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Abstract

In this paper, we study the concepts of Wijsman J,, J5-convergence and Wijsman J,, J5-Cauchy double sequences of sets and
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1 Introduction

Throughout the paper N denotes the set of all positive integers and R the set of all real numbers. The concept of convergence of
a sequence of real numbers has been extended to statistical convergence independently by Fast [10] and Schoenberg [23]. This
concept was extended to the double sequences by Mursaleen and Edely [16]. Fridy and Orhan [12] have introduced the concepts
of statistical limit superior and statistical limit inferior. Cakan and Altay [7] presented multidimensional analogues of the results
presented by Fridy and Orhan [12].

Nuray and Ruckle [19] indepedently introduced the same with another name generalized statistical convergence. The idea of J-
convergence was introduced by Kostyrko, Salat and Wilczyniski [14] as a generalization of statistical convergence which is based
on the structure of the ideal 7 of subset of the set of natural numbers. Das, Kostyrko, Wilczynski and Malik [8] introduced the
concept of J-convergence of double sequences in a metric space and studied some properties of this convergence. A lot of
development have been made in this area after the works of [9, 15, 17].

The concept of convergence of sequences of numbers has been extended by several authors to convergence of sequences of
sets (see, [3, 4, 5, 18, 25, 26]). Nuray and Rhoades [18] extended the notion of convergence of set sequences to statistical
convergence and gave some basic theorems. Ulusu and Nuray [24] defined the Wijsman lacunary statistical convergence of
sequence of sets and considered its relation with Wiijsman statistical convergence, which was defined by Nuray and Rhoades.
Nuray et al. [20] studied Wijsman statistical convergence, Hausdorff statistical convergence and Wijsman statistical Cauchy
double sequences of sets and investigate the relationships between them. Kisi and Nuray [13] introduced a new convergence
notion, for sequences of sets, which is called Wijsman J-convergence.

In this paper, we study the concepts of Wijsman J,, 75-convergence and Wijsman 7,, J5-Cauchy double sequences of sets and
investigate the relationships among them.

Corresponding author: Erding DUNDAR, E-mail addresses: erdincdundar@gmail.com, edundar@aku.edu.tr

35


http://www.hctmkaithal-edu.com/paml.org

2 Definitions and Notations

Now, we recall the basic definitions and concepts (See [1, 2, 3, 4, 5, 8, 9, 14, 18, 21, 25, 26]). For any point x € X and any non-
empty subset A of X, we define the distance from x to A by

d(x,A) = grelgp(x, a).

We let (X, p) be a metric space and 4, 4;, be any non-empty closed subsets of X that use following. We say that the sequence
{A,} is Wijsman convergent to A if limy,_d(x, A;) = d(x, A), for each x € X. In this case we write W — limA;, = A. We say
that the sequence {4; } is Wijsman Cauchy sequence, if for ¢ > 0 and for each x € X, there is a positive integer k such that for
all m,n > ko, |d(x,Ap) — d(x,Ay)| < &. A double sequence x = (xi; )i jen Of real numbers is said to be convergent to L € R
in Pringsheim’s sense if for any € > 0, there exists N, € N such that |xkj - L| < g, whenever k,j > N,. In this case we write
P —1limy; oxj =L or limy;_ ,x, = L.

Throughout the paper, we let 4, 4;; be any non-empty closed subsets of X. The double sequence {Akj} is Wijsman convergent
to A if
P - klim d(x,Ayj) =d(x,A) or kl_im d(x,Ay;) = d(x,A)
,J >0 ,J 0

for each x € X. In this case we write W, — lim4,; = A.

Let X # @. A class 7 of subsets of X is said to be an ideal in X provided: (i) @ € 7, (ii) A,B € JimpliesAUB € 7, (iil)A€J,Bc A
implies B € 7. 7 is called nontrivial ideal if X £ 7. Let X # @. A non empty class F of subsets of X is said to be a filter in X
provided: (i) @ & F, (ii) A,B € FimpliesANB € F, (ii)A€ F,Ac BimpliesB € F.

