¢ > 0,

O(fke N:x,>B—€e})#0 and S(H{keN:x>p+e¢})=0. 2)
Conversely, if (2) holds for every € > 0 then § = st — lim sup x.
The dual statement for st — lim inf x is as follows:
Lemma 1.3. [8] If @ = st — liminf x is finite, then for every € > 0,

O(fke N:xy<a+e}))#0 and O0((keN:x,<a—¢€})=0. 3)
Conversely, if (3) holds for every € > 0 then o = st — liminfx.

The statement 6(K) # 0 means that either 6(K) > 0 or §(K) is not defined (i.e. K does not have natural
density).

The idea of statistical convergence can be extended to a sequence of points of a metric space (see [5]).
We say that a sequence x = (x) of points of a metric space (X, d) statistically converges to a point £ € X if
for each ¢ > 0 we have

O(fk e N : d(xy, &) = €}) = 0.

A point £ € X is called a statistical limit point of a sequence x = (xi) if thereisaset K = {ky <k <kz <---}
with 6(K) # 0 such that x;,, — & as n — oo. The set of all statistical limit points of a sequence x will be
denoted by A,.

A point £ € X is called a statistical cluster point of x = (xy) if for any ¢ > 0,

5({k € N : d(x, &) < e}) # 0.

The set of all statistical cluster points of x will be denoted by I',.

Let L, denote the set of all limit points £ (accumulation points) of the sequence x; i.e., & € Ly if there
exists an infinite set K = {k; <k < k3 <---}such thatxy, = £asn — oco.

Obviously we have A, C T, C L,.

Lemma 1.4. [5, Lemma 3.1] Let (X, d) be a metric space and K be a compact subset of X. Then, we have KN Ty # 0
for every x = (x,) with 6({n € N : x,, € K}) # 0.
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The concept of statistical convergence has been studied by many authors, see for instance [7, 9, 13, 15, 19].
Let (X, d) be a metric space. The distance between a subset A of X and x € X is given by
d(x,A) = inf{d(x, y) : y € A},

where it is understood that the infimum of d(x, .) is co if A = (. For each closed subset A of X, the function
x — d(., A) is Lipschitz continuous, i.e. for each x, y € X

ld(x, A) - d(y, A)| < d(x, y). (4)
The open ball with center x and radius ¢ > 0 in X is denoted by B(x, ¢), i.e.

B(x, &) ={ye X |d(x,y) < &}.
Also, for any set A and ¢ > 0, we write

B(A,¢) ={xe X |d(x,A) < ¢}.

By Q(x), we denote the set of neighborhoods of x.
Let us recall some basic properties of Kuratowski convergence. Alternatively, in the literature, conver-
gence in this sense may be called Painlevé-Kuratowski convergence. We use the following notation:

N = {(NCIN:IN\N finite}
= {subsequences of IN contain all positive integers beyond some positive integer o}
N* = [N CN: N infinite} = {all subsequences of IN}.

We write lim,, ., when n — oo as usual in IN , but lim,ey in the case of convergence of a subsequence
designated by an index set N in N or N*.

Definition 1.5. (Inner and outer limits) Let (X, d) be a metric space. For a sequence (Ay) of closed subsets of X; the
outer limit is the set

lim sup A, {leVeQ(x), IN € N*, VneN:Aan;é(Z)}

n—oo

{x AN € N*, Vn €N, T, € A, : lim x, = x},
ne.
while the inner limit is the set

liminfA, = {xIVVeQ(x), INeEN, VneN:AnﬂVqt(Z)}

n—o0

{xIHNE N,V¥neN, Ix, € A, : limx, = x}.
neN

The limit of a sequence (A,) of closed subsets of X exists if the outer and inner limit sets are equal, that is,

lim A, = liminfA, = limsup A,.

n—oo n—oo n—oco

Inner and outer limits can also be expressed in terms of distance functions or operations of intersection
and union.

