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This paper presents three definitions which are natural combination of the definitions of asymptotic equivalence, statistical
convergence, lacunary statistical convergence, and Wijsman convergence. In addition, we also present asymptotically equivalent
(Wijsman sense) analogs of theorems in Patterson and Savag (2006).

1. Introduction

In 1993, Marouf presented definitions for asymptotically
equivalent and asymptotic regular matrices. In 2003, Patter-
son extended these concepts by presenting an asymptotically
statistical equivalent analog of these definitions and natural
regularity conditions for nonnegative summability matrices.
In 2006, Patterson and Savas extended the definitions pre-
sented in [1] to lacunary sequences. In addition to these
definitions, natural inclusion theorems were presented. The
concept of Wijsman statistical convergence is implementa-
tion of the concept of statistical convergence to sequences
of sets presented by Nuray and Rhoades in 2012. Similar
to this concept, the concept of Wijsman lacunary statistical
convergence was presented by Ulusu and Nuray in 2012. This
paper extends the definitions presented in [2] to Wijsman
statistical convergent sequences and Wijsman lacunary sta-
tistical convergent sequences. In addition to these definitions,
natural inclusion theorems will also be presented.

2. Definitions and Notations

Definition 1 (see Marouf [3]). Two nonnegative sequences
x = (x;) and y = (y,) are said to be asymptotically equivalent
if
X
lim=* =1 1
ey @)

(denoted by x ~ y).

Definition 2 (see Fridy [4]). The sequence x = (x;) is said to
be statistically convergent to the number L if for every € > 0,

limlHkSn: |xe — L| > €} = 0. (2)
nn

In this case we write st — lim x; = L.

The next definition is natural combination of Definitions
1and 2.

Definition 3 (see Patterson [1]). Two nonnegative sequences

x = (x;) and y = (y,) are said to be asymptotically statistical
equivalent of multiple L provided that for every ¢ > 0

g

(denoted by x X y) and simply asymptotically statistically
equivalent if L = 1.

1
lim—
nn

Y _p
Yk

=0 3)

{kSH:

By a lacunary sequence we mean an increasing integer
sequence 0 = {k,} such thatk, =0and h, =k, - k,_; — o0
asr — oo. Throughout this paper the intervals determined
by 0 will be denoted by I, = (k,_;, k,], and ratio k,/k,_, will
be abbreviated by g,.

Definition 4 (see Patterson and Savas [2]). Let 0 be alacunary
sequence; the two nonnegative sequences x = (x;) and



y = (y) are said to be asymptotically lacunary statistical
equivalent of multiple L provided that for every € > 0

-
L

(denoted by x X y) and simply asymptotically lacunary
statistically equivalent if L = 1.

g

{ke[r:
Yk

1
lim—
1p1hr

=0 (4)

Definition 5 (see Patterson & Savas [2]). Let 0 be a lacunary
sequence; two nonnegative number sequences x = (x;) and
y = (y,) are strongly asymptotically lacunary equivalent of
multiple L provided that

limy-

T kel,

X ‘
Y _pl=0
I €)

L
(denoted by x o y) and strongly simply asymptotically
lacunary equivalent if L = 1.

Let (X, p) be a metric space. For any point x € X and any
nonempty subset A of X, we define the distance from x to A

by
d (x, A) = infp (x, A). (6)

Definition 6 (see Baronti & Papini [5]). Let (X, p) be a metric
space. For any nonempty closed subset A, A, < X, we say
that the sequence {A} is Wijsman convergent to A if

Jim d (x,4,) = d (x, A) %)

for each x € X. In this case we write W — lim A, = A.

Definition 7 (see Nuray & Rhoades [6]). Let (X, p) a metric
space. For any nonempty closed subset A, A, C X, we say
that the sequence {A,} is Wijsman statistically convergent to
Aif{d(x, A;)} is statistically convergent to d(x, A); that is, for
&> 0 and for each x € X,

lim L {k<n:|d(xA) —dxA)|zef|=0. ®)

n—ooy
In this case we write st — limy, A, = Aor A, — A(WS).

Also the concept of bounded sequence for sequences of
sets was given by Nuray and Rhoades.

Definition 8 (see Nuray & Rhoades [6]). Let (X, p) be a metric
space. For any nonempty closed subset A, of X, we say that
the sequence {A} is bounded if

supd (x,Ay) < 00 )
Kk

for each x € X. In this case we write {A;} € L.
Definition 9 (see Ulusu & Nuray [7]). Let (X, p) be a metric
space and let 6 = {k,} be a lacunary sequence. For any non-
empty closed subset A, A, < X, we say that the sequence
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{A.} is Wijsman lacunarily statistically convergent to A if
{d(x, A;)} is lacunarily statistically convergent to d(x, A);
that is, for € > 0 and for each x € X,

li}'nhi [{k el :|d(x,A)—d(x,A)|>¢}|=0. (10)

In this case we write Sg — limy, = Aor A, — A(WSy).

