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ABSTRACT. In this paper, we defined concept of Wijsman Z;-Cesaro summability and investigate
the relationship between the concepts of Wijsman strongly Z>-Cesaro summability, Wijsman strongly
Ts-lacunary convergence, Wijsman p-strongly Zo-Cesaro summability and Wijsman Z»-statistical con-

vergence of double sequences of sets.

1. INTRODUCTION

The concept of convergence of sequences of real numbers R has been extended to statistical
convergence independently by Fast [10] and Schoenberg [20]. The idea of Z-convergence was introduced
by Kostyrko et al. [14] as a generalization of statistical convergence which is based on the structure
of the ideal Z of subset of the set of natural numbers N. Das et al. [6] introduced the concept of
Z-convergence of double sequences in a metric space and studied some properties of this convergence.

Freedman et al. [9] established the connection between the strongly Cesaro summable sequences
space and the strongly lacunary summable sequences space. Connor [12]| gave the relationships between
the concepts of strongly p-Cesaro convergence and statistical convergence of sequences.

The concept of convergence of sequences of numbers has been extended by several authors to
convergence of sequences of sets. The one of these such extensions considered in this paper is the
concept of Wijsman convergence (see, 2, 3, 4, 15, 24, 25|). Nuray and Rhoades [15] extended the
notion of convergence of set sequences to statistical convergence and gave some basic theorems. Ulusu
and Nuray [21] defined the Wijsman lacunary statistical convergence of sequence of sets and considered
its relation with Wijsman statistical convergence, which was defined by Nuray and Rhoades. Also,
Ulusu and Nuray [22] introduced the concept of Wijsman strongly lacunary summability of sequences
of sets.

Kisi and Nuray [13] introduced a new convergence notion, for sequences of sets, which is called
Wijsman Z-convergence by using ideal. Recently, Ulusu and Kisi [23] studied concept of Wijsman
Z-Cesaro summability for sequences of sets. Nuray et al. [17] studied the concepts of Wijsman 7y,
Z5-convergence and Wijsman Ty, Z5-Cauchy double sequences of sets. Also, Nuray et al. [16] studied
the concepts of Wijsman Cesaro summability and Wijsman lacunary convergence of double sequences

of sets and investigate the relationship between them.

2. DEFINITIONS AND NOTATIONS

Now, we recall the basic definitions and concepts (See [1, 2,5, 6,7, 8, 11, 13, 14, 16, 17, 18, 19, 23]).
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Let (X, p) be a metric space. For any point € X and any non-empty subset A of X, we define
the distance from z to A by

d(z, A) = inf p(z,q).

Throughout the paper we take (X, p) be a separable metric space and A, Ay; be non-empty
closed subsets of X.
The double sequence {Ay;} is said to be bounded if for each z € X
sup |d(x, Ag;)| < oo.
k.j
The double sequence {Ay;} is Wijsman convergent to A if
pP— k,ljiinoo d(z, Ag;) = d(z, A) or k’lj'iLHM d(z, Ag;) = d(z, A)
for each x € X. In this case, we write Wy — lim Aj; = A.
The double sequence {Ay;} is said to be Wijsman Cesaro summable to A if {d(x, Ay;)} Cesaro
summable to {d(z, A)}; that is, for each z € X,

1 m,n
gt 8 e e
k,j=1,1
In this case, we write Ag; (le) A.
The double sequence {Ay;} is said to be Wijsman strongly Cesaro summable to A if {d(z, Ax;)}

strongly Cesaro summable to {d(z, A)}; that is, for each z € X

1 m,n
li — d(xz, Ag;) — d(x, A)| = 0.
ol D W Ak~ A) =0

In this case, we write Ag; [%] A.
The double sequence {Ay;} is said to be Wijsman strongly p-Cesaro summable to A if {d(x, Ay;)}

strongly p-Cesaro summable to {d(z, A)}; that is, for each p positive real number and for each = € X,

1 m,n
li — d(z, Ay;) — d(z, A)|P = 0.
m,’rlzgloo mnkgl‘ (1"’ k]) (l’, )|

1%
In this case, we write Ay; [ﬂf} A.
The double sequence {Ay;} is Wijsman statistically convergent to A if for every € > 0 and for
each x € X,

1
lim —{k<m,j <n:l|dx,Ay) —d(z,A)| > e} =0,

m,n—o00 MMN

that is,
|d(z, Ag;) —d(z, A)| < e, a.a. (k,j).

