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İnönü University, 44280 Malatya, Türkiye
e-mail : bilal.altay@inonu.edu.tr

Abstract : In 1981, Rath and Tripathy presented some classes of regular matrices
such that every bounded sequence is limitable by some member of each class of
ordinary conservative matrices using ordinary sequences. The goal of this paper
is to present multidimensional analogues of their results.

Keywords : Double sequence; regular matrix; matrix class.
2010 Mathematics Subject Classification : 40B05; 40C05.

1 Introduction

By Ω, we denote the set of all real or complex valued double sequences, i.e.,

Ω = {x = (xmn) : xmn ∈ C for all m,n ∈ N} ,

which is a vector space with co-ordinatewise addition and scalar multiplication
of double sequences, where N and C denote the set of positive integers and the
complex field, respectively. Any vector subspace of Ω is called as a double sequence
space. The space Mu of all bounded double sequences is defined by

Mu =

{
x = (xmn) ∈ Ω : ‖x‖∞ = sup

m,n∈N
|xmn| <∞

}
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which is a Banach space with the norm ‖ ·‖∞. Consider the sequence x = (xmn) ∈
Ω. If for every ε > 0 there exists n0 = n0(ε) ∈ N and ` ∈ C such that

|xmn − `| < ε

for all m,n > n0 then we call that the double sequence x is convergent in the
Pringsheim’s sense to the limit ` and write limm,n xmn = `. By Cp, we denote the
space of all convergent double sequences in the Pringsheim’s sense. It is well-known
that there are such sequences in the space Cp but not in the spaceMu (for example,
x = (xkl) defined by xkl = l if k = 1, otherwise xkl = 0). So, we may mention the
space Cbp of the double sequences which are both convergent in the Pringsheim’s
sense and bounded, i.e., Cbp = Cp ∩ Mu. By Cbp0, we denote the space of the
double sequences which are both convergent to zero in the Pringsheim’s sense and
bounded. Type of convergence of double sequence is more than one, so we denote
convergence by υ-convergence for υ ∈ {p, bp}.

Let X be the space of double sequences, converging with respect to some linear
convergence rule υ−lim : X → C. The sum of a double series

∑
i,j xij with respect

to this rule is defined by υ−
∑
ij xij = υ− limm,n

∑m
i=1

∑n
j=1 xij . Let X, Y be two

spaces of double sequences, converging with respect to the linear convergence rules
υ1 − lim and υ2 − lim, respectively, and A = (amnkl) also be a four dimensional
matrix of real or complex numbers. Define the set

X
(υ2)
A =

x = (xkl) ∈ Ω : Ax = υ2 −
∑
k,l

amnklxkl exists and Ax ∈ X

 . (1.1)

β(υ)−dual Xβ(υ) with respect to the υ−convergence for υ ∈ {p, bp} of a double
sequence space X is defined by

Xβ(υ) =

(aij) ∈ Ω : υ −
∑
i,j

aijxij exists for all (xij) ∈ X


Then, we say, with the notation of (1.1), that A maps the space X into the

space Y if Y ⊂ X(υ2)
A and denote the set of all four-dimensional matrices, mapping

the space X into the space Y , by (X : Y ). It is trivial that for any matrix
A ∈ (X : Y ), (amnkl)k,l∈N is in the β(υ2)−dual Xβ(υ2) of the space X for all
m,n ∈ N. An infinite matrix A is said to be Cυ-conservative if Cυ ⊂ (Cv)A.

For more details on double sequences and 4-dimensional matrices, we refer to
[2, 8, 9, 10, 11, 12].

A matrix A is said to be RH-regular if it maps every bounded convergent
sequence into a convergent sequence with the same limit.

Lemma 1.1 ([2, 8]). The necessary and sufficient conditions for A to be RH-



On Some Classes of four Dimensional Regular Matrices 15

regular are

lim
m,n

amnkl = 0, for each k, l ∈ N,

lim
m,n

∞,∞∑
k,l

amnkl = 1,

lim
m,n

∞∑
k

|amnkl| = 0 for each l ∈ N,

lim
m,n

∞∑
l

|amnkl| = 0 for each k ∈ N,

∞,∞∑
k,l

|amnkl| is convergence

and

there exist positive numbers B and C such that
∑
k,l>C

|amnkl| < B.

By using the definitions of limit inferior, limit superior, Patterson [5] intro-
duced the core of a double sequence with the notion of the regularity of four
dimensional matrices and in [6] proved an invariant core theorem. Mursaleen [3]
and Mursaleen and Edely [4] defined the almost strong regularity of matrices for
double sequences and apply these matrices to establish a core theorem and in-
troduced the M -core for double sequences and determined those four dimensional
matrices transforming every bounded double sequence x = (xjk) into one whose
core is a subset of the M -core of x. Çakan and Altay [1] investigated statistical
core for double sequences and studied an inequality related to the statistical and
P -core of bounded double sequences.

In 1981, Rath and Tripathy [7] presented some classes of regular matrices
such that every bounded sequence is limitable by some member of each class of
ordinary conservative matrices using ordinary sequences. The goal of this paper
is to present multidimensional analogues of their results.

