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ABSTRACT. In this paper, we study the concepts of Wijsman strongly Z>-lacunary convergence,
Wijsman strongly Z5-lacunary convergence, Wijsman strongly Z»-lacunary Cauchy sequences
and Wijsman strongly Z5-lacunary Cauchy double sequences of sets and investigate the prop-

erties and relationship between them.

1. INTRODUCTION

The concept of Z-convergence in a metric space, which is a generalized from of statistical conver-
gence, was introduced by Kostyrko et al. [10]. Later it was further studied many others. Recently,
Das et al. [5] introduced new notions, namely Z-statistical convergence and Z-lacunary statisti-
cal convergence by using ideal. Also, Yamanci and Giirdal [18| introduced the notion lacunary
T-convergence and lacunary Z-Cauchy in the topology induced by random n-normed spaces and
prove some important results. Debnath [6] studied the notion of lacunary ideal convergence in
intuitionistic fuzzy normed linear spaces as a variant of the notion of ideal convergence. Tripathy
et al. [13] introduced the concepts of Z-lacunary convergent sequences.

The concept of convergence of sequences of numbers has been extended by several authors to
convergence of sequences of sets. The one of these such extensions considered in this paper is the
concept of Wijsman convergence (see, |2, 4, 8, 11, 14, 16]). Nuray and Rhoades |11] extended the
notion of convergence of set sequences to statistical convergence, and gave some basic theorems.
Ulusu and Nuray [14] defined the Wijsman lacunary statistical convergence of sequence of sets,
and considered its relation with Wijsman statistical convergence, which was defined by Nuray
and Rhoades. Also, Ulusu and Nuray [15] introduced the concept of Wijsman strongly lacunary
summability of sequences of sets. Recently, Kisi and Nuray [8] introduced a new convergence
notion, for sequences of sets, which is called Wijsman Z-convergence. Kisi et al. [9] defined
Wijsman Z-asymptotically lacunary statistical equivalence of sequences of sets.

In this paper, we study the concepts of Wijsman strongly Zo-lacunary convergence, Wijsman
strongly Z3-lacunary convergence, Wijsman strongly Zs-lacunary Cauchy sequences and Wijs-
man strongly Z5-lacunary Cauchy double sequences of sets and investigate the properties and

relationship between them.

2. DEFINITIONS AND NOTATIONS

Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, we define
the distance from = to A by
d(z,A) = inf p(z,a).
acA
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Definition 2.1. (/2]) Let (X, p) be a metric space. For any non-empty closed subsets A, A, C X,

we say that the sequence {Ax} is Wijsman convergent to A if
lim d(z, Ag) = d(z, A)
k—o00

for each x € X. In this case we write W —lim A, = A.

By a lacunary sequence we mean an increasing integer sequence 6 = {k;,} such that ky = 0 and
hy =k, — k,—_1 = o0 as 7 — oo. Throughout this paper the intervals determined by 6 will be
denoted by I, = (k,_1, k], and ratio kle will be abbreviated by ¢;.

Definition 2.2. ([10]) A family of sets T C 2~ is called an ideal if and only if
(1) 0eZ,
(i) For each A,B € T we have AUB €T,
(#i7) For each A € T and each B C A we have B € T.

An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called admissible if {n} € Z for
each n € N.

Definition 2.3. ([10]) A family of sets F C 2N is a filter if and only if
() 0¢F,
(ii) For each A, B € F we have ANB € F,
(ii7) For each A € F and each B 2 A we have B € F.

Proposition 2.4. ([10]) T is a non-trivial ideal in N, then the set
FI)={MCX:(3AeI)(M=X\A)}
1s a filter in N, called the filter associated with T.

Definition 2.5. ([10]) An admissible ideal T C 2 is said to satisfy the property (AP) if for every

countable family of mutually disjoint sets {Ay, Aa,---} belonging to T there exists a countable
oo
family of sets {B1, By, -- -} such that AjAB;j is a finite set for j € N and B= |J B; € .

7j=1

Definition 2.6. (/10/) Let T C 2" be an admissible ideal of subsets of N. A sequence (x1,) of
elements of R is said to be Z-convergent to L € R if for each € > 0 the set

A(e)={neN: |z, - L| >¢}
belongs to I.

Definition 2.7. (/8]) Let (X,p) be a metric space and T C 2N be an admissible ideal of subsets
of N. For any non-empty closed subsets A, A, C X, we say that the sequence {Ay} is Wijsman
T-convergent to A, if for each € > 0 and for each x € X the set

A(x,e) ={keN:|d(z,Ax) —d(z,A)| > e}

belongs to Z. In this case we write Iyy — lim Ay, = A or Ay — A(Zw).
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Definition 2.8. (/7]) For any lacunary sequence 0 = {k,}, a sequence (z1) of elements of R is

said to be strongly lacunary convergent to L € R if

Definition 2.9. (/14]) Let (X,p) be a metric space and 8 = {k,} be a lacunary sequence. For
any non-empty closed subsets A, A, C X, we say that the sequence {Ar} is Wijgsman strongly
lacunary convergent to A if for each x € X,
. 1
Jim o > ldle, Ay) = d(w, 4) =0,
kel
. . W],

In this case we write Ay — A([WN],) or A, —7 A.

