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Abstract

Throughout the paper N denotes the set of all positive integers and R the set of all real numbers. The concept of convergence of a
sequence of real numbers has been extended to statistical convergence independently by Fast (1951) and Schoenberg (1959). Fridy
and Orhan (1993) studied lacunary statistical convergence. The idea of J-convergence was introduced by Kostyrko et al. (2000) as
a generalization of statistical convergence which is based on the structure of the ideal 7 of subset of N. The idea of J,-convergence
and some properties of this convergence were studied by Das et al. (2008).

Marouf (1993) peresented definitions for asymptotically equivalent and asymptotic regular matrices. Patterson (2003) presented
asymptotically statistical equivalent sequences for nonnegative summability matrices. Dundar et al. (in review) defined
asymptotically 74 -equivalent, asymptotically invariant equivalent, strongly asymptotically invariant equivalent and p-strongly
asymptotically invariant equivalent for double sequences. Hazarika and Kumar (2013) studied on asymptotically double lacunary
statistical equivalent sequences in ideal context. Ulusu and Dindar (in press) introduced the concepts of asymptotically lacunary
J,-invariant equivalence, asymptotically lacunary o,-equivalence and asymptotically lacunary invariant S,-equivalence for double
sequences. Modulus function was introduced by Nakano (1953). Maddox (1986), Pehlivan (1995) and many authors used a modulus
function f to new some new concepts and inclusion theorems. Kumar and Sharma (2012) studied lacunary equivalent sequences
by ideals and modulus function.

In this study, we present the notions of f-asymptotically J,-equivalence, strongly f-asymptotically 7,-equivalence, f-
asymptotically lacunary J,-equivalence and strongly f-asymptotically lacunary 7,-equivalence for real double sequences and
investigate some important relationships between them.
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Ozet

Bucalismada N pozitif tam sayilart R reel sayilar1 gosterir. Reel say1 dizilerinin yakinsaklig1 genisletilerek olusturulan istatistiksel
yakinsaklik kavramu ile ilgili Fast (1951) ve Schoenberg (1959) calisma yapmustir. Fridy ve Orhan (1993) lacunary istatistiksel
yakinsaklik kavramu ile ilgili bir ¢caligma yapti. Lacunary istatistiksel yakinsaklik kavramu ¢ift reel say1 dizilerine Mursaleen ve
Edely (2003) tarafindan genisletilmistir. Istatistiksel yakinsakligin bir genellestirmesi olan J-yakinsaklik Kostyrko vd. (2000)
tarafindan tanimlanmis olup, bu kavram N dogal sayilar kiimesinin alt kiimelerinin sinifi olan J idealinin yapisina baglidir.

Marouf (1993) asimptotik denklik ve asimptotik regiiler matris kavramlarini tanimladi. Asimptotik denklik ile ilgili bircok yazar
calismalar yapti. Patterson (2003) negatif olmayan toplanabilir matrisler i¢in asimptotik istatistiksel denk diziler ile ilgili calisma
yapti. Dindar vd. (incelemede) ¢ift reel say dizileri i¢in asimptotik I -denklik, asimptotik invariant denklik, kuvvetli asimptotik
invariant denklik ve p-kuvvetli asimptotik invariant denklik kavramlarini tanimladi. Hazarika ve Kumar (2013) asimptotik ideal
lacunary istatistiksel denk cift diziler ile ilgili calismalar yapti. Ulusu ve Diindar (basimda) ¢ift diziler i¢in asimptotik lacunary J,-
invariant denklik, asimptotik lacunary o,-denklik ve asimptotik lacunary invariant S,-denklik kavramlarimni tanimladi. Modulus
fonksiyonu ilk defa Nakano (1953) tarafindan tanimlandi. Maddox (1986), Pehlivan (1995) ve bir¢ok yazar tarafindan f modulus
fonksiyonu kullanilarak bazi yeni kavramlari ve sonug teoremlerini igeren ¢aligmalar yapildi. Modiiliis fonsiyonunu kullanilarak
lacunary ideal denk diziler ile ilgili Kumar ve Sharma (2012) tarafindan bir ¢alisma yapildi.

Bu c¢aligmada, reel ¢ift say1 dizileri igin f-asimptotik J,-denklik, kuvvetli f-asimptotik J,-denklik, f-asimptotik lacunary 7,-
denklik ve kuwvetli f-asimptotik lacunary J,-denklik kavramlari tanimlandi ve bu kavramlar arasindaki bazi 6nemli iliskiler
incelendi.