Proposition 1.6. (characterizations of set limits)

limsup A, = {x | iminfd(x, A,) = 0},

n—oo

liminfA, = {x | imsup d(x, An) = 0},
n—oo

n—oo

limsup A, = ﬂ cl UA”’
n—00 NeN neN

liminfA, = () e JAn
NeN* neN
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For more result on inner and outer limits of sequences of sets we refer to [11, 14, 16]. Concerning other
types of convergence the reader could consult the book of G. Beer [3] and the survey paper of Baronti and
Papini [2]. See also [4, 17, 18, 20, 21].

2. Kuratowski Statistical Convergence

In this section, we introduce Kuratowski statistical convergence of sequences of closed sets. For oper-
ational reasons in handling statements about sequences, it will be convenient to work with the following
collections of subsets of IN

S:={NCN:6(N)=1} and S*:={NCIN:5(N) #0}.

Firstly, we define the statistical analogues for inner and outer limits of a sequence of closed sets as
follows.

Definition 2.1. Let (X, d) be a metric space. The statistical outer limit and statistical inner limit of a sequence (A,)
of closed subsets of X are defined as follows:

st—limsupA, := {leVeQ(x),HNES#,VneN:AnﬂVi(D}
and
st—lminfA, = {x|VVeQ(x),3NeS,VneN:Aan¢@}.

The statistical limit of a sequence (A,) exists if its statistical outer and statistical inner limits coincide. In this situation
we say that the sequence is Kuratowski statistically convergent and we write
st —liminf A, = st — limsup A, = st — lim A,.

n—oo n—00 n—oo

Moreover, we always have that

st —liminf A, C st — limsup A,
n—o0

n—oo
so that in fact, st — lim, . A, = A if and only if the inclusion

st —limsup A, € A Cst—liminfA,

n—oo n—oo
holds. Since N € S and S* € N*, it is clear that

liminf A, C st —liminf A, C st —limsup A, C limsup A,. 5)

n—oo n—oo n—0o0 n—00

Example 2.2. Let us define the sequence (A,) € R by

[-4,1] , ifnisan even square,
[-1,4] , ifnisanodd square,
[-3,2] , ifnisan even nonsquare,
[-2,3] , ifnisanodd nonsquare.

A, =

Then st —liminf, . A, = [-2,2], st —limsup,_, A, = [-3,3], liminf, . A, = [-1,1] and limsup,_, A, =
[—4,4]. So (Ay) is not Kuratowski statistically convergent.

From the inclusion (5), Kuratowski convergence implies Kuratowski statistical convergence, i.e.

lim A, = A implies st — lim A, = A.
n—oo

n—oo

But, the converse of this claim does not hold in general, as seen in the following example.
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Example 2.3. Let A and B be two different nonempty closed sets in X. Define

D n=»k* for ke,
"7 1 B , otherwise.

Then, st — lim, . Ay, = B. However, liminf, ... A, = AN B and limsup, , A, = AUB. So, (A,) is not
Kuratowski convergent.

Without loss of generality, the neighborhoods V in Definition 2.1 can be taken to be of the form B(x, ¢).
So, the formulas can be written just as well as

st —limsup A, {x|V8>0, N e S, VneN:AnﬂB(x,s)i(D},

n—o0

st — liminf A, {xl\a’e 50, AN €S, ¥ne N : A, N B, ¢) ¢@}.

n—-oo

Proposition 2.4. Let (X, d) be a metric space and (A,) be a sequence of closed subsets of X. Then

St—limngn = ﬂ CZUA,, and st—lir:jo?pAn = ﬂClUAn

NeS* neN NeS neN

Proof. We prove only the first equality. Let x € st — lim inf, ., A, be arbitrary and N € S* be arbitrary. For
every ¢ > 0 there exists Ny € S such that for every n € Ny

A, N B(x, ¢) 0.
Since N N N # 0, there exists np € N NNy and A, N B(x, ¢) # 0. Therefore,

U An] NB(x, ¢) # 0.

neN

This means that x € clJ,ey Ay This holds for any N € S*. Consequently,

X € ﬂ clUAn.