Lemma 2.1 [14] If 7 is a nontrivial ideal in X, X # @, then the class F(7) = {M c X:(3A € 7)(M = X\A)} is a filter on X, called
the filter associated with 7.

A nontrivial ideal 7 in X is called admissible if {x} € J for each x € X. Throughout the paper we take J, as a nontrivial admissible
ideal in N X N. A nontrivial ideal 7, of N X N is called strongly admissible if {i} X N and N X {i} belong to 7, foreach i € N. It is
evident that a strongly admissible ideal is admissible also.

79 = {A c N x N: (3m(A) € N)(i,j = m(A4) = (i,j) € A)}. Then 79 is a nontrivial strongly admissible ideal and clearly an ideal
7, is strongly admissible if and only if 79 c 7,.

Let (X, p) be a metric space and 7, c 2NV*N be a strongly admissible ideal. A double sequence x = (x,,,) in X is said to be 7,-
convergentto L € X, if forany € > 0 we have A(¢) = {(m,n) € N X N: p(x;,, L) = €} € J,. In this case we say that x is J,-
convergent and we write 7, — limy;, ;; 00 Xy, = L.

Let (X, p) be a metric space and 7, € 2N*N pe a strongly admissible ideal. A double sequence x = (x,,, ) of elements of X is said
to be J3- convergent to L € X if and only if there exists a set M, € F(J;) (i.e.,, N X N\M, € J,) such that lim,, ; ,co X, = L, for
(m,n) € M, and we write 75 — lim,, ;, oo X, = L.

Let (X, p) be a metric space and 7, € 2N*N pe a strongly admissible ideal. A double sequence x = (x,,,, ) of elements of X is said
to be J,-Cauchy if for every € > 0 there exist s = s(¢),t = t(¢) € Nsuchthat A(e) = {(m,n) € N X N: p(xp5,, X5t ) = €} € T;.

Let (X, p) be a metric space and 7, c 2NV*N be a strongly admissible ideal. A double sequence x = (x,,,) in X is said to be 7;-
Cauchy sequence if there exists a set M, € F(J,) (i.e., H = N X N\M; € J,) such that for every ¢ > 0 and for (m,n), (s,t) €
My, m,n,s,t > ko = ko(&) p(Xymn,Xse) < & In this case we write lim,,; , ¢ 1,0 (X, X5¢) = 0.

We say that an admissible ideal 7, € 2N*N satisfies the property (AP2) if for every countable family of mutually disjoint sets

{A1,4;,...} belonging to J,, there exists a countable family of sets {By, B,,...} such that A;AB; € 79, ie., A;AB; is included in
the finite union of rows and columns in N X N foreachj € Nand B = U}‘?":l B; € 7, (hence B; € J; for each j € N).

Throughout the paper, we let 7 S 2N be an admissible ideal, (X, p) be a separable metric space and 4, A, be any non-empty
closed subsets of X. We say that the sequence {4} is Wijsman J-convergent to 4, if for each € > 0 and for each x € X the set
A(x,e) = {k € N:|d(x,A;) — d(x,A)| = €} belongs to J. In this case we write J,, — limA;, = A or A, - A(Jy). We say that
the sequence {A;} is Wijsman J*-convergent to A4, if and only if there exists aset M € F(7), M = {m = (m;):m; < m;;4,i €
N} € N such that for each x € X limk_,ood(x, Amk) = d(x, A). In this case, we write J;, — limA; = A. We say that the sequence
{A,} is Wijsman J-Cauchy sequence if for each € and for each x € X, there exists a number N = N(&) such that {n €
N:|d(x,A,) —d(x,Ay)| = €} € 7. We say that the sequence {4} is Wijsman J*-Cauchy sequence if there exists a set M €
F@), M ={m=(m;):m; <m;,q1,i € N} N such that the subsequence A = {Amk} is Wijsman Cauchy in X that is,

limy o0 |d(x, Amk) —d (x, Amp)| = 0. The double sequence {4y; } is Wijsman convergent to 4 if
P - k,l,-iglood(x’Akf) =d(x,A) or k,ljiglood(x’Ak/) =d(x,A)

for each x € X. In this case we write W, — lim4,; = A.
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3 Main Results

Throughout the paper, we let (X, p) be a separable metric space, 7, € 2N*N he a strongly admissible ideal and A, Ay be any
non-empty closed subsets of X.

