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Abstract. Boos, Leiger and Zeller [1,2] defined the concept of e-conver-
gence. In this paper we introduce the concepts of e-limit superior and inferior for
real double sequences and prove some fundamental properties of e-limit superior
and inferior. In addition to these results we define e-core for double sequences.
Also, we show that that if A is a nonnegative Ce-regular matrix then the e-core of
Az is contained in e-core of x, provided that Ax exists.

1. Introduction
By €2, we denote the set of all complex valued double sequences, i.e.,
Q= {2 = (Zmn) : Tmn € C for all m,n € N},

which is a vector space with co-ordinatewise addition and scalar multiplica-
tion of double sequences, where N and C denote the set of positive integers
and the complex field, respectively. Any vector subspace of ) is called a

double sequence space. The space M, of all bounded double sequences is
defined by

My ={& = (@mn) € Q: [l = Sup_|wmn| < 00}

m,neN

which is a Banach space with the norm || -| .. Consider the sequence
T = (Tmn) € Q. If for every € > 0 there exists ng = no(e) € N such that
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e-CORE OF DOUBLE SEQUENCES 237

| T — €| < € for all m,n > ng then we say that the double sequence z is con-
vergent in the Pringsheim’s sense to the limit ¢ and write P-lim,,, , ynpn = £.
By Cp,, we denote the space of all convergent double sequences in the Pring-
sheim’s sense. It is well-known that there are such sequences in the space C,
but not in the space M,. So, we may mention the space Cy, of the double
sequences which are both convergent in the Pringsheim’s sense and bounded,
ie., Cpp = Cp N M,,. Moricz [8] proved that Cy), is a Banach space with the
norm || - ||... By Cbpo, we denote the space of double sequences which are
both convergent to zero in the Pringsheim’s sense and bounded.

Boos, Legier and Zeller [1,2] introduced and investigated the notion of e-
convergence of double sequences, which is essentially weaker than the Pring-
sheim convergence. Zeltser [16] characterized SM-methods (see [12,14]) map-
ping bounded or convergent sequences into e-, be- or c-convergent double se-
quences, as well as 4-dimensional matrices being conservative with respect
to the one of these notions of convergence. A double sequence x = (xg;) €
is said to be e-convergent to a number a if

Ve>0dly eN, Vlzlo, dkeN > szgkl:]azkl—a!<€.

The space of all double sequences converging in this way is denoted by C,.
More precisely,

Ce;:{x:(mkl)eQ]HaE(C, VE>OE|ZOEN7 \V/lgl()a

dk €N Bszk‘l = ]mkl—a]<5}
:{x:(mkl)EQEIaE(C: lilrn@|azkl—a|20}.

The subspace
Che = {CE € Ce |Vl eN: (xkl)k S loo}
of Ce, where [, is the space of all bounded sequences.

DEFINITION 1.1 [16]. A real double sequence x = (zy;) is said to be e-
bounded if lim; limy, |z4;| < co. That is, a real double sequence x = (zg;) is
said to be e-bounded if there exists M > 0 such that

dly € N, Vlzlo, dk; €N Bszkl = ‘l‘kl‘<M.

Patterson [11] gave the definition of subsequence, the Pringsheim limit
inferior and limit superior of double sequences.

DEFINITION 1.2 [11]. Let = (x;) be a double sequence of real numbers
and for each n, let ay, = sup, {zy; : k,l = n}. The Pringsheim limit superior
of x is defined as follows:
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238 Y. SEVER and O. TALO

(i) if oy, = 400 for each n, then P-limsup z := +oo;

(ii) if o, < +o0 for some n, then P-limsup z := inf, {a, }.

Similarly, let 8, = inf,{xg; : k,I = n}. Then the Pringsheim limit infe-
rior of © = (xy;) is defined as follows:

(i) if B, = —oo for each n, then P-liminfz := —oc;

(ii) if 5, > —oo for some n, then P-liminf x := sup, {5}

DEFINITION 1.3. A number « is called an e-limit point of the double
sequence = = (xy;) provided that there exists a subsequence y = (yg;) of
x = (zp) that has e-limit a: e-limy yp = a.

ExXAMPLE 1.4. The following is an example of x = (xg;) which is e-
convergent; however, x is not P-convergent. Define

k, k=1,
=<1, k<l
0, k>1L

Then, it is easy to see that e-limy; xy; = 0, whereas P-limyg; x; does not
exist.