NeS* neN
For the reverse inclusion, suppose that x ¢ st — liminf,_,, A,. Then, there exists ¢ > 0 such that
5({n e N: A, N Bx,e) #0}) # 1
and so, the set
N={neN:A,NB(xe) =0}

does not have density zero, i.e. N € S8*. Thus

U An] NB(x,¢) = 0.

neN

This means that x ¢ cl{J,,cy An. This completes the proof. [

As a result of Proposition 2.4, given any sequence (A;), st — liminf, .. A, and st — limsup, , A, are
closed.
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Proposition 2.5. Let (X, d) be a metric space and (A,) be a sequence of closed subsets of X. Then

st —limsupA, = {x | st — liminfd(x, A,) = 0},
n—oo

n—oo

st —liminfA, = {x | st — lim d(x, A,) = 0}.

Proof. For any closed set A we have

dx,A)<e o ANB(x,e)#0. (6)
Suppose that st — liminf,_,. d(x, A;) = 0. Then for every ¢ > 0

5({n € N :d(x, Ay) < e]) # 0.

By (6), we have x € st — limsup,_,  A;.
Now, we show the reverse inclusion. Let x € st—limsup,_, A,. Then for every ¢ > 0 there exists N € §*
such that A, N B(x, €) # 0 for every n € N. Since

NC{neN:A4,nB(xe) #0),
we obtain
6({11 eIN:A,NB(x, &) # (0}) #0.

By (6) and Lemma 1.3, we have st — lim inf,,_, d(x, A,) = 0.
Similarly, for any closed set A

d(x,A) > ¢ © ANB(x,¢) = 0. 7)

Now, the second equality can be obtained by using (7). O

Proposition 2.6. Let (X, d) be a metric space and (A,) be a sequence of closed subsets of X. Then

st —liminfA, = {x 1IN €S, VneN, Ty, € Ay : lim y, = x}. ®)
n—00

n—oo

Proof. Suppose that x € st — liminf,_,., A, and define K; by

K; = {nEJN:AnﬂB(x,%)i(D}

{n e N:3dy, €A, and d(x,y,) < %}
for all j € N. Then, we have by Definition 2.1 that 6(K;) = 1. It is evident from the definition of K; with
j € N that

KioKy>Kz3D--- :)K]‘DK]‘+1'--

By the proof of Lemma 1.1 in [15] we can construct the strictly increasing sequence (v;) of positive integers
that v; € K| for all j € N and

K P
j(n) >] '1
n ]

for each n > v;. Again by the proof of Lemma 1.1 in [15], we construct the set K as follows:

K= ([1,’01) N N) U ([01, )N Kl) U ([Uz, "03) N Kz) U---
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It is clear that 6(K) = 1. Thus for each n € K there exists v, € A, such that
limy, = x.
nek

Therefore x belongs to the set in the right-hand side of equality (8).

For the reverse inclusion assume that x belongs to the right-hand side set of the equality (8). Then, there
exist N € S and the sequence {y, | y» € Ay, n € N} such thatlim,_,« y, = x. If € is an arbitrary given positive
number, then we can choose such a number 7y € IN that for each n > 1y, n € N, we have y,, € B(x, €). Define
theset Mby M =N\ {1,2,3,...,np}. Then, M € S and y,, € A, N B(x, €) for each n € M. This means that the
sets A, and B(x, €) are not disjoint. Hence, x € st — liminf, .o A,. O

Corollary 2.7. Let X be a normed linear space and (A,) be a sequence of closed subsets of X. If thereisa set K € S
such that A, is convex for each n € K, then st —liminf,_,., A, is convex and so too, when it exists, is st —limy,_,co Ap.