Definition 2.10. (/9]) Let (X,p) be a metric space, 0 be lacunary sequence and T C 2N be an
admissible ideal of subsets of N. For any non-empty closed subsets A, A C X, we say that the

sequence { Ay} is said to be Wigsman strongly Z-lacunary convergent to A or Ny (Zy)-convergent
to A if for each € > 0 and for each x € X, the set

1
Ale,z) =< reN: hk; |d(z, Ap) — d(z, A)| > ¢

belongs to Z. In this case, we write Ay, — A (Ng[Zw]) .

Definition 2.11. (/8/) Let T C 2" be an admissible ideal in N and (X, d) be a separable metric
space. For any non-empty closed subsets A, in X, we say that the sequence {Ay,} is Wijsman
Z-Cauchy sequence if for each € > 0 and for each x € X, there exists a number N = N (&) such
that the set

A(z,e) ={neN:|d(z,A,) —d(z,AN)| > €}

belongs to 1.

3. MAIN RESULTS

Throughout the paper we take (X, p) be a separable metric space, § = {k,;} be a double lacunary
sequence, Ty C 2VN be a strongly admissible ideal and A, Ap; be non-empty closed subsets of
X.

Definition 3.1. The sequence {Ay;} is said to be Wijsman strongly Iy-lacunary convergent to
A or Ny (Zw,)-convergent to A if for each € > 0 and for each x € X, the set

1

Ale,x) = ,u) E N X N: —
(e,x) (r,u) =

> Jd(x, Agy) — d(z, A)| > € p € T,
(k,g)Elru

In this case, we write Ap; — A (Ng [Zws]) .

Theorem 3.2. If {Ay;} is Wijsman strongly lacunary convergent to A, then it is Wijsman

strongly Zo-lacunary convergent to A.



Proof. Let {Ay;} is Wijsman strongly lacunary convergent to A. For each ¢ > 0 and z € X
there exists ko = ko(e,x) € N such that

1
T D Nl Ag) —d(w, A)| < e,
" (k) el
for all k,5 > kg. Then
1
T (z,e) =< (r,u) e NxN: " > ld(x, Agg) —d(x,A)| > e p C{1,2,--+ ko — 1}

(k7)) Elru
Since Zy is a strongly admissible ideal we have {1,2,--- kg — 1} € Zy and so T (x,¢) € Zo. This
completes the proof. O

Definition 3.3. The sequence {Ay;} is Wijsman I3 -lacunary convergent to A if and only if
there exists a set M = {(k,j) € N x N} such that M’ = {(r,u) € N x N: (k,j) € I,,} € F(Z3)

for each z € X,
lim —— S d(e, Ay) = d(z, A).

T, U—>00 hrhu (kf)el
9, ru

In this case, we write Ay; — A (Ng (Z{,"V2)) .

Definition 3.4. The sequence {Ay;} is Wijsman strongly I3 -lacunary convergent to A if and only
if there exists a set M = {(k,j) € Nx N} such that M = {(r,u) € NxN: (k,j) € I,} € F(Z2)
for each z € X,

. 1
lim —
T, U—> 00 hr hu

(k“vj)EITu
In this case, we write Ap; — A (Ng [I;VQ]) .

Theorem 3.5. If the sequence {Ay;} is Wijsman strongly I5-lacunary convergent to A, then

{Ay;} is Wijsman strongly Zo-lacunary convergent to A.

Proof. Suppose that {Ay;} is Wijsman strongly Z3-lacunary convergent to A. Then, there exists
aset M = {(k,j) € N x N} such that M = {(r,u) € Nx N : (k,j) € I,,} € F(Zs) for each

r € X,
1

by by,

> ld(z, Agy) — d(z, A)| <e,
(k.j)Elru
for each € > 0 and for all k,j > ko = ko(e,xz) € N. Hence, for each € > 0 and = € X we have

1
hyho,

T(e,z) = { (r,u) e NxN: > ld(z, Agy) — d(z, A)| > €

(k,j)Elru
cHU (M' N (({1,2, ., (ko — 1)} x N)U (N x {1,2, .., (ko — 1)}))),
for Nx N\M' = H € Z,. Since Z; is an admissible ideal we have
HU (M’ N (({1,2, ., (ko — 1)} x N)U (N x {1,2, ..., (ko — 1)}))) €T
and so T'(e,x) € Zo. Hence, this completes the proof. O

Theorem 3.6. Let I, C 2" be a strongly admissible ideal with property (AP2). If {Ay;}
is Wigsman strongly Io-lacunary convergent to A, then {Ay;} is Wijsman strongly Zs-lacunary

convergent to A.