2 Main Results

For each α ∈ I such that I = [0, 1] we denote by Q2(α) the class of RH-regular
matrices A = (amnkl) with real entry such that amnkl ≥ 0 for all m,n, k, l ∈ N and
in addition, for each m,n ∈ N, there are k, l ∈ N such that amnkl = α and also for
each k, l ∈ N, there are m,n ∈ N such that amnkl = α.

Theorem 2.1. Let x = (xkl) any bounded double sequence. For every α ∈ [0, 12 ]
and λ ∈ I, there is A ∈ Q2(α) limiting x = (xkl) to the value λa + (1 − λ)b,
where L(x) = lim supkl xkl, l(x) = lim infkl xkl, a = αL(x) + (1 − α)l(x) and
b = αl(x) + (1− α)L(x).
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Proof. We have

λa+ (1− λ)b = cl(x) + (1− c)L(x),

where c = λ+α−2λα ∈ I. A null double sequence εkl can be found that for every
k, l ∈ N,

l(x)− εkl ≤ xkl ≤ L(x) + εkl

and so we write

xkl = µkl(l(x)− εkl) + λkl(L(x) + εkl),

where µkl ≥ 0, λkl ≥ 0 and µkl + λkl = 1 for each k, l. Writing αkl = c−αµkl and
βkl = 1− c− αλkl, we see that

0 ≤ αkl ≤ 1− α and βkl = 1− α− αkl ≥ 0.

Let (pk, ql) and (rk, sl) be increasing double sequences of integers such that
(pk, ql) 6= (k, l), (pk, ql) 6= (rk, sl) and (rk, sl) 6= (k, l) for each k, l ∈ N and

lim
k,l

xpk,ql = l(x), lim
k,l

xrk,sl = L(x).

Define A ∈ Q2(α) by

aklmn =


α , (m,n) = (k, l)

αkl , (m,n) = (pk, ql)
βkl , (m,n) = (rk, sl)

0 , otherwise.

Then

∞,∞∑
m,n=1,1

aklmnxmn = αµkl(l(x)− εkl) + αλkl(L(x) + εkl) + αkll(x)

+βklL(x) + αkl(xpk,ql − l(x)) + βkl(xrk,sl − L(x))

= cl(x) + (1− c)L(x)− εklαµkl + εklαλkl

+αkl(xpk,ql − l(x)) + βkl(xrk,sl − L(x).

We take limit for k, l→∞, then we obtain

Ax→ cl(x) + (1− c)L(x)

which is desired.

Theorem 2.2. If α ∈ I and x = (xkl) ∈ Mu which is limitable by a matrix
A ∈ Q2(α), then a ≤ limm,nAmnx ≤ b; where a, b are defined as Theorem 2.1 in
above.
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Proof. If α = 0, a = l(x) and b = L(x) the conclusion follows from [5, Theorem
3.2]. Suppose that α > 0. Let (pk, ql) and (rk, sl) be increasing sequences of
integers such that limk,l xpkql = l(x), limk,l xrksl = L(x).

For each k, l we can find integers (tk, zl), (dk, hl) such that atkzlpkql = α and
adkhlrksl = α. By the RH-regularity of A it follows that

(tk, zl)→∞, (dk, hl)→∞,
∑

(m,n)6=(pk,ql)

atkzlmn → 1− α

as k, l −→∞. For any ε > 0, positive integers (m1, n1) and (k1, l1) can be found
that for (m,n) > (m1, n1) and (k, l) > (k1, l1), xkl < L(x) + ε,∑

(m,n)6=(tk,zl)

atkzlmn < 1− α+ ε.

Then for (k, l) > (k1, l1),

∞,∞∑
m,n=1,1

atkzlmnxmn = αxpk,ql +
∑

(m,n)6=(pk,ql)

m≤m1∪n≤n1

atkzlmnxmn +
∑

(m,n) 6=(pk,ql)

(m,n)>(m1,n1)

atkzlmnxmn

< αxpk,ql +
∑

(m,n)6=(pk,ql)

m≤m1∪n≤n1

atkzlmnxmn

+
∑

(m,n)6=(pk,ql)

(m,n)>(m1,n1)

atkzlmnxmn + [L(x) + ε](1− α+ ε).

If we take limit k, l −→∞ then we obtain

lim
k,l

(Ax)kl ≤ αl(x) + (1− α)L(x).

Proceeding with (rk, sl), (dk, hl) in place of (pk, ql), (tk, zl), we can similarly show
that

lim
k,l

(Ax)kl ≥ αL(x) + (1− α)l(x).

Theorem 2.3. If α > 1
2 and A ∈ Q2(α), then A cannot limit any bounded

divergent double sequence.

Proof. Suppose that A limits bounded real double sequence x = (xkl). Let
lim infk,l xkl and lim supk,l xkl be equal to l and L, respectively. In view of Theo-
rem 2.2, we have

αL+ (1− α)l ≤ αl + (1− α)L
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that is,

(2α− 1)L ≤ (2α− 1)l

and the conclusion immediately follows.
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