Let A be the space of double sequences, converging with respect to some
linear convergence rule v-lim : A — C. The sum of a double series ZZ ; Tij
with respect to this rule is defined by v- Zij Tij = v- limm:n oy Z;L:1 Tij.
Let A\, o be two spaces of double sequences, converging with respect to the
linear convergence rules v1-1lim and vs-lim, respectively, and let A = (amnki)
also be a four dimensional matrix of complex numbers. Define the set

(1.1)

)\Szz) = {(a:kz) €N Ax = <U2 — Z amnklwkl> exists and Az € /\}.
k.l m,neN

Then, we say, with the notation of (1.1), that A maps the space A into the

space  if u C )\sz) and denote the set of all four dimensional matrices, map-

ping the space \ into the space p, by (A : u). It is trivial that for any matrix
A€ (N p), (@mnki)y, e 18 in the B(vg)-dual M3(v2) of the space X for all m, n
€ N. An infinite matrix A is said to be C,-conservative if C, C (Cy) 4. For
more details on double sequences, 3-dimensional and 4-dimensional matrices,
we refer to [6,13,15-18].

We refer the reader to [16] for the basic terminology. Denote by w the
vector space of all number sequences

<p::{:r€w:ElkoeNVk:>k:0:xk:0}.
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¢-CORE OF DOUBLE SEQUENCES 239

We write e (k,1 € N) for the double sequence with

Mo {1, if (k1) = (i,5),

et
7 .
/ 0, otherwise.

Let

e:Zekl, el:zekl (leN) and ek:Zekl (ke N)
!

k.l k

and ® =span{e" : k,1 € N}, that is, ®:={z € Q: JkgeN: k >k or
lzko =>$kl=0}.

THEOREM 1.5 [16, p. 106]. A 3-dimensional matriz B = (bynk) maps w
into Ce if and only if the following conditions hold:
(i) 5™ = (b)), € @ for every m;n € N,
(ii) for every k € N, the limit by, := e-limy, 5, bk exist,
(iii) there exists N € N such that

Vn2N3IKn)eN: k>K(n) = by =0 (meN),

(iv) there exist N, K € N such that limy, by, =0 k=2 K, n = N.
Under these circumstances, b:= (by) € ¢ and e-limy,, [Bz],,, = Zibyzk
(z € w).

THEOREM 1.6 [16, p. 110]. (a) A 4-dimensional matric A = (amnki) is
Co-conservative if and only if the following conditions hold:
(i) almm) = (@mnkt)y € ® for every m,n € N,
(ii) for every ly € N, the matriz (amnkl)m,n,k maps w into Ce,
(i) the limit v == e-1liMy, 5 Y 1 Gmnkl €TSS,
(iv) there exists ng € N such that

L(n)
VYn =ng IL(n) eN: o™ = Z a™mm™el (meN),
=1

(v) there exists L, N € N such that 1 =2 L, n 2 N = lim,, Gynk; = 0
(k € N),
(vi) there exists N' € N and m,, such that

sup E |@mnkl| < 00.
nZN' g
m2my,
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Under these circumstances, a = (ag;) = (e-limyy, p amprr) € ©, and

e- hrn [Ax],, z apITr + (U — Z akl>e-lim Tmn (€ Co).

kl

(b) A = (@mnki) is Ce-regular if and only if the conditions; (i)—(vi) hold
with ag; = 0 (k,l € N) and v = 1.

By using the definitions of Pringsheim limit inferior, limit superior and
the Pringsheim core of a double sequence with the notion of the regular-
ity of four dimensional matrices, Patterson [11] gave some results on core
of double sequences. Mursaleen [9], Mursaleen and Edely [10] defined the
almost strong regularity of matrices for double sequences, applied these ma-
trices to establish a core theorem, introduced the M-core for double se-
quences, and determined those four dimensional matrices transforming ev-
ery bounded double sequence x = (xy;) into one whose core is a subset of
the M-core of x. Recently, Cakan and Altay [4] investigated statistical core
for double sequences and studied an inequality related to the statistical and
P-cores of bounded double sequences. Gokhan, Colak and Mursaleen [5] gen-
eralized the Pringsheim core for bounded double sequences and gave some
core theorems via matrix classes. Cakan, Altay and Mursaleen [3] intro-
duced o-convergence of a double sequence and defined the o-core for double
sequences and determined a class of four-dimensional matrices such that
P-core(Azx) C o-core(z) for all x € M,,. Kumar [7] defined Z-limit inferior,
Z-limit superior and Z-core for real double sequences.