Anahtar Kelimeler: Asimptotik denklik, Lacunary denklik, Cift dizi, J,-denklik, Modulus fonksiyonu.
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Throughout the paper N denotes the set of all positive integers and R the set of all real numbers Das et al. [2]
introduced the concept of J-convergence of double sequences in a metric space and studied some properties of this
convergence. A lot of development have been made in this area after the works of [3-6].

Diindar et al. [7] defined asymptotically 75 -equivalent, asymptotically invariant equivalent, strongly asymptotically
invariant equivalent and p-strongly asymptotically invariant equivalent for double sequences. Ulusu and Diindar [29]
introduced the concepts of asymptotically lacunary 7,-invariant equivalence, asymptotically lacunary o,-equivalence
and asymptotically lacunary invariant S,-equivalence for double sequences. Hazarika and Kumar [10] studied on
asymptotically double lacunary statistical equivalent sequences in ideal context. Several authors define some new
concepts and give inclusion theorems using a modulus function f (see, [11, 12]).

Now, we recall the basic concepts and some definitions (See [1, 9, 13, 14, 16-18, 21-24, 28]).

By a lacunary sequence we mean an increasing integer sequence 8 = {k,} such that
ko=0and h, =k, —k,_; > o as r — oo.
Throughout the paper, we let 8 a lacunary sequence.
The double sequence 6, = {(k,,j,)} is called double lacunary sequence if there exist two increasing sequence of
integers such that
ko=0, h, =k, —k,_y > and j,=0, hy=j, —ju_1 =% as r,u— o,
We use the following notations in the sequel:
Kew = kpjuy B = hehyy Ty = {6, )i hr oy <k <ky and juq <j<ju},

Ju

Ju-1

k
qr = and q, =

kr—q

Throughout the paper, we let 6, = {(k,, j,)} a double lacunary sequence.

A family of sets 7 € 2N is called an ideal if and only if
(i) @ €7, (ii) Foreach A,B €7 we have AU B €7, (iii) Foreach A € J andeach B € A we have B € 7J.

An ideal is called nontrivial if N ¢ 7 and nontrivial ideal is called admissible if {n} € 7 for each n € N.
Throughout the paper we let J be an admissible ideal.

The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically equivalent if

. X,
lim=* =1
k vk

(denoted by x~y).
The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically statistical equivalent of
multiple L, if for every € > 0,
1
lim — |{k <n

n-on

X
*_1 Zs}|=0
Vi

(denoted by xS~Ly) and simply asymptotically statistical equivalent if L = 1.

The two nonnegative sequences x = (x;) and y = (y,) aresaid to be strongly asymptotically equivalent of multiple
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L with respect to the ideal 7 if for every ¢ > 0,

I x
{nEN:—Z |——L|25}€7
Nildg=1 Yk

I(w
(denoted by x; (~)yk) and simply strongly asymptotically equivalent with respect to the ideal 7, if L = 1.

The two nonnegative sequences x = (x;) and y = (y,) are said to be strongly asymptotically lacunary equivalent
of multiple L respect to the ideal 7 provided that for every € > 0,

NS Xk _
{r € N'hTZkEIT lyk Ll = 8} ej

I(Ng) . . . . . .
(denoted by x; ~ v,) and simply strongly asymptotically lacunary J-equivalent with respect to the ideal 7, if L =
1.

The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically lacunary statistical equivalent
of multiple L with respect to the ideal 7 provided that for every € > 0 and y > 0,

{re N:hir|{k € IT:|;—’;—L| >e}|=yled
7(Se) . . . . .
(denoted by x;, ~y,) and simply asymptotically lacunary J-statistical equivalent if L = 1.

A function f:]0, ) — [0, ) is called a modulus if

. f(x)=0 ifandifonlyif x =0,

- fx+y) s f)+ ),

. f isincreasing,

. f is continuous from the right at 0.

A WN R

A modulus may be unbounded (for example f(x) = xP, 0 < p < 1) or bounded (for example f(x) = ﬁ).

Let f be modulus function. The two nonnegative sequences x = (x;) and y = (y,) are said to be f -
asymptotically equivalent of multiple L with respect to the ideal 7 provided that, for every € > 0,

{ken:f(

Xk

o L)zefes
N . . . .

denoted by x;, ~"y; and simply f-asymptotically J-equivalentif L = 1.