In this case, we write sto — limyy A = A.
Let X # (. A class T of subsets of X is said to be an ideal in X provided:
)0 ez,
ii) A, B € Z implies AU B € T,
iii) A€Z, BC Aimplies B € .
7 is called a nontrivial ideal if X ¢ 7.



Let X # (). A non empty class F of subsets of X is said to be a filter in X provided:
)0 & F,
ii) A,B € F implies AN B € F,
iii) A e F, A C B implies B € F.

Lemma 2.1 ([14]). If Z is a nontrivial ideal in X, X # 0, then the class
FIO)={MCX:3Ac)(M=X\A)}
1s a filter on X, called the filter associated with L.

A nontrivial ideal Z in X is called admissible if {z} € 7 for each z € X.

Throughout the paper we take Zo as a nontrivial admissible ideal in N x N.

A nontrivial ideal Z of N x N is called strongly admissible if {i} x N and N x {i} belong to Zs
for each 7 € N.

It is evident that a strongly admissible ideal is admissible also.

The sequence {Ag} is Wijsman Z-Cesaro summable to A if for every € > 0 and for each z € X,
1 n
N:‘— d(z, A) — d ,A‘> T
{nG n; (z, Ap) — d(z, A) _5}6

C1 (I,
In this case, we write {Ax} &) 4
The sequence { Ay} is Wijsman strongly Z-Cesaro summable to A if for every € > 0 and for each
re X,

1 n
T — — > .
{nEN nkgl\d(az,Ak) d(z, A)| _s} €71

In this case, we write { A} Ol 4,

The sequences {Ax} is Wijsman p-strongly Z-Cesaro summable to A if for each € > 0, for each

p positive real number and for each x € X,
1 n
- _ P
{n eN: - Z |d(z, Ag) — d(x, A)|P > 5} eT.
k=1
BTy,

In this case, we write {Ax}

The double sequence {Ay;} is Zyy,-convergent to A, if for every ¢ > 0 and for each z € X,
{(k,j) e Nx N: |d(z, Ayj) — d(z, A)| > €} € To.

In this case, we write Zyy, — kéﬂig; d(z, Ayj) = d(x, A).

The double sequence {Ay;} is Wijsman Zy-statistical convergent to A or S (Zyy,)-convergent to
A if for every € > 0, § > 0 and for each x € X,
1
mn

{(k,j) eNxN: {k<m,j <n:ldz,Ay) —d(z, A)| > 5}‘ > (5} € Is.

In this case, we write Ay; — A (S (Zwy)) -
The double sequence 6 = {(k,, js)} is called double lacunary sequence if there exist two increasing

sequence of integers such that

ko=0, h.=k —kr_1—00 as r—ooand jo=0, hy=ju—ju_1 — 00 as u— oo.
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We use the following notations in the sequel:

kru == krj1u hru - hrﬁua Iru - {(k?7]) : kr—l <k < kr and ju—l < ] < ]u}y

K, Ju
= and @, = - .
kr—l Ju—1

The double sequence {Ay;} is said to be Wijsman strongly Zp-lacunary convergent to A or

Ny [Zy,]-convergent to A if for every € > 0 and for each z € X,

1

Ale,x) = ,u) ENX N: —
(e,z) (r,u) =

> ld(m, Agy) — d(z, A)| > € p € I,
(k,j)Elruy

In this case, we write Ag; — A (Ng [Zws,]) -

3. MAIN RESULTS

In this section, we defined concepts of Wijsman Zy-Cesaro summability, Wijsman strongly Zo-
Cesaro summability and Wijsman p-strongly Zs-Cesaro summability for double sequences of sets. Also,
we investigate the relationship between the concepts of Wijsman strongly Zs-Cesaro summability,
Wijsman strongly Zs-lacunary convergence, Wijsman p-strongly Zs-Cesaro summability and Wijsman

To-statistical convergence of double sequences of sets.

