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1 Introduction

By Q, we denote the set of all real or complex valued double sequences, i.e.,
Q={r = (Tmn) : Tmn € C for all m,n € N},

which is a vector space with co-ordinatewise addition and scalar multiplication
of double sequences, where N and C denote the set of positive integers and the
complex field, respectively. Any vector subspace of (2 is called as a double sequence
space. The space M, of all bounded double sequences is defined by

M, = {x = (Tmn) €Q ¢ ||Z|loo = SUP |Tmn| < oo}

m,neN
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which is a Banach space with the norm || - ||oo. Consider the sequence x = () €
0. If for every € > 0 there exists ng = no(e) € N and ¢ € C such that

|Timn — 4] < €

for all m,n > ng then we call that the double sequence z is convergent in the
Pringsheim’s sense to the limit ¢ and write lim,, », Tpmn = £. By Cp, we denote the
space of all convergent double sequences in the Pringsheim’s sense. It is well-known
that there are such sequences in the space C,, but not in the space M,, (for example,
2 = (xy;) defined by xg; =1 if k = 1, otherwise z;, = 0). So, we may mention the
space Cp, of the double sequences which are both convergent in the Pringsheim’s
sense and bounded, i.e., Cppy = C, N M,. By Cppo, we denote the space of the
double sequences which are both convergent to zero in the Pringsheim’s sense and
bounded. Type of convergence of double sequence is more than one, so we denote
convergence by v-convergence for v € {p, bp}.

Let X be the space of double sequences, converging with respect to some linear
convergence rule v—lim : X — C. The sum of a double series Zi, ; Tij with respect
to this rule is defined by v—37,. 2;; = v—limy, , Dy Z;-L:l z;j. Let X, Y be two
spaces of double sequences, converging with respect to the linear convergence rules
v1 — lim and ve — lim, respectively, and A = (amnk) also be a four dimensional
matrix of real or complex numbers. Define the set

XX’Z) =cqx=(ap) €N: Ax =vg — Zamnklackl exists and Az € X . (1.1)
k.l

B(v)—dual X#(*) with respect to the v—convergence for v € {p,bp} of a double
sequence space X is defined by

XPW =L (ay) € Qv — Zaijxij exists for all (z;;) € X

]

Then, we say, with the notation of , that A maps the space X into the
space Y if Y C XI(L\UZ) and denote the set of all four-dimensional matrices, mapping
the space X into the space Y, by (X : Y). It is trivial that for any matrix
A e (X :Y), (amnki)kien is in the B(vg)—dual XB2) of the space X for all
m,n € N. An infinite matrix A is said to be C,-conservative if C,, C (C,)a.

For more details on double sequences and 4-dimensional matrices, we refer to
2,18, [9, 10}, [T, [12).

A matrix A is said to be RH-regular if it maps every bounded convergent
sequence into a convergent sequence with the same limit.

Lemma 1.1 ([2, ®]). The necessary and sufficient conditions for A to be RH-
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regular are

lim amngr = 0, for each k,1 € N,

00,00

lim E Amnkl = 1,
m,n
k,l

m,n

1imz |@mnki] =0 for each l € N,
k

limz |@mnki| =0 for each k € N,
777’ l

00,00

g |@mnki] is convergence
kel

and

there exist positive numbers B and C such that Z |@mnki| < B.
kl>C

By using the definitions of limit inferior, limit superior, Patterson [5] intro-
duced the core of a double sequence with the notion of the regularity of four
dimensional matrices and in [6] proved an invariant core theorem. Mursaleen [3]
and Mursaleen and Edely [4] defined the almost strong regularity of matrices for
double sequences and apply these matrices to establish a core theorem and in-
troduced the M-core for double sequences and determined those four dimensional
matrices transforming every bounded double sequence x = (z,;) into one whose
core is a subset of the M-core of x. Cakan and Altay [I] investigated statistical
core for double sequences and studied an inequality related to the statistical and
P-core of bounded double sequences.

In 1981, Rath and Tripathy [7] presented some classes of regular matrices
such that every bounded sequence is limitable by some member of each class of
ordinary conservative matrices using ordinary sequences. The goal of this paper
is to present multidimensional analogues of their results.

2 Main Results

For each a € I such that I = [0, 1] we denote by Q2(«a) the class of RH-regular
matrices A = (amnk) With real entry such that a,,nk > 0 for all m,n, k, 1 € N and
in addition, for each m,n € N, there are k,[ € N such that a,,,1; = « and also for
each k,l € N, there are m,n € N such that a,,,x = a.

