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ABSTRACT. In this paper, we introduce the concepts of strongly asymptotically lacunary ideal in-
variant equivalence, f-asymptotically lacunary ideal invariant equivalence, strongly f-asymptotically
lacunary ideal invariant equivalence and asymptotically lacunary ideal invariant statistical equiva-
lence for sequences. Also, we investigate some relationships among them.

1. INTRODUCTION

Throughout the paper N denotes the set of all natural numbers and R the set of all real numbers. The
concept of convergence of a real sequence has been extended to statistical convergence independently
by Fast [1], Schoenberg [24] and studied by many authors. The idea of Z-convergence was introduced
by Kostyrko et al. [2] as a generalization of statistical convergence which is based on the structure of
the ideal Z of subset of N.

Several authors including Raimi [17], Schaefer [23], Mursaleen and Edely [7], Mursaleen [9], Savag
[18, 19], Nuray and Savag [11], Pancaroglu and Nuray [13] and some authors have studied invariant
convergent sequences. The concept of strongly o-convergence was defined by Mursaleen [8]. Savag and
Nuray [20] introduced the concepts of o-statistical convergence and lacunary o-statistical convergence
and gave some inclusion relations. Nuray et al. [12] defined the concepts of o-uniform density of
a subset A of the set N, Z,-convergence and investigated relationships between Z,-convergence and
invariant convergence also Z,-convergence and [V, ],-convergence. Pancaroglu and Nuray [13] studied
Statistical lacunary invariant summability. Recently, Nuray and Ulusu [25] investigated lacunary Z-
invariant convergence and lacunary Z-invariant Cauchy sequence of real numbers.

Marouf [6] peresented definitions for asymptotically equivalent and asymptotic regular matrices.
Patterson [14] presented asymptotically statistical equivalent sequences for nonnegative summability
matrices. Patterson and Savag [15, 22] introduced asymptotically lacunary statistically equivalent
sequences and also asymptotically of-statistical equivalent sequences. Ulusu [26, 27] studied asymp-
totically ideal invariant equivalence and asymptotically lacunary Z,-equivalence.

Modulus function was introduced by Nakano [10]. Maddox [5], Pehlivan [16] and many authors used
a modulus function f to define some new concepts and inclusion theorems. Kumar and Sharma [3]
studied lacunary equivalent sequences by ideals and modulus function.

Now, we recall the basic concepts and some definitions and notations (See [2, 4, 5, 6, 12, 14, 16]).

Let o be a mapping of the positive integers into itself. A continuous linear functional ¢ on £, the
space of real bounded sequences, is said to be an invariant mean or a ¢ mean, if and only if,

(1) ¢(x) > 0, when the sequence z = (x,,) has x,, > 0 for all n,
(2) ¢(e) =1, where e = (1,1,1...),
(3) ¢(Ton)) = ¢(x) for all x € l.

The mappings ¢ are assumed to be one-to-one and such that ¢ (n) # n for all positive integers
n and m, where 0™ (n) denotes the mth iterate of the mapping o at n. Thus ¢ extends the limit
functional on ¢, the space of convergent sequences, in the sense that ¢(x) = limz for all z € c¢. In case
o is translation mappings o(n) = n + 1, the o mean is often called a Banach limit and V,, the set of
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bounded sequences all of whose invariant means are equal, is the set of almost convergent sequences.

By a lacunary sequence we mean an increasing integer sequence § = {k,} such that kg = 0 and
hy. =k, —k._1 — o0 as r — oo. Throughout the paper, we let 6 a lacunary sequence.

The sequence x = (x},) is Syg-convergent to L, if for every ¢ > 0,

o1 . .
Tlg{)lo E‘{k €l |wonmy — L > 5}‘ = 0, uniformly in n=1,2,... .

A family of sets T C 2N is called an ideal if and only if

(i) 0 € Z, (ii) For each A,B € T we have AUB € Z, (iii) For each A € 7 and each B C A we
have B € T.

An ideal is called nontrivial if N ¢ 7 and nontrivial ideal is called admissible if {n} € Z for each

n € N. Throughout the paper we let Z be an admissible ideal.
Let A C N and

$m = min ‘A A {o(n),0%(n), ... c™(n)} ‘ and S, = max ]Am {o(n),0%(n), .., ™ (n)} ’

If the limits V(A) = lim 2= and V(A) = lim
m— oo m—o0 _

density and an upper o-uniform density of the set A, respectively. If V(A) = V(A), then V(4) =
V(A) = V(A) is called the o-uniform density of A.

Denote by Z, the class of all A C N with V(4) = 0.

A sequence x = (zy,) is said to be Z,-convergent to L if for every e > 0, the set A, = {k : |z,—L| > €}
belongs to Z,, i.e., V(A:) = 0. Tt is denoted by Z, — limzy, = L.