Definition 3.1. The double sequence {Ay;} is Wijsman Zs-Cesaro summable to A if for every e > 0
and for each x € X,

1

mn

(m,n) e Nx N: D d(z, Apy) —d(z, A)| > e § €T,

kj=1,1

C1(Zw,)
NG

In this case, we write {A;} A.

Definition 3.2. The double sequence {Ay;} is Wijsman strongly Io-Cesaro summable to A if for every
€ >0 and for each x € X,

1 m,n
(m,n) ENxN:— Y |d(z, Ayj) — d(z, A)| > € p € L.

mn 4
k,j=1,1

C1[Z,
In this case, we write {Ay;} 1[—>W2] A.

Theorem 3.3. Let 0 be a double lacunary sequence. If liminf, ¢, > 1,liminf, g, > 1 then,
Cq [IW ]
{4} =7

Proof. If liminf, ¢, > 1 and liminf, ¢, > 1. Then, there exist A,u > 0 such that ¢, > 1+ X and
Gu > 1+ p for all r;u > 1, which implies that

No[Zw,]
N

k@“ < 1+ NA+p) and 71437«—1]1_1 < i
hrhy — A hehy = AR
Let € > 0 and for each x € X we define the set
1 kr.ju
S = (ky,ju) e NxN: — D ld(z, Ais) — d(x, A)| < &
i,s=1,1
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1

We can easily say that S € F(Zy), which is a filter of the ideal Zy. Then, we have
= 2
Hoh . g)Env

|d(x, Agj) — d(z, A)]

kraju

S (e, A)
TG s=1,1

d(xz, A)|

1 krflzjufl
— 2 (@, Aig) —d(x, A)|
T g s=1,1
) kryju
_ krg 1
B hrﬁ' (krju ) 2

k'r‘fljufl ( 1
hrm ’ krfljufl

s=1,1

A+0) (1+4)

< ( V. ) £—

for each € X and for each (k;,j,) € S. Choose n = <

(r,u) e NxN:

7(1+/\/2,(11+#)) € — (ﬁ) ¢’. Therefore,
1
T > ld(x, Agy) — d(z, A)| <np € F(Iy)
" (kyg) €l
and it completes the proof. O
Theorem 3.4. Let 0 be a double lacunary sequence. If limsup, ¢, < oo,limsup,, ¢, < oo then,
No[Z Ci1[T
(A B Ay B AL
Proof. If limsup, ¢ < oo and limsup,, ¢, < 00, then there exists M, N > 0 such that ¢, < M and
No[Z
qu < N for all r,u > 1. Let {Ag;} G[AWQ} A and for €1,e9 > 0 define the sets T' and R such that
1
T =< (ryu) e NxN: T Z |d(z, Ag;) — d(z, A)| < &1
" (kyg)Elra
and
m,n
R= P— ) —
(m,n) ENxN: — Z |d(z, Ay;) — d(z, A)| <egyp,
k,j=1,1
for each z € X. Let

1

Ay = ——

d(xz,Ass) —d(z,A)] < e
= Yl A) —d(a. A)| <
(3,8)EIt
kr—1 <m < k, and jy,—1 < n < jy, where (r,u) € T.

for each z € X and for all (t,v) € T. It is obvious that T" € F(Z3). Choose m,n is any integer with
5



Then, for each z € X we have

m,n

= Y |d(x, Agg) — d(x, A)] <
kj—=1,1

IN

k'r 7j7J.

k'r‘fl]:jufl i 5;1 1 ’d(x7 AZS) - d({L’, A)’

1
— | X ld(@, Ais) — d(z, A)
kr—1ju-1 (i,8)€011

+ > ld(z, Ais) — d(z, A)|
(i,s)ellz

+ > ld(z, Ais) — d(z, A)|
(i,s)GIgl

+ > ld(z, Ais) — d(z, A)|
(i,s)elgz

st (s 3, oo~ )

R ey ey (hh S ld(r, Ai) - d(x,A>r>

(3,8)€I22

o et (hfhu LI ) — d A)|>

kij1 k1(j2—7j1) (k2—k1)j1
e A T s A o A

_‘_(kz’;’fl)(jrjl)A22 4o+ (kr*krfl)(ju*jufl)Am

r—1Ju—1 kT'fljufl

krju
(SuP(tvv) €T At’U) k'rfljufl

El-M-N.