In this paper we introduce the concepts of e-limit superior and inferior
for real double sequences and prove some fundamental properties of e-limit
superior and inferior. In addition to these results we define e-core for double
sequences. Also, we show that if A is a nonnegative Co-regular matrix then
the e-core of Az is contained in the e-core of x, provided that Az exists.

2. Main result

DEFINITION 2.1. Let = = (zy;) be a double sequence of real numbers.
e-limit superior of z = (x;) is defined by

inf B,, By # 0,

e-limsupzx := )
0, otherwise.

and e-limit inferior of = (zy) is defined by

.. sup Ay, Az #0,
e-liminfx =

—00, otherwise,
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where

Ay:={a€R:3peN, Vizly, Ik eNOVE 2k : xjy > a}
and

By:={beR:3lheN,Vizly, Ik eN>Vk =k : zp <b}.

Clearly, if a real double sequence = = (xy;) is e-bounded, then A, # ()
and B, # (). Therefore e-liminf z and e-lim sup z are both finite numbers.

THEOREM 2.2. Let x = (zx;) be a double sequence of real numbers. If
u = e-limsupx is finite, then for every e >0 3y e N, VI =1y, dk; €N >
VkZ2k = o <u+te.

PROOF. Let e-limsupx = u. Then u = inf B,. By the definition of infi-
mum, given € > 0, there exists u. € B, such that u. < u+e. Since u. € B,
and taking into consideration the definition of the set B,, 3lp € N, VI = Iy,
Jk e N>VE 2k we get xp < ue. Therefore, for every ¢ >0 3y € N,
Vi=1lp, 3k € N 2VEk = k; we obtain that z; <u+e. O

The proof of the following theorem is the same as above and so we omit it.

THEOREM 2.3. Let x = (zy;) be a double sequence of real numbers.
If e-liminfxz = v is finite, then given € >0, lg e N, VI =1y, Ik € N
Bszk‘l = Tk >V —E.

The proof of the following lemma is the same as the proof for convergence
in Pringsheim sense and so we omit it.

LEMMA 2.4. For any real-valued double sequence x, e-limsup(—x) =
—(e-liminf )

THEOREM 2.5. For any real-valued double sequence x, e-liminfz <
e-limsup x.

PROOF. If e-limsupx = —oo, then we have B, = R and A, = (). This
implies that e-liminf x = —oo. If e-limsup x = oo, then we have nothing to
prove. Assume that e-limsup z is finite. Let a € A, and b € B,. Thus, we
can find xy; such that a < xp; < b. That is, any member of B, is greater
than all members of A,. This completes the proof. [

THEOREM 2.6. For any real-valued double sequence ,

e-limsupx = e-liminfax = ¢ if and only if e-limx = /.
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PROOF. Let e-limz = ¢. Then for any € > 0, dlp e N, VI = [y, Ik; € N
SVEk 2k

€—€<{L'kl<€+€,
which implies that ¢ + ¢ € B, and £ — e € A,. Thus we obtain
(2.1) ¢ —e<eliminfz =sup A, <e-limsupx =inf B, </ +e.

Since ¢ is arbitrary, e-limsup x = e-liminf z = ¢ holds.

On the other hand, let e-limsupz = e-liminfx = ¢. So, for any € > 0
FheN, Vizl, 3kkeN3VEZ2k = ap <l+e and Flp €N, VI 2 o,
dkeN3VE z ki = xp >0 —¢. Let £y = max{ﬁl,ég}. Then V1 ; lo, Ak
eENSVE 2k weget ¢ —e < xyy <+ ¢, that is, |zg — £ < e. This means
that e-limx =/¢. [

THEOREM 2.7. If x = (z11) and y = (yg) are two e-bounded real double
sequences, then we have:

(i) e-limsup(z + y) < e-limsup x + e-limsupy,

(ii) e-liminf(x +y) = e-liminf x + e-liminf y.

PRrROOF. (i) Since x = (zy;) and y = (yr) are e-bounded real dou-
ble sequences, e-limsupz and e-limsupy are both finite. Suppose that
e-limsupx = a, e-limsupy = 8 and

Baty) ::{bG]R: dlpeN, Vizly, Ik eN aVE 2k =
Ty + Y < b}

For given € > 0,

JheN, Vizlh, dkeN sVE2k = oy <a+e/2
and

JloeN, Vizly, I eNOVE 2k = yu < B +e/2.
Let lp = max{ly,l2}. Then

Vizly, 3kieN SVEk 2k = oty <a+ S +e.
Therefore we get a + 3 + € € B(,1,)- So,

e-limsup(r +y) =inf By, = a+ B +e.
Since € is arbitrary, we obtain
e-limsup(z + y) < e-limsupx + e-limsup y.