Following these results we introduce three new notions
that are asymptotically statistical equivalent (Wijsman sense)
of multiple L, asymptotically lacunary statistical equivalent
(Wijsman sense) of multiple L, and strongly asymptotically
lacunary equivalent (Wijsman sense) of multiple L.

Definition 10. Let (X, p) be a metric space. For any non-
empty closed subset Ay, B, € X such that d(x,A;) > 0 and
d(x, B;) > 0 for each x € X. We say that the sequences {A;}
and {B, } are asymptotically equivalent (Wijsman sense) if for
eachx € X,

, d(x,Ay)

(denoted by A ~ By).

Asan example, consider the following sequences of circles
in the (x, y)-plane:

Ay ={(xy) : x* + y* + 2kx = 0},

(12)
By = {(x,y):x2+y2—2kx=0}.
Since
d(x, A
hm(x—k) =1, (13)
k d (x, Bk)

the sequences {A,} and {B,} are asymptotically equivalent
(Wijsman sense); that is, A, ~ By.

Definition 11. Let (X, p) be a metric space. For any non-empty
closed subset Ay, B, < X such that d(x,A;) > 0 and
d(x,B;) > 0 for each x € X. We say that the sequences {A;}
and {B,} are asymptotically statistically equivalent (Wijsman
sense) of multiple L if for every € > 0 and for each x € X,

! {kSn: 28}

lim—
nn
WS, . . .
(denoted by {A,} ~" {B,}) and simply asymptotically statis-
tical equivalent (Wijsman sense) if L = 1.

d(x,Ay) ~

——-L
d (.x, Bk)

=0 (14)
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Asan example, consider the following sequences of circles
in the (x, y)-plane:

{(x,y):x2+y2+2ky:0},
if k is a square integer,

1y,

otherwise,

| {(x,y):x2+y2—2ky:0},
if k is a square integer,

1 (a3,

! {kSI’l:

(15)

otherwise.

Since

lirIln— =0, (16)

n

the sequences {A;} and {B,} are asymptotically statistically

ws,
equivalent (Wijsman sense); that is, {A;} ~ {B.}.

Definition 12. Let (X, p) be a metric space and let 6 be a
lacunary sequence. For any non-empty closed subset Ay,
B, € X such that d(x, A;) > 0 and d(x, B;) > 0 for each x €
X. We say that the sequences {A;} and {B, } are asymptotically
lacunary equivalent (Wijsman sense) of multiple L if for each
x € X,

"h L dxB) (17)

L
(denoted by {A} e {B,}) and simply asymptotically lacu-

narily equivalent (Wijsman sense) if L = 1.

Definition 13. Let (X, p) be a metric space and let 0 be a
lacunary sequence. For any non-empty closed subset A,
B, < X such that d(x,A;) > 0 and d(x,B;) > 0 for
each x € X. We say that the sequences {A;} and {B;} are
strongly asymptotically lacunary equivalent (Wijsman sense)
of multiple L if for each x € X,

1 d(x, Ag)

lim—
" L d(x,B,)

T kel,

- L’ =0 (18)

L
(denoted by {A,} gt {B;}) and simply strongly asymptot-
ically lacunarily equivalent (Wijsman sense) if L = 1.

As an example, consider the following sequences:

r 2 2
2 (x— Vk) Y o
<|(x,y)e|R.—k +2k—1 ,
Ap =9 if k., <k<k_ +[Vh]
{(1, D},
L otherwise,
, e (19)
floy e o r L
By = 3 if k_, <k<k_+[vh]
{(L, D)},
otherwise.

Since

d(x,Ay)
d(x,B,)

.1
limz= ).

T kel,

1’ =0, (20)

the sequences {A;} and {B,} are strongly asymptotically
W Nj
lacunarily equivalent (Wijsman sense); that is, {A} ~'

{By}-

Definition 14. Let (X, p) be a metric space and let 6 be a lacu-
nary sequence. For any non-empty closed subset A;, B, € X
such that d(x,A;) > 0 and d(x,B;) > 0 for each x € X.
We say that the sequences {A;} and {B,} are asymptotically
lacunarily statistical equivalent (Wijsman sense) of multiple
Lif for every ¢ > 0 and each x € X,

{kEIr:

wS§

(denoted by {A,} ~" {By}) and simply asymptotically lacun-
arily statistically equivalent (Wijsman sense) if L = 1.

1
lim—
r

h

d(x,Ay)

il LY §
d (x, By)

r

ZeH:O (21)

As an example, consider the following sequences:

{(x,y)EIRZ:x2+(y—1)2=%},

if ky <k<k_+[vh],

A=) k is a square integer,
{(0,0)},
otherwise,
(22)
{(x,y) eR*: X+ (y+1)° = %},
if k_y <k<k_+[vh],
Bk =9 k . .
is a square integer,
{(0,0)},
otherwise.
Since
d(x, A
limi keIT:M—IZs =0, (23)
r hr d(x’ Bk)

the sequences {A;} and {B,} are asymptotically lacunarily

W S
statistically equivalent (Wijsman sense); that is, {A;} ~°

{By}.
3. Main Results

Theorem 15. Let (X, p) be a metric space, let 0 = {k,} be a
lacunary sequence, and let A, By be non-empty closed subsets
of X:
. [WN1§ WSg
@ @) {Ap ~ " {Bi} = {A ~ {By
(b) [WN]g is a proper subset ofWSé,