Proof. Let st — liminf, . A, = A. If x; and x, belong to A, by Proposition 2.6, we can find for all # € N in
some set N € S points y. and y2 in A, such that lim,_,. ¥} = x1 and lim, 2 = x,. Since K € S, we have
M € S with M = N N K. Then for arbitrary A € [0,1] and n € M let us define

yr=(1 -yl +Ay2 and x,:= (1-A)x; + Axy.
Then
o =
By Proposition 2.6, we obtain x; € A. This means that A is convex. [J

Proposition 2.8. Let (X, d) be a metric space and (A,) be a sequence of closed subsets of X. Then

st—limsupAn:{xlElNeS#, VneN, 3yneAn:xery}. ©)

n—o0

Proof. Let x € st —limsup,_, A, be arbitrary. By Proposition 2.5,

st — liminfd(x, A,) = 0.

n—oo

By Lemma 1.3, for every ¢ > 0 the set
ezt A) < 5

does not have density zero. Since A, is closed, for n € IN, there exists y, € A, such that d(x, y,,) < 2d(x, A,).
Now, we define the sequence {y, | v, € A,, n € N}. Then, clearly, x is a statistical cluster point of (y,). That
is,xeTl.

On the contrary, assume that x belongs to the right-hand side set of the equality (9). Then, there exist
N € 8% and the sequence {y, | y, € A, n € N}such thatx € I'y. That s, the set {n e N :d(x, yn) < e} does not
have density zero for every ¢ > 0. The inequality d(x, y,) > d(x, A,) yields the inclusion

neN:dx, y,) < s} C{nelN:d(x A, < e}.
So, the set
N ={neN:d(xA,) < ¢

does not have density zero. That is, N " e St By (6), for every n € N " we obtain A, N B(x, €) # 0. This means
that x € st — limsup, ,  A,. O
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By Proposition 2.6 and Proposition 2.8, note that st — liminf,_,., A, is the set of statistical limits of the
sequences (Y, )nen With v, € A, and st —limsup,_, A, is the set of statistical cluster points of the sequences

(]/n)ne]N with Yn € A,

Remark 2.9. In Proposition 2.8 the set of statistical cluster points can not be replaced by the set of statistical limit
points. Following Example 4 of [9] we let y = (yx) be the uniformly distributed sequence

(o) = (0,1,0,1/2,1,0,1/3,2/3,1,0,1/4,2/4,3/4,1...)
and define
(Ar) = (yeh) = ({0}, {1}, {0}, {1/2}, {1}, {0}, {1/3},{2/3},...) .
In this case st — limsup,,_, A, = [0, 1]. Because for any x € [0, 1] we have
{keN:ANB(xe)# 0 =keN:y € (x—zx+e)
So,
5({k e N: A N B(x,e) # 0) 2 £ > 0.

On the other hand, if x € [0, 1] and {yx | yx € A, k € N € IN} is a subsequence that converges to x, then we obtain
5(N) = 0. That is N ¢ S*. Therefore

{xlEINeS#, VneN, Ay, € A, : limy, =x} = 0.
ne
Consequently

st —limsup A, # {x |AN e S*, VneN, dy, €A, lirl‘rvlyn = x}.
n—oo ne.

Lemma 2.10. Let (A,) and (B,) be two sequences of closed subsets of a metric space X. If there is a set K € S such
that A, C B, for each n € K, then the inclusions

st —liminfA, C st —liminfB, and st-limsupA, Cst—limsup B,

n—oo n—oo Nn—0co Nn—0c0

hold.

Proof. Since the second inclusion can be proved in the similar way, we prove only the first inclusion.
Suppose that there exists K € S such that for each n € K the inclusion A, € B, holds. In this case for
arbitrary x € st — liminf,_,., A,, we obtain

d(x/ Bn) < d(xrAn)' (10)
By Proposition 2.5, we have
st — lim d(x, A,) = 0. (11)

Consequently, combining (10) and (11), we have st — lim,,, d(x, B,) = 0. Namely x € st — liminf,_, B;.
This completes the proof. [J

Corollary 2.11. Let (A,) and (B,) be two sequences of closed subsets of a metric space X. Then, the following
statements hold:

(i) st —limsup, , (A, NB,) Cst—limsup, , A, Nst—limsup, B,.
(ii) st —liminf, (A, N By) C st — liminf, e A, N st — liminf, . B;.