Definition 3.1 We say that a double sequence of sets {A; } is Jy,-convergent to 4, if for every x € X and for every ¢ > 0,
{(k,j) € N X N:|d(x,Ay;) — d(x,A)| = e} € 7.
In this case we write Iy, — klim d(x,Ay;) = d(x, A).
,J >0
Definition 3.2 We say that the double sequence of sets {A;} is Jy,-convergent to 4, if there exists a set M, € F(J,) (i.e,
N X N\M, = H € J,) such that for every x € X

klim d(x, Agj) = d(x, A).
(k,J)EM,

In this case we write Ty, — klim d(x,Ayj) = d(x, A).
,J =00

Theorem 3.1 f]ﬁ,z-convergence implies Jy, -convergence for double sequence of sets.

Proof. Since Ty, — klim d(x,Ay;) = d(x,A), so there exists a set M, € F(J) (i.e., N X N\M, = H € J) such that for each
J >

x€X

kl_im d(x,Ayj) = d(x,A).
(k,J)EM,

Let £ > 0. Then there exists ko € N such that for each x € X, |d(x, Ay;) — d(x,A)| < & for all (k,j) € M, and k,j = k. Then
foreach e > 0 and x € X, we have

T(e,x) = {(k,j) € NXN: |d(x, 4y ) — d(x,A)| = ¢}
CHUMW,Nn(({1,2,...,(kg— 1D} xN)U(NX{1,2,...,(kg — D).

Since

HUM;n (({1,2,...,(kg = D}IXN)U (N X {1,2,...,(kg — 1)}))) €7y,
so we have T(g,x) € J,. Hence, Iy, — kl_im d(x,A;) =d(x,A) .

,Jj >0

Theorem 3.2 If the ideal J, has the property (AP2), then Jy,-convergence implies 7§‘V2—convergence for double sequence of
sets.

Proof. Suppose that 7, satisfies property (AP2). Let 7y, — kl_im d(x,Ay;) = d(x,A). Then
J 0

T(e,x) =T, ={(k,j) € Nx N:|d(x,Ay; ) — d(x,A)| = €} € 7, (1)
for each € > 0 and for each x € X. Put
Ty =T(L,x) = {(k,j) € NX N:|d(x,4s; ) — d(x,A)| = 1}

and
T, = T(k,x) = {(k,j) € N x N:% < |d(x, Ay;) — d(x, 4)| < ﬁ}

fork = 2 and k € N. Obviously, T; N T; = @ for i # j and T; € J, for each i € N. By property (AP2) there exits a sequence of
sets {Vi }ren such that T; AV; is included in finite union of rows and columns in N X N for each j and V = U}”:l V; € J,. We shall
prove that for M, = N X N\V we have

kljm d(x,Ag;) = d(x, A).
,] —00

(kj)EM,
Letn > 0 be given. Choose k € N such that% <1 .Then

k

{(k,j) € N x N:|d(x, 4y ) — d(x, 4)| = n} < U T.
j=1

Since, T}AV} ,Jj = 1,2,...are included in finite union of rows and columns, there exists ny € N such that

(U2 T) {0 )ik 2 ng Aj 2 no} = (Uf—y V) n{(k, ):k = ng Aj = m}. (2)
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If k,j > ng and (k,j) € V, then (k,j) € Uj-‘=1 Vi and (k,)) € U;‘zl T;. This implies that |d(x,Akj) —d(x,4)| < % < 1. Hence,
we have

klim d(x, A;) = d(x, A).
,Jj =00
(k,j)EM;