4
. wSg [WN15
(i) {Ar} € Lo and {A} ~" {B} = {A)} ~ " {Bi},
(iii) WS§ N Loy, = [WN]5 N L,
where L ., denotes the set of bounded sequences of sets.
. [WNIg
Proof. (i)-(a). Lete > O and {A;} ~ {By}. Then we can
write
d(x, A
7 [det)
kel, d (x, By)
> Z ‘d (x, Ap) B ‘
prd d (x,By) (24)

|d(x,Ak)/d(x,Bk)—L|25

d(x, A
{kelr: M—L‘zs}l

d (x, Bk)
which yields the result.
(ii)-(b). Suppose that [WN]IG“ C WSé. Let {A,} and {B;}
be the following sequences:

> &

{k}, if k,_1<kgkr_1+[\/h_,]
r=12,...
{0}, otherwise,

A=
(25)

B, =1{0} Vk.

Note that {A;} is not bounded. We have, for every € > 0
and for each x € X,

{kelr:

1
h

Ml'H [VA.]

— 0
d (x, Bk) hr (26)

r

as r — 00.
. WSy
Thatis, {A;} ~ {Bi}. On the other hand,

as r — 0. (27)

h

T kel,

[WN1§
Hence {A;} +  ({Bi}.

SL
(ii) Suppose that {A,} € L, and {A;} 2 {By}. Then we
can assume that

L

‘M — <M (28)

d (x, By)

for each x € X and all k.

Journal of Mathematics

Given € > 0, we get

1 d(x, Ap) 3 ‘
hr kel, d (x’ Bk)
d(x, A
hr ke[r d (‘x’ Bk)
|d(x,Ak)/d(x,Bk)—L|25
(29)
d(x, A
S S LA
hr kel, d (x’ Bk)
|d(x,Ak)/d(x,Bk)—L|<e
A
SM kel : M—L >er|+e
r d ('x’ Bk)
[WNTg
Therefore {A,} ~ " {B.}.
(iii) This is an immediate consequences of (i)and (ii).
]

Theorem 16. Let (X, p) be a metric space and let A;, B be
non-empty closed subsets of X. If 0 = {k,} is a lacunary
sequence with liminf, g, > 1, then
WS, WSk

{A} ~" {B} = {Ad ~ (B (30)
Proof. Suppose first that liminf, g, > 1, then there exists a
A > 0 such that g, > 1 + A for sufficiently large r, which
implies that

A

> .
1+A

(31)

?T‘LF‘

r

If{A.} o {By}, then for every & > 0, for each x € X, and for
sufficiently large r, we have
2 s}

{kskr: d(xAg)
d(xAp)

d(x,By)
{"“" 4(xB,) }
i il )

This completes the proof. O

1
— L
-

L (32)

1
>
k,

Theorem 17. Let (X, p) be a metric space and let A, B be
non-empty closed subsets of X. If 0 = {k,} is a lacunary
sequence with lim sup, g, < oo, then

(A~ B = {A} " B (33)

Proof. Letlimsup, g, < co. Then there is an M > 0 such that

wsg
g, < Mforallr > 1.Let {A;} ~' {B}ande > 0. There exists
R > 0 such that for every j > R
Li> s}

d(x, A
e 2l

] h] d(.x, Bk)

p

A

<E& (34)
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We can also find H > O such that A; < H forall j = 1,2,....
Now let ¢ be any integer satisfying k,_; < t < k,, wherer > R.
Then we can write

% {kstzl%—L 28}
e ey =)

d(x, A
R ) P CAC YT B
kr—l d(x’Bk)
+ e+ 1
kr—l
d(x, Ap)

es -4

{ke[,:

d(x,By)

d(x, A
__k keII:M—Lzs
k. 1k, d (x, By)
ky —k
kr—l(kZ kl)
d(x, A
x keIz'M—L >e

d (x, By)
kg = kr-1

+ —_—
kT—l (kR - kR—l)
d(x, Ay)

d (x, By)

kr B kr—l
kr—l (kr - kr—l)

X

L’st

{kEIR:

+ e+

d(x, A
e |2ty
d (x, By)
ky ky, —k, kg — kg
kr—l v kr—l ? " kr—l .
kR+1 kR kr B kr—l
Apg+- -+ A,
kr—l ot kr—l
r kR
< {supA } + {supA }
j=1 r—1 j=B kr—l
<H ks + eM.
kr—l
(35)
This completes the proof. O

Combining Theorems 16 and 17 we have the following.

Theorem 18. Let (X, p) be a metric space and let A, B be
non-empty closed subsets of X. If 0 = {k,} is a lacunary
sequence with 1 < liminf, g, < limsup, g, < 00, then

WSy ws
{Ad ~" (B} ={a} ~ {By}. (36)
Proof. This is an immediate consequence of Theorems 16 and
17. O
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