Proof. Suppose that {Ay;} is Wijsman strongly Zo-lacunary convergent to A. Then for each
e>0and x € X

1
T(e,x) =< (r,u) e NxN: — Z |d(z, Ag;) — d(z, A)| > € p € Ty.
By |, 4
(k,j)Elru
Put
1
Ty =< (ru) eENxN:— > |d(z, Agj) — d(x, A)| > 15,
hyphy . “
(k,j)€lry
Ty={ (rhu) eNxN: 2 < S Jde, Ayy) — d(z, A)] < ——
=< (ru =< — x, A;) —d(zx, )
’ P~ hehy N p-1

(k‘vj)elru
for p > 2 and p € N. It is clear that T;NT; = 0 for ¢ # j and T; € Z; for each i € N. By property

(AP2) there exits a sequence of sets {Vp}peN such that T; AV} is included in finite union of rows

D
and columns in N x N for each j and V = |J V; € Zo. We prove that for each x € X
j=1

. 1
lim —
ru—oo h.h,

Z |d(x, Agj) — d(z, A)| = 0,

(k,j)ELru

1
for M = N x N\V € F(Zy). Let 6 > 0 be given. Choose ¢ € N such that — < §. Then for each

q
zeX.
1 .
(ru) ENxN:— 3" Jd(x, Ayy) —d(z,A)| =6y T
T (k) ey Jj=1

Since T;AVj is a finite set for j € {1,2,---,¢q — 1}, there exists ng € N such that

q—1 q—1
UT | n{(k, /) eNxN:k>nonj>no}=|JVi|n{(k,j) eENXN:k>nonj=>no}.
j=1 j=1

If k,j > ng and (k,j) ¢ V, then

qg—1 qg—1
(k,5) ¢ Vi andso (k,4) ¢ | J T
j=1 j=1

Thus, for each x € X we have

1 1
e Z |d(z, Ayj) — d(z, A)| < ;< 5.
(k,j)Elru
This implies that
. 1
7‘,1111£>noo hrﬁu Z |d(m7 Ak]) B d(:l:v A)’ =0
(k.g)ELru
Hence, for each z € X we have Ay; — A (Ng [If/kvz]) This completes the proof. U

Definition 3.7. The sequence {Ay;} is Wijsman strongly Zs-lacunary Cauchy sequence if for
each € > 0 and x € X, there exists a number s = s(e,x),t = t(e,x) € N such that

1

Ale,x) = ,u) ENX N: —
(e,z) (r,u) e

> d(m, Agy) — d(z, Ag)| > € 3 € T,
(k,j)elru
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Theorem 3.8. If {Ay;} is Wijsman strongly lacunary Cauchy sequence, then {Ay;} is Wijsman

strongly Zo-lacunary Cauchy sequence of sets.
Proof. The proof is routine verification so we omit it. O

Theorem 3.9. If {Ay;} is Wijsman strongly Is-lacunary convergent then {Ay;} is Wijsman

strongly Zo-lacunary Cauchy sequence.

Proof. Let {Ay;} is Wijsman strongly Z-lacunary convergent to A. Then for each € > 0 and

x € X, we have

T (5x) =4 (rnu) eNxN: LS Jdlw Agy) — d(, A)| > S b e T

2
T (kg)Elru

Do ™

Since 75 is a strongly admissible ideal, the set

c(€ .\ _ 1 4 €
T (5,95)_ (ryu) €N XN o (k% A, Ary) = d(x, A)] < 5
5J U

is non-empty and belongs to F(Z2). So, we can choose positive integers r,u such that (r,u) ¢

T(5,z), we have

1 5

Wt Z ’d(x7Ak0j0) - d(m7A)| < 9
Tt (koujo)elf‘u

Now, we define the set

1
B(e,z) = (r,u) e Nx N: —— E \d(x, Ag;) — d(x, Agjo)| > &
hehe |, ,
(kvj)’(ko»]o)elru

We show that B(e,z) C T(5,z). Let (r,u) € B(e,z) then we have

1
e < W > |d(vakj) - d(xaAkojON
rhu (kaj)v(k()vjo)elru
1 1
< N Z |d(m7‘4k’]) _d(m7A)’ +— Z |d(x7Ak0j0) _d(x’A”
hyhoy, (k,j)ELru heha (ko,jo)Elru
1

e
LS e Ay — d(e, A)] +
P (1) ! 2

This implies that

1
— 3, Ayy) — d(, A)] > ©
hphy , # 2
(kJ)EIT‘U
and therefore (r,u) € T(5,z). Hence, we have B(e,z) C T(§,z). This shows that {Ay;} is
Wijsman strongly Zs-lacunary Cauchy sequence. g

Definition 3.10. The sequence {Ay;} is Wigsman strongly I3 -lacunary Cauchy sequence if for
each € > 0 and x € X, there exists a set M = {(k,j) € N x N} such that M' = {(r,u) e Nx N:
(k,j) € Iw} € F(Z2) and a number N = N(g,z) € N such that
1

S ld(w, Agy) — d(x, Ag)| < &

Ry b (k,7),(8,t) EX s

for every k,j,s,t > N.



Theorem 3.11. If the double sequence {Ay;} is a Wijsman strongly I5-lacunary Cauchy se-

quence then {Ay;} is a Wijsman strongly Iy-lacunary Cauchy sequence of sets.

Proof. Suppose that {Ay;} is a Wijsman strongly Z5-lacunary Cauchy sequence. Then, for each
e >0 and x € X, there exists a set M = {(k,7) € N x N} such that M’ = {(r,u) € Nx N:
(k,j) € Ly} € F(Z3) and a number kg = ko(e,z) € N such that

1
— Y ld(m, Agy) — d(x, Ag)| < e
i (k,3),(s,t)ELry

for every k, 7,s,t > ko.
Let H =N x N\M'. Tt is obvious that H € Z, and

1
T(e,x) = (ryu) e Nx N: — Z \d(z, Agj) — d(z, Ag)| > €
hrhy
(kz.])»(sat)elru

cHU (M' N (({1,2, 0, (ko — 1)} x N)U (N x {1,2, .., (ko — 1)}))).
As 75 be a strongly admissible ideal then,
HU (M’ N (({1,2, 0, (ko — 1)} x N)U (N x {1,2, .., (ko — 1)}))) e D.

Therefore, we have T'(e,z) € Iy, that is, {Ax;} is a Wijsman strongly Zp-lacunary Cauchy

sequence of sets. O

Combining Theorem 3.5 and Theorem 3.9, we have following Theorem:

Theorem 3.12. If the double sequence {Ay;} is a Wijsman strongly I3-lacunary convergence

then {Ax;} is a Wijsman strongly Zo-lacunary Cauchy sequence of sets.

Theorem 3.13. If T C 2"*N s an admissible ideal with the property (AP2) then the concepts
Wigsman strongly Zo-lacunary Cauchy double sequence and Wigsman strongly Z5-lacunary Cauchy

double sequence of sets coincide in X.

Proof. If a sequence is Wijsman strongly Z*-lacunary Cauchy sequence, then it is Wijsman
strongly Z-lacunary Cauchy sequence of sets by Theorem 3.6, where Z need not have the property
(AP).

Now, it is sufficient to prove that a sequence {Ag} in X is a Wijsman strongly Z*-lacunary
Cauchy sequence under assumption that it is a Wijsman strongly Z-lacunary Cauchy sequence.
Let {Ax} in X be a Wijsman strongly Z*-lacunary Cauchy sequence. Then, for each £ > 0 and
x € X, there exists a number N = N(¢) € N such that

1
Alg,w) ={reN: — > ld(w, Ay) — d(x, Ay)| = e} € T.
" kel

Let
1 1 .
P = {r eN: — Z |d(z, Ag) — d(z, Ay,)| < f}; (i=1,2,...),
hy i
kel
where n; = N(1\i). It is clear that P; € F(Z), (i =1,2,...). Since Z has the property (AP),

then by Lemma ?7? there exists a set P C N such that P € F(Z), and P\P; is finite for all 1.
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Now, we show that

1
lim — |d(x, Ag) — d(x, A,)| = 0, for each z in X.

To prove this, let € > 0 and j € N such that j > 2/e. If k,n € P then P\P; is a finite set, so
there exists m = m(j) such that k,n € P; for all k,n > m(j). Therefore, for each x in X,

1 1 1 1
W > ld(x, Ag) — d(z, An)| < 7 and — Y |d(z, Ap) — d(z, Ap,))| < 5

" kel for nel,
for all k,n > m(j). Hence, it follows that

1

1
" knel, " kel,
1
+ }77“ Z |d($,An) - d(vanj”
nel,
1 1 2
< =+ ===
J J J
< g,

for all k,n > m(j) and each = in X. Thus, for any € > 0 there exists m = m(e) such that for
k,n > m(e) and k,n € P € F(Z)

1
— Z |d(z, Ag) — d(z, Ayp)| < e, for each x in X.
r k,nGIr

This shows that the sequence {Ay} in X is Wijsman strongly Z*-lacunary Cauchy sequence of

sets.
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