(ii) It can be proved by the same way as above. [
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THEOREM 2.8. P-liminfz < e-liminfz < e-limsupz < P-limsup z.

PRrROOF. Let P-limsupz = «a. Since a = inf, supy ;>, Tk, given € >0
there exists n. such that

sup T < o+ €.
klZn.

Hence for all k,1 = n. we get x; < a + . Therefore | = 1y = n., Ik = n.
eN>Vk 2k = z1 < a+e. This means that o + ¢ € B,. So

e-limsupx = inf B, S a + €.

Hence ¢ is arbitrary and we obtain e-limsupz < «. Similarly, it can be
shown that P-liminfz < e-liminfz. O

ExXAMPLE 2.9. The following is an example of a sequence x = (xg;) which
has finite e-lim sup and e-lim inf; however, P-lim sup and P-liminf are not
finite. Define

(k, k=1,
—k, k=1+1,
Try =< 1, k<l+1andk+1is even,
—1, k<l+1andk+1is odd,
L0, k>l
Then, it is easy to see that A, = (—o0,—1) and B, = (1,+00). So,
e-limsupy; zr; = 1 and e-liminfy; zp = —1 but P-limsupy; x5 = +o0o and
P-lim infkl T = —OQ.

In analogy to the P-core [11], statistical core [4] and Z-core [7] we define
the e-core of double sequences as follows.

DEFINITION 2.10. For any e-bounded real double sequence x = (xy),
the e-core of z is defined as the closed interval [e-liminf z,e-lim sup z].
In case x is not e-bounded, e-core of the sequence z is defined by either
(—o0,e-limsup z|, [e-liminf z, 00) or (—o0,00). e-core(x) will denote e-core
of the sequence x = ().

From Theorem 2.8, it is clear that e-core(z) C P-core(x), for any real
double sequence .

THEOREM 2.11. Let x = (zy1),y = (yx1) be e-bounded double sequences.
If e-limy |z — yr| = 0, then e-core(x) = e-core(y).
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PROOF. Suppose that e-limsupz = «, e-limsupy = 8 and e- limy; |z —
ygi| = 0. Then, for each € > 0

L eN, Vizl, dkkeNaVEkZk = yu —¢/2 <xp <y +€/2,
JlaeN, Vi2ly, I eNoOVE2k = yuy < B +¢/2
and
Jlz eN, Vi3, Ik e NoVE2k = ap < a+e/2.
Let lp = max{ly,l2,l3}. Then
Vizly, dkeN sVk 2k = oy <B+e
and

ViZly, dkieN aVEk 2k = yuy < a+e.

Therefore we get f+¢c € By and a+¢ € By. So, o« =inf B, < f+¢ and
B =inf By, < o +¢. Since ¢ is arbitrary, we obtain a <  and 8 =< . This
means that a = 5. Similarly, it can be shown that e-liminf z = e-liminf y.
Therefore, e-core(x) = e-core(y). O

THEOREM 2.12. Let A be a 4-dimensional Ce-reqular matrix with posi-
tive real entries. Then,

(2.2) e-limsup Az < e-limsupx
for all real-valued bounded double sequences x = ().

PROOF. Let = = (xg;) be a double bounded sequence and let A be
a Ce-regular summability matrix. We need to show that e-limsup(Ax)
< e-limsupz. Suppose that e-limsupxz =¢. So, for any e >0 3P, € N,
ViZzP,3dkeNaVkZ2k = oy <l +e.

00,00 0o 00
Z AmnklThl = Z Z Akl Tkl

k=11 =Py k=k
oo k=k—1 I=P—1 oo
+ Z E ikl Tl + g Z Arnki Tkl
=P, k=1 =1 k=1
oo k=k—1 =P -1
< (l+e¢) Z Zamnkﬂr”ﬂﬁﬂ E E: amnkt + [|2] Z Zam”kl
1=P, k=k =P k=1 =1 k=1
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Taking into account the condition of e-regularity and taking e-limsup of
both side, we get

e-limsup Az < +e.
Since ¢ is arbitrary, we have (2.2). O
From Theorem 2.12 and Lemma 2.4 we obtain the following result.

COROLLARY 2.13. Let A be a 4-dimensional Co-reqular matriz with pos-
itive real entries. Then,

e-core(Ax) C e-core(x)
for all real-valued bounded double sequences x = (k).
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