Let f be modulus function. The two nonnegative sequences x = (x;) and y = (y;) are said to be strongly f-
asymptotically equivalent of multiple L with respect to the ideal 7 provided that, for every ¢ > 0

Ly Xk _
(neNT, FUE-Lh 2 e
I(wp) . . . .
denoted by x;, ~ 1y, and simply strongly f-asymptotically J-equivalent if L = 1.

Let f be a modulus function. The two nonnegative x = (x;) and y = (y,) are said to be strongly f -
asymptotically lacunary equivalent of multiple L with respect to the ideal 7 provided that for every € > 0,

{7' € N:hierezr f(

;—’;—L)Ze}eﬂ

gDy
denoted by x, ~ v, and simply strongly f-asymptotically lacunary J-equivalent if L = 1.
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The two non-negative sequences x;; and y,; are said to be asymptotically strongly J,-equivalent of multiple L if

for every € > 0,

1 ¢omn Xkj
[— ! — = >
{(m,n)ENXN. — Dk, j=1 |3’kj Ll_e}eﬂz

72(5) . . . . .
denoted by xy; ~ ykj and simply asymptotically J, statistical equivalent if L = 1.

The two non-negative sequences x,; and y,; are said to be asymptotically J,-statistical equivalent of multiple L
if for every ¢ > 0 and each y > 0,

{((mn) ENXNi—|{k,j<mmn: | -L>¢}|=y} €T,
mn Ykj

72(5) . . . . .
denoted by xy; ~ yk; and simply asymptotically J, statistical equivalent if L = 1.

The two non-negative sequences x,; and y,; are said to be asymptotically lacunary J,-equivalent of multiple L if
for every € > 0,

1 Xkj
{(r,u) € N x N:mz(krj)aru |y_kj_ Ll = 8} €7,
L

[76,1
denoted by xy; 2 Ykj and simply strongly asymptotically lacunary J,-equivalentif L = 1.

The two non-negative sequences x,; and y,; are said to be asymptotically lacunary J,-statistical equivalent of
multiple L if for every € > 0 and each y > 0,

xk]-

{(r,u) €N x N:ﬁp{(k,j) € zm:|y—kj—L| > ¢} =y}ed,

(S,
denoted by xy; 2(~9)ykj and simply asymptotically J, statistical equivalentif L = 1.
Lemma 1 [23] Let f be a modulus and 0 < § < 1. Then, for each x > § we have f(x) < 2f(1)5 1x.
Method

In the proofs of the theorems obtained in this study, used frequently in mathematics,

i. Direct proof method,

ii. Reverse proof method
iii. Contrapositive method,
iv. Induction method

methods were used as needed.

Main Results
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Definition 2.1 Let f be a modulus function. The two non-negative sequences x = (x;;) and y = (yy;) are said to
be f-asymptotically 7,-equivalent of multiple L if for every € > 0,
{(k,j) ENXN:f( KL= e}eﬂz

Ykj

denoted by

16p)
Xkj ~ Vij

and simply f-asymptotically 7,-equivalent if L = 1.

Definition 2.2 Let f be a modulus function. The two non-negative sequences x = (xx;) and y = (yy;) are said to
be strongly f-asymptotically 7,-equivalent of multiple L if for every ¢ > 0,

.1 ymn Xk _
{(m,n) € N x N.mn k,j=1 f(ly;q L) = e} €7,
denoted by
[75 ()]
Xkj ~ Ykj

and simply strongly f-asymptotically J,-equivalent if L = 1.

Theorem 2.1 Let f be a modulus function. Then,

193] I226p)
Xij ~ Vkj = Xkj ~ Yij-

Theorem 2.2 If lim@ =a > 0, then

t—>oo
K216p) 951
Xij ~ Ykj © Xkj ~ Vij-

Definition 2.3 Let f be a modulus function. The two non-negative sequences x = (x;;) and y = (y;) are said to
be strongly f-asymptotically lacunary J,-equivalent of multiple L if for every ¢ > 0,

1 Xkj
{rw eN NS e, FURL-1D 2 e e,

denoted by

76, ()]
Xkj ~ YVkj

and simply strongly f-asymptotically lacunary J,-equivalent if L = 1.

Theorem 2.3 Let f be a modulus function. Then,
(75,1 176, (H]
Xij ~ Vej = Xij  ~ Yij-

Theorem 2.4 If lim@ =a > 0, then

t—oo
ZR0p) 76,1
Xkj ~ Yij S Xij ~ Ykj-
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