Theorem 2.1. Let © = (zy;) any bounded double sequence. For every a € [0, %}
and A € I, there is A € Q2(a) limiting x = (zk1) to the value Aa + (1 — A)b,
where L(x) = limsupy; zx;, [(z) = liminfg zp, a = al(z) + (1 — @)l(z) and

b=oal(z)+ (1 —a)L(z).
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Proof. We have
Aa+ (1=Nb=cl(z)+ (1 —c)L(z),

where ¢ = A\+a —2Xa € I. A null double sequence ex; can be found that for every
k,l €N,

l(z) —ep < xp < L(x) + e
and so we write
T = e (l(x) — epr) + A (L(x) + €r),

where pig; > 0, Mg > 0 and pg; + A = 1 for each k,I. Writing ag; = ¢ — aug and
Bri =1 — ¢ — alg, we see that

0<apy<l—aand By =1—a—a >0.

Let (px,q) and (rg,s;) be increasing double sequences of integers such that
(pr,a) # (k, 1), (pr, @) # (g, s1) and (rg, s;) # (k,1) for each k,l € N and

llicr’?mpkyqz = l(l’), llicr’?‘r?”k,sl = L(l’)
Define A € Q2(«) by

a , (myn)=(k]I)
a5 (myn) = (pr,q)

Aklmn =
M Brr 5 (m,n) = (%, 1)
0 , otherwise.
Then
> aktmn@mn = apu(l(x) = ex) + el (L(@) + 1) + apil(z)
m,n=1,1

+BrL(z) + ari(Tp,.q — U)) + Bri(wr, s, — L(x))
= cl(x) + (1 — C)L(.’E) — €k + ERIQAE]
+ani(Tp,,q — 1(2)) + Bri(@ry,,s) — L(T).

We take limit for &k, — oo, then we obtain
Az — d(z) + (1 — ¢)L(z)
which is desired. O

Theorem 2.2. If o € I and © = (xx;) € M, which is limitable by a matriz
A € Q2(a), then a < lim,, », Apnx < b; where a,b are defined as Theorem n
above.
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Proof. If &« =0, a = I(z) and b = L(x) the conclusion follows from [5, Theorem
3.2]. Suppose that a > 0. Let (pr,q;) and (rg,s;) be increasing sequences of
integers such that limg; xp, 4, = l(z), limg;z,s = L(z).

For each k,l we can find integers (¢, 2), (dk, hy) such that at, ;,p,.q = o and
Gdyhyres, = 0. By the RH-regularity of A it follows that

(tg,z1) = 00, (dg,hy) — o0, Z Aty zymn — 1 — @
(m,n)#(px,q1)

as k,l — oo. For any e > 0, positive integers (my,n;) and (ki,l1) can be found
that for (m,n) > (my,n1) and (k,1) > (k1,l1), zr < L(x) + &,
Z Ot zymn < 1 — o+ €.
(m7n)7$(tkle)

Then for (k,1) > (k1,01),

00,00
§ atkzlmnxmn = azpk,ql + § atkzlmnzmn + § atkzlmnxmn
m,n=1,1 (m,n)#(pk,q1) (m,n)#(pk,q)
m<miUn<ni (m,n)>(my,n1)
< axpka‘]t + Z a’tkzlmnxmn

(m,n);ﬁ(pk 7ql)

m<miuUn<ni

+ Z Aty zymnTmn + [L(2) +€](1 —a+¢).

(m,n)#(px.q1)
(m,n)>(m1i,n1)

If we take limit k£, — oo then we obtain

lligr?(Am)kl <al(z)+ (1 — a)L(x).

)

Proceeding with (7, s;), (dg, hy) in place of (pk, q1), (tk, z1), we can similarly show
that

llicr,?(Ax)kl > aL(z) + (1 — a)l(z).

O

Theorem 2.3. If a > % and A € Qz2(a), then A cannot limit any bounded

divergent double sequence.

Proof. Suppose that A limits bounded real double sequence z = (zy;). Let
lim infy, ; x5 and lim Supy, ; Tl be equal to [ and L, respectively. In view of Theo-

rem [2.2] we have
al+(1-a)l<al+(1-a)L
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that is,
(2a—1)L < (2a — 1)1

and the conclusion immediately follows. O
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