Definition 3.3 We say that the double sequence {4y; } is Wijsman Cauchy, if for each € > 0 and for each x € X, there is positive
integers (p, q@) such that for all (im,n) > (p, q) we have

|d(x, A ) — d(x, A )| < &

Definition 3.4 We say that the double set sequence {Ay; } is J,-Cauchy sequence in Pringsheim’s sense if for every x € X and for
every € > 0, there exists (p, q) in N X N such that

{(k,j) € N X N:|d(x,A) — d(x, Ayg)| = €} € ;.
Theorem 3.3 A double sequence of sets {4, } if Jy,-convergent then it is 7, -Cauchy.
Proof. Let Jy,, — limA; = A. Then for each € > 0 and for each x € X, we have
A(x,€) = {(k,j) € Nx N: |d(x, Ay ) — d(x,4)| = €} € 9.
Since 7, is a strongly admissible ideal, there exists an p, q € N such that (p, q) & A(x, €). Let
B(x,&) = {(k,j) e Nx N:|d(x, 4y ) — d(x, Ay, )| = 2¢}.
Taking into account the inequality
4, Ay) — Ay )| < d(x Ay) — o, )] + |d(x, Ayq) — A, DD
we observe that if (k, j) € B(x, €) then |d(x, Ay; ) — d(x, A)| + |d(x, Ay ) — d(x, A)| = 2e.
On the other hand, since (k, j) & A(x, ) we have |d(x,4,,) —d(x,A)| < e
Here we conclude that
|d(x, Ay ) —d(x, A)| = ¢,
hence (k,j) € A(x, ). Observe that
B(x, &) c A(x,e) €7,
for each £ > 0 and for each x € X. This gives that B(x, €) € J, that is {Akj} is Wijsman J,-Cauchy double sequence.

Definition 3.5 We say that the double sequence of sets {Ay; } is Jy,-Cauchy, if there exists a set M, € F(J) (i.e, N X N\M, =
H € J,) such that for every x € X and (k,j), (p,q) € M,

oA 1dGe,Ayy) = dCe,Ayg)| = 0.

Theorem 3.4 A double sequence of sets {4, } if Ty, -Cauchy then it is 7y, -Cauchy.

Proof. Let {Akj} is Wijsman Jyy,, -Cauchy sequence then by the definition, there exits a set M, € F(J;) (i.e.,, N X N\M, = H € J,)
such that for each € > 0 and for each x € X,

|d(x, 4y ) — d(x, Apg)| <&,
forall (k,j),(p,q) € M3, k,j,p,q > N = N(x,¢) and N € N. Then, for each ¢ > 0 and x € X, we have
A(e,x) = {(k,j) e Nx N:|d(x, Ay ) — d(x, 4y )| = €}
CHUM;n(({1,2,....,(N—1D}xN)UNXx{1,2,...,(N=1D}H).
Since
HUM;n(({1,2,....,(IN—=D}xN)U(Nx{1,2,...,(N —1)}))) €7,
so we have A(g, x) € ;. Hence, {Ay; } is Jy,-Cauchy double sequence.
Theorem 3.5 A double sequence of sets {A; } if Ty, -convergent, then it is 7y, -Cauchy.
Proof. Let Iy, — k!}iglwd(x,Akj) = d(x, A), so there exists a set M, € F(J,) (i.e., N X N\M, = H € J,) such that foreach x € X
k!iglm d(x, Ay;) = d(x, A).
(k.j)EM;

Let € > 0. Then there exists ky € N such that for each x € X,

&
dCx,Ayy) —d(x Al < 5
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forall (k,j) € M, and k,j = ky. Then for each € > 0 and x € X, we have

0 i) — Ay )| < [, Ay ) — e, )] + (3, Ay ) — L, )

<€+€_
) 2—8.

Therefore, for each x € X and (k, j), (p,q) € M, we have

k}j’l;gl_mm(x, Ayj) —d(x,A,g)] = 0.

Hence, {Akj} is .‘]f’,‘VZ—Cauchy double sequence and so by Theorem 3.4 {Ak]-} is Jy,,-Cauchy double sequence.
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