(iii) st —limsup,_ (A, UB,)=st-limsup, , A, Ust—limsup, B,.
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(iv) st —liminf, (A, UB,) 2 st — liminf,_,. A, U st — liminf, . B,.

Proof. For eachn € N, the inclusions A, N B, € A,, A, NB, € B,, Ay €A, UB, and B, € A, U B, hold. Now,
the proof is immediate by Lemma 2.10. O

We prove two theorems related to Kuratowski statistical convergence. In the finite dimensional case,
Salinetti and Wets gave the corresponding results for Kuratowski convergence in [16].

Definition 2.12. A sequence (Ax) is said to be statistically increasing if there exists a subset K = {ky < ko < k3 <
--+} € N such that 6(K) = 1 and Ay, C Ax,,, for all n € IN. Similarly, a sequence (Ay) is said to be statistically
decreasing if there exists a subset K = {ky < kp < ks <---} € IN such that 6(K) = 1 and Ay, 2 A,,, forall n € N.

Theorem 2.13. Suppose that (Ay) is a statistically increasing sequence of closed subsets of X. Then st — limy_,, Ak
exists and

st _%g?oAk =cl UAkn'
nelN

Proof. Let (Ax) be a statistically increasing sequence of closed subsets of X and A = cl{J,cn Ak,- Then,
Ay, CAforeveryn € N. If A =0, then A, = 0 for every n € IN. So, st — limy_,eo Ax = 0. Let A # 0 and
x € clU,en Ak, - In this case, for every € > 0

B(x,) N ) Ar, #0.
nelN

Then there exists 1y € IN such that B(x, ) N Akno # (. Since (Ay,) is an increasing sequence, Akno C Ay, forall
n > ny. Define the set M by
M={m|m=k,,n>ng,neN}L

Then, 6(M) = 1 and B(x, €) N Ay, # 0 for all m € M. Consequently, we obtain x € st — liminf, . A;.

Now we show that st —limsup, , Ax € A. Let x € st —limsup,_, , Ai be arbitrary. Then, for every ¢ > 0
there exists N € S* such that Ay N B(x, €) # 0 for every k € N. Since §(K) = 1 and 6(N) # 0, the set KN N is
nonempty. So, there exists k,, € KN N such that B(x, ) N A, # 0. Therefore we obtain

B(x, &) N U Ag, 0.

nelN

This means that x € cl U, A, - This completes the proof. [

Example 2.14. Define

{(X, MVER :(x—1)*+1> < %} , ifkis a prime number,
A =
<

{(x, y) €R*: |x] + 1yl ,ﬁ} , otherwise.

Let K = {1,4,6,8,9,10,12,...}. Then, 6(K) = 1 (see [1], p.2) and Ay, C Ax,,, for every n € N. By Definition
2.12 , we say that (Ay) is statistically increasing sequence but is not increasing. Moreover, by Theorem 2.13, (Ay) is
Kuratowski statistically convergent to A, where

A={(x,y)eR2: |x|+|y|$1}.

Theorem 2.15. Suppose that (Ay) is a statistically decreasing sequence of closed subsets of X. Then st — limy_,c Ak
exists and

st~ lim Ay = () Ax..

nelN
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Proof. Let A = M,en Ak,- Clearly if x € A, then x € Ay, for every n € N. Let M = {m | m = k,,n € N}. Then,
O(M) =1and B(x,e) N A, # 0 for all ¢ > 0 and m € M. This means that x € st — lim inf;_,c, Ag.