Let 0 = {k,} be a lacunary sequence, A C N and

fn exist then, they are called a lower o-uniform

Sp = min{’Aﬁ {c™(n) :me I} |} and S, = max{|Aﬁ {e™(n) :mel} |}

If the limits Vp(A) = lim 7= and Vo(A) = li_>m % exist then, they are called a lower lacunary o-
uniform density and an upper lacunary o-uniform density of the set A, respectively. If Vp(A) = Vy(A),
then Vy(A) = Vy(A) = Vp(A) is called the lacunary o-uniform density of A.

Denoted by Z,¢ the class of all A C N with V,(A4) = 0.

A sequence (xy) is said to be lacunary Z,-convergent or Z,g-convergent to L if for every ¢ > 0,
A, = {k Dag — L| > s} € Tpp, ie., Vy(A:) = 0. It is denoted by Z,9 — limay = L.

The two nonnegative sequences x = (zy) and y = (y) are said to be asymptotically equivalent if
lilgn 55 =1 (denoted by z ~ y).

The two nonnegative sequences x = (x) and y = (yg) are strongly asymptotically lacunary invariant

. . o 1 Lok (m) . . Nyg
equivalent of multiple L if lim— >  |———= — L| = 0, uniformly in m (denoted by =z "<’ y) and
T Nr kel | Yok (m)

strongly simply asymptotically lacunary invariant equivalent if L = 1.
The two nonnegative sequences x = (zj) and y = (yx) are said to be asymptotically lacunary
invariant statistical equivalent of multiple L if for every ¢ > 0,

{kze]r:

(denoted by x Se y) and simply asymptotically lacunary invariant statistical equivalent if L = 1.
The two nonnegative sequences x = (xx) and y = (yx) are said to be strongly asymptotically
equivalent of multiple L with respect to the ideal Z if for every ¢ > 0,

1 n
{nEN:Z Ik—L‘Zs}eI

n
1 | Yk

ok (m)

Yok (m)

1
lim — — L

r T

> EH = 0, uniformly in m

(denoted by W yx) and simply strongly asymptotically equivalent with respect to the ideal Z, if
L=1.
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The two nonnegative sequences x = (xx) and y = (yx) are said to be strongly asymptotically
lacunary equivalent of multiple L respect to the ideal Z provided that for every € > 0,

1 Tk
reN: — — —L|>e, €T
frem b s [ a]>e]

" kel
[Z(No)] . . . .
(denoted by xp ~ ~ " yi) and simply strongly asymptotically lacunary Z-equivalent with respect to
the ideal Z, if L = 1.
The two nonnegative sequences x = (x3) and y = (yx) are said to be asymptotically lacunary
statistical equivalent of multiple L with respect to the ideal Z provided that for every ¢ > 0 and v > 0,

1
{reN:h{keI }ZW}EI

(s
(denoted by x (%) yx) and simply asymptotically lacunary Z-statistical equivalent if L = 1.
The two nonnegative sequences x = (zy) and y = (yg) are said to be asymptotically Z,-equivalent

——L
Yk

of multiple L if for every £ > 0, A, = {kj eN: ’ — L‘ > 5} € I,, ie., V(A:) = 0. It is denoted by
. Yk
TE ~ Yk
The two nonnegative sequences x = () and y = (yx) are said to be asymptotically Z,¢-equivalent
of multiple L if for every € > 0, A, = {k’ e, ’ - L’ > 5} € Tpp, ie., Vy(A;) = 0. Tt is denoted
Yk
[Z75]
by 2 <"y

A function f : [0,00) — [0,00) is called a modulus if
(1) f(z)=0if and if only if z = 0,
(2) flz+y) < flx)+ f(y),
(3) f is increasing,
(4) f is continuous from the right at 0.

A modulus may be unbounded (for example f(x) = 2P, 0 < p < 1) or bounded (for example
f@) = =),

Let f be modulus function. The two nonnegative sequences x = (xj) and y = (yx) are said to be
f-asymptotically equivalent of multiple L with respect to the ideal Z provided that, for every ¢ > 0,

{renig (|2 -tf)ze} ez

z
(denoted by z, & yx) and simply f-asymptotically Z-equivalent if L = 1.
Let f be modulus function. The two nonnegative sequences © = (x) and y = (yx) are said to be
strongly f-asymptotically equivalent of multiple L with respect to the ideal Z provided that, for every

£>0
{neN ;f< D }ez

z
(denoted by z, () yx)) and simply strongly f-asymptotically Z-equivalent if L = 1.
Let f be a modulus function. The two nonnegative x = (z1) and y = (yx) are said to be strongly
f-asymptotically lacunary equivalent of multiple L with respect to the ideal Z provided that for every

| {reN k;f< ’) }ez

(N,
(denoted by x VR yx)) and simply strongly f-asymptotically lacunary Z-equivalent if L = 1.
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The sequences x = (z1) and y = (yg) are said to be strongly asymptotically Z-invariant equivalent
of multiple L if for every ¢ > 0,
n