€1
M-N

Choose g9 = and in view of the fact that

U {(m,n) thke—1 <m < kpyju—1 <n < Gy, (r,u) € T} C R,

where T' € F(Zy), it follows from our assumption on 6 that the set R also belongs to F'(Z2) and this
completes the proof of the theorem. O

We have the following Theorem by Theorem 3.3 and Theorem 3.4.

Theorem 3.5. Let 0 be a double lacunary sequence. If 1 < liminf, ¢, < limsup, ¢ < 00 and 1 <

liminf, ¢, < limsup, g, < oo then,

IWQ ]

C Ny [T
() L2

A s {Ay) A.

Definition 3.6. The double sequences {Ay;} is Wijsman p-strongly Zs-Cesaro summable to A if for

every € > 0, for each p positive real number and for each x € X,

1 m,n
L A P
(m,n) ENxN: — Z \d(x, Ag;) — d(z, A)|P > ¢ 3 € Ty
k,j=1,1
CplT
In this case, we write {A;} p[—>W2] A.

Theorem 3.7. If {Ay;} is Wijsman p-strongly Ir-Cesaro summable to A then, {Ay;} is Wijsman

Is-statistical convergent to A.

CplZw,] .
Proof. Let {Ag;} — = Aand € > 0 given. Then, for each z € X we have

> ld(z, Agj) — d(z, AP > > |d(z, Ak;) — d(z, A)[P
k,j=1,1 k,j=1,1
‘d(z,Ak])—d(z,A)‘Zs

> el [{k <m,j <n:ld(x,Ag;) —d(z, A)| > €}
and so
1 g (@, Aps) — 2, AP > —— [Tk <m,j <n: |d@, Ap) — d(x, A)] > )]
5p’mnkj:11 s AAkg ) = mn =m,j=n: y 41kj ) = .

So for a given § > 0 and for each x € X

1
{(m,n) ENXN:%’{kgm,j <n:ld(z,Arj) —d(z, A)| ZE}‘ 25}

1 m,n
Cq(mn) e NxN:— > |d(x,Agj) —d(z, A)P > &P -6 p € I.
mn g.i=11

S(ivg)

Therefore, {Ay} A. O

Theorem 3.8. Let {Ay;j} € Loo. If {Akj} is Wijsman Iy-statistical convergent to A then, {Ay;} is

Wigsman p-strongly Zo-Cesaro summable to A.



Tw,)

S
Proof. Suppose that {Ay;} is bounded and {A;} (—>2 A. Then, there is a M > 0 such that
d(x, Agj) — d(z, A)| < M

for each z € X and for all k,j. Then, for given € > 0 and for each x € X we have

1 m,n 1 m,n
— d(x,Ag;) —d(z, A)P = — d(x, Ag;) — d(x, A)P
2 e ) —dz A = o S e Ay) —d 4)

’d(ac,Akj)—d(x,A)‘Za

1 m,n
+ |d($7Ak‘) —d(ZL‘,A)’p
mn k,]gl,l !

|d(z,Akj)—d(z,A)‘<s

1
< —MP.|{k < i <n:ld(z, Ags) — d(x, A)| >
= o ‘{ =m,)=n ’(IE, kj) (33', )’—€|
1
+—¢P. |{k <m,j <n:|d(z,Arj) —d(z,A)| < 8}’
mn
MP
< [{k <m,j <n:ldlz, Ayj) — d(z, A)| > }| + €.

mn
Then, for any d > 0 and for each x € X,

(myn) eNxN: —— S |d(a, Ay) — d(z, AP > 6
mn =11

1 _ oP
- {(m,n) eNxN: %‘{k <m,j<n:|d(z,Agj) —d(z, A)| > e}| > W} € Is.

CP [IW2 ]
-

Therefore { Ay} A. O
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