Now we show that st — limsup,_,  Ax € A. Let x € st — limsup,_, , Ax be arbitrary. Then, for every
¢ > 0 there exists N € S* such that Ay N B(x, ¢) # 0 for every k € N. Since §(N) # 0, there exists m € N
such that k, < m for every n € IN. Since the sequence (Ay) is decreasing, the inclusion Ay, 2 A, holds
and consequently B(x, €) N Ai, # 0. This means that x € clA;,. Since Ay, is closed, x € Ai,. Therefore
X € (yen Ak, This completes the proof. [

Proposition 2.16. [2, Proposition 10] Let X be a finite-dimensional normed linear space and (A,) be a sequence of
closed convex subsets of X. If lim, . Ay = A # 0 with A compact. Then, | J,_; Ay is bounded.

Now, we give an example which shows that Proposition 2.16 is not valid for Kuratowski statistical conver-
gence.

Example 2.17. Define (A,) by

PR B 2 n=k*fork €N,
"1 [1,2] , otherwise.

Then, (Ay) is a sequence of closed convex subsets of R and st — lim,_,eo Ay = [1,2]. However, | ;- Ay = R is not
bounded.

In the next section we compare Kuratowski statistical convergence with Hausdorff statistical conver-
gence, introduced by Nuray and Rhoades [12].

3. Hausdorff Statistical Convergence

We mention some references related to Hausdorff convergence: [2, 3, 10, 16, 17]. The Hausdorff distance
h(E, F) between the subsets E and F of X is defined as follows:

h(E, F) = max {D(E, F), D(F, E)},
where

D(E,F) = supd(x,F) = inf{e > 0 : E C B(F, ¢)}

xeE

unless both E and F are empty in which case h(E, F) = 0. Note that if only one of the two sets is empty then
h(E, F) = co.
It is known, for a long time (see [2, 10]), that

WE,F) = supld(x,E)—d(x,F). (12)

xeX

Definition 3.1. [12] Let (X,d) be a metric space and (A,) be a sequence of closed subsets of X. We say that the
sequence (A,) is Hausdorff statistically convergent to a closed subset A of X if

st — lim h(A,, A) = 0. (13)

n—oo

In this case, we write A = sty — lim,—00 Ay

Lemma 3.2. Suppose that {A; A,,n € IN} is a family of closed subsets of X. Then A = sty — lim, e Ay if and only
if either there exists M € S such that A and A, are empty for all n € M or for any € > 0 the sets

(neN:A¢BA,e)| and {neN:A, ¢BA,e) (14)

have density zero.
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Proof. If A = 0, then
{(neN:hA, A ze)={neN:A,#0).

Thus,
5({neN:A, #0})=0.

Namely
S(fneN:A, =0})=1.

Conversely, there exists M € S such that A, is empty for all # € M. Then, it is clear that A = 0.
On the other hand if A # @, then (13) holds if and only if

5({n e N:h(A,, A) 2 ¢f) =0
or equivalently,
5({n e N:h(A,, A) < ) =1
for any ¢ > 0. By the definition of Hausdorff metric,
5({neN:ACB(A,e) and A, CB(A,e))) =1.
Consequently, we obtain that the sets in (14) have density zero. O

Theorem 3.3. Suppose that {A; A,,n € N} is a family of closed subsets of X with A nonempty. Then Hausdorff
statistical convergence implies Kuratowski statistical convergence, i.e. sty—lim,_,.o Ay = A implies st—lim,_,co Ay =
A.

Proof. If A = 0, then 6({n eN:A, = (Z)}) = 1. Hence, st — lim,_,.o Ay = 0. Let us suppose that A and A, are
nonempty for every n € IN. By the equality (12),

st — ’}1_{510 d(x,A,) =d(x,A) foreach x e X. (15)
Take x € A. Then, we have

st — &g?o d(x,Ay) =d(x,A) = 0.
By Proposition 2.5, this implies x € st — lim inf,_,., A,. Consequently, we obtain

A Cst—liminfA,.

n—oo

Conversely, take x € st — limsup, ,  A,. Again, one can derive from Proposition 2.5 that
st — liﬂglfd(x,An) =0.
By (15), we obtain
d(x,A) = st — ;}1_130 d(x,A,) = 0.
So, x € A. Therefore, we conclude from the inclusion relation

st —limsup A, C A Cst—liminfA,

n—00 n—oo

that A = st — lim, 0 A,,. O

The converse of Theorem 3.3 does not hold, in general. To see this, we give the following example.