{nGN:lz

n
k=1

ka‘Ze}EL,
Yk

IL
(denoted by x, 7] yx) and simply strongly asymptotically Z-invariant equivalent if L = 1.
Let f be a modulus function. The sequences © = (zy) and y = (yx) are said to be f-asymptotically
Z-invariant equivalent of multiple L if for every € > 0,

{keN:f(‘;’“—LD>g}ezg
k

I
(denoted by z, ) yx) and simply f-asymptotically Z-invariant equivalent if L = 1.
Let f be a modulus function. The sequences z = (z3) and y = (yx) are said to be strongly
f-asymptotically Z-invariant equivalent of multiple L if for every € > 0,

1 n T
{neN:an(yk_LD 25}610
(ZZ2 ()]

k=1
(denoted by xp ~~' " yi)) and simply strongly f-asymptotically Z-invariant equivalent if L = 1.
The sequences xj and y; are said to be asymptotically Z-invariant statistical equivalent of multiple
L if for every € > 0 and each v > 0,

{nEN:lHkgn:
n

I(Se . . . . - . .
(denoted by zj, G yx) and simply asymptotically Z-invariant statistical equivalent if L = 1.

Lemma 1. [16] Let f be a modulus and 0 < & < 1. Then, for each x > § we have f(x) < 2f(1)6~tx.

ok (m) L‘ >€}
Yok (m) o

ZV}EIJ

2. MAIN RESULTS

Definition 2.1. The sequences x = (x) and y = (yx) are said to be strongly asymptotically lacunary
T-invariant equivalent of multiple L, if for every e >0

1 Tk
{rGN:hZ L’zs}ezgg

" kel Yk

IL
(denoted by xj ool yr) and simply strongly asymptotically lacunary Z-invariant equivalent if L = 1.

Definition 2.2. Let f be a modulus function. The sequences x = (x1) and y = (yx) are said to be
f-asymptotically lacunary Z-invariant equivalent of multiple L, if for every e > 0

{kENf<xk—L’) >5}€Iaav
Yk
Z7y(f)

(denoted by xi, ~°~"" yi) and simply f-asymptotically lacunary Z-invariant equivalent if L = 1.

Definition 2.3. Let f be a modulus function. The sequences x = (x1) and y = (yx) are said to be
strongly f-asymptotically lacunary T-invariant equivalent of multiple L, if for every e > 0

1 Tk _
{rGN.hTZf( " LDzs}ez,,g

kel,
yr)) and simply strongly f-asymptotically lacunary T-invariant equivalent if

L
(denoted by xy, Fog(h]

L=1.
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Theorem 2.1. Let f be a modulus function. Then,

£ 2zl

Tk Yk = Tk

L

Proof. Let xy el yr and € > 0 be given. Choose 0 < § < 1 such that f(t) < e for 0 < ¢ <. Then,
form =1,2,..., we can write
:I;O' m
Em) LD
Yok (m)

1 Tk (m) 1
i - s
hy kg,. Yok (m) hy. k;

xa’ m
Yok (m)
xa’ m
s
r kel, Yok (m)
Totlm) _plss
Yok (m)
and so by Lemma 1
m 2f(1)\ 1 ok (m
72 (3”() L‘)<s+(f()> x’f()L‘
T kel Yok (m) 4 Ry kel, Yok (m)

uniformly in m. Thus, for each any v > 0
1 Tk (m) 1
N:— —L||> - N:
fremi 2ol i) 2o} e fremi
kel,
L

T
uniformly in m. Since xy [Zep] Yk, it follows the later set and hence, the first set in above expression
[z (f)]
O

$M<>14>W—@5
Yok (m) - 2f(1) ’

belongs to Z,¢. This proves that xj

Definition 2.4. The sequences xi and yy are said to be asymptotically lacunary I-invariant statistical
equivalent of multiple L if for every € > 0 and each v > 0,

{reN:l{kGI L' }‘27}6109
hr Yk

So . . . . . . .
(denoted by xy, LZe0) yx) and simply asymptotically lacunary Z-invariant statistical equivalent if L = 1.

Theorem 2.2. Let f be a modulus function. Then,

L
o T TS0

L
Proof. Assume that xy Eog (Pl yr and € > 0 be given. Since for m =1,2,...,

1 Tk (m) I ) S 1 ( Tk (m) LD
he k;r f( Yok (m) - h, k:g,. f Yok (m)
J)O.k(m)
T Ll
Yok (m)
> fle).— ! {ke[ Totm) _ L’>6H
N h; Yok (m) B

it follows that for any v > 0,

{reN "(””—L‘ze}’zy}g{reNzherf<

Yok (m) kel

{kel:

%WM—LDZVﬂ@}
Yok (m)
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IL
uniformly in m. Since zy [Zo5 (Pl Yk, the last set belongs to Z,9 and so by the definition of an ideal,
(S,
the first set belongs to Z,9. Therefore, (Zs0) Yk - O
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