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1. Introduction and Background

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a ¢-mean if it satisfies following conditions:

1. ¢(x) >0, when the sequence x = (x;) has x,, > 0 for all n,
2. ¢(e)=1,wheree=(1,1,1,...) and
3. @(xg(n)) = O(x) for all x € L.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping & at n. Thus, ¢ extends the limit functional on c, the space of
convergent sequences, in the sense that ¢ (x) = limx for all x € c.

In the case © is translation mappings o (n) = n+ 1, the o-mean is often called a Banach limit and the space Vs,
the set of bounded sequences all of whose invariant means are equal, is the set of almost convergent sequences
¢. It can be shown that

1 m
Vo = {x = (xn) € oo : n%l_r}rlogk l)CGk(n) =L, uniformly in n} .

strongly o-convergence was defined by Mursaleen in [? ]:
A bounded sequence x = (x;) is said to be strongly o-convergent to L if
m

1
am k; Wot(n) — LI =0,

uniformly in n. It is denoted by x; — L[Vs].

By [Vs], we denote the set of all strongly o-convergent sequences.
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In the case o(n) = n+ 1, the space [Vs] is the set of strongly almost convergent sequences [¢]

The concept of strongly o-convergence was generalized by Savas [? ] as below:

. 1 m ] ]
Vslp = {x = (x) : nlllg}x’ . ];1 |x(,k(n) —L|” =0, uniformly in n} ,

where 0 < p < oo.
If p=1, then [V5], = [V]. Itis known that [V5], C /.

The idea of statistical convergence was introduced by Fast [? | and studied by many authors. The concept of
o-statistically convergent sequence was introduced by Savas and Nuray in [? ]. The idea of .#-convergence
was introduced by Kostyrko et al. [? ] as a generalization of statistical convergence which is based on the
structure of the ideal .# of subset of the set of natural numbers N. Similar concepts can be seen in [? ? ].

A family of sets .# C 2V is called an ideal if and only if (i) @ € .#, (ii) For each A,B € .# we have AUB € .#,
(iii) For each A € .# and each B C A we have B € .7

An ideal is called non-trivial if N ¢ .# and non-trivial ideal is called admissible if {n} € .# for each n € N.

Recently, the concepts of o-uniform density of subset A of the set N and corresponding .#5-convergence for
real number sequences was introduced by Nuray et al. [? ]. Marouf [? ] presented definitions for asymptotically
equivalent sequences and asymptotic regular matrices. Then, the concept of asymptotically equivalence has
been developed by many other researchers (see, [? ? ? ]).

Two nonnegative sequences x = (x;) and y = (y;) are said to be asymptotically equivalent if liin ;‘—: =1.Itis
denoted by x ~ y.

Convergence and .# -convergence of double sequences in a metric space and some properties of this convergence,
and similar concepts which are noted following can be seenin [? ? 2 ? ].

A double sequence x = (xy;) is said to be bounded if sup;_ jXkj < oo. The set of all bounded double sequences of
sets will be denoted by /2.

A nontrivial ideal .#, of N x N is called strongly admissible ideal if {i} x N and N x {i} belong to ., for each
i€ N.

It is evident that a strongly admissible ideal is admissible also.

Let (X,p) be a metric space and . be a strongly admissible ideal in N x N.
A sequence x = (x,,) in X is said to be #-convergent to L € X, if for any € > 0

A(e) = {(m,n) eNXN: p(xun,L) > €} € 5.
Itis denoted by .5 — lim_ X, = L.
Let A CNxNand |
smn 1= min[AN { (6 (k) 0()), (0> (6), 6°()), -, (6" (k). 0" (1)) } |
and
Sn 1= n;z;x l|An{(a(k),a(}))), (Gz(k), Gz(j)) s (0™(K), 6" (7)) } |-
If the following limits exists

1 — LS
V2(A) := lim Smn and V2(A) = lim —2,

- mn—oe MMn mn—e MMn

then they are called a lower and an upper o-uniform density of the set A, respectively. If V2 (A) = V»(A), then
Va(A) = Va(A) = V,(A) is called the o-uniform density of A.

Denote by .75 the class of all A € N x N with V»(A) = 0.
Throughout the paper we let .77 C 28N be a strongly admissible ideal.

Diindar et al. [? ] studied the concepts of invariant convergence, strongly invariant convergen, p-strongly
invariant convergen and ideal invariant convergence of double sequences.

A double sequence x = (xy;) is said to be .#>-invariant convergent or .#,’-convergent to L if for every £ > 0

A(e) = {(k,j) : i —L| > e} € 77,



that is, V2 (A(€)) = 0. In this case, we write .y — limx = L or x; — L(.%5).
The set of all .%-invariant convergent double sequences will be denoted by J.

A double sequence x = (xy;) is said to be strongly invariant convergent to L if

. 1 m,n
A, L oo ~H =0

uniformly in s,7. In this case, we write x;; — L([V2]).
A double sequence x = (x;) is said to be p-strongly invariant convergent to L, if

m,n

. 1 p
L Z [¥ok(s).00 = LI" =0,
’ k,j=1,1
uniformly in s,#, where 0 < p < co. In this case, we write x;; — L([Vg]p).
The set of all p-strongly invariant convergent double sequences will be denoted by [Vg] p-

Hazarika [? ] introduced the notion of asymptotically .# -equivalent sequences and investigated some properties
of it. Definitions of P-asymptotically equivalence, asymptotically statistical equivalence and asymptotically
#,-equivalence of double sequences were presented by Hazarika and Kumar [? ] as following:

Two nonnegative double sequences x = (xy) and x = (yy) are said to be
P-asymptotically equivalent if
P—lim