This content downloaded from
193.255.46.191 on Tue, 24 Dec 2019 08:49:39 UTC
All use subject to https://about.jstor.org/terms



O. Talo et al. / Filomat 30:6 (2016), 1497-1509 1508

Example 3.4. Define the sequence (A,) by

A e [2,3] , n=kforkeN,
0 [0,1]U {n} , otherwise.

(Ay) is Kuratowski statistically convergent to [0, 1]. However, (A,) is not Hausdorf{f statistically convergent.

Definition 3.5. The sequence (A,) is said to be statistically bounded if there exists a compact set K such that
5({neN: A, g K})=0.

It is natural to ask under which conditions Kuratowski and Hausdorff statistical convergence are iden-
tical? The answer is given by the following theorem.

Theorem 3.6. Let (A,) be a statistically bounded sequence of closed subsets of X. If st —lim, . Ay, = Awith A # 0,
then sty — lim, 0 A, = A.

Proof. Let (A,) be a statistically bounded sequence of closed subsets of X. Then, there exist a compact set K
and M € S such that A, C K for all n € M. By Lemma 2.10, st — lim, . A, = A C K. So, the closed set A is
compact. Then given € > 0, A has a finite cover with open balls of radius ¢; i.e. there exists {x1, x2,x3...,x,}
with x; € A such that

n
AC UB(XI‘,E).
i=1

Since st — lim, .o A, =Aand x; € Afori e {1,2,...,n}, we obtain st — lim,,_,., d(x;, A,) = 0. Therefore, there
exists N; = {n € N : d(x;, A,) < €/2} such that 5(N;) = 1 for each i. Let us define N = (\_; N;. Then, 6(N) = 1.
Thus, we obtain d(y, A,) < d(y, x;) + d(x;, Ay) < € forany y € Aand n € N. So, A C B(Ay, €) for every n € N.
This means that 6({n eN:A¢Z B(A,,,e)}) = 0. Now, suppose that C = {n eN: A, £ B(A, e)} for some
€ > 0 does not have density zero. Since 6(M) = 1, we have 6(M N C) # 0. Hence, there exists a sequence
{ye | vk € AK\B(A, €), k e M N C} € K. By Lemma 1.4, the sequence (y,,) has at least statistical cluster point
that belongs to st — limsup,, _, A, = A but does not belong to B(A, €) 2 A, a contradiction. This gives that

0 ({n €eN:A, €B(A, g)}) = 0, which completes the proof. O

Conclusion

In literature, there are different definitions for convergence of set-valued sequences. The best known
of them are Kuratowski convergence, Hausdorff convergence, Wijsman convergence, Mosco convergence
and scalar convergence. Statistical convergence for set-valued sequences was first defined by Nuray
and Rhoades [12]. They studied Hausdorff and Wijsman statistical convergence. In the present paper,
based on the definitions of inner and outer limits given by Rockafellar and Wets [14], we introduce the
statistical inner and outer limits, and investigate some of their properties. Later, we define the Kuratowski
statistical convergence and give the results related to this concept corresponding to the results on Kuratowski
convergence due to Salinetti and Wets [16]. Furthermore, we compare the Hausdorff statistical convergence
with the Kuratowski statistical convergence.

It is natural to study statistical convergence for other types of convergence of set-valued sequences. In
the light of the main results of our paper, one can provide ways of statistically approximating set-valued
mappings through convergence of graphs and extended real-valued functions through convergence of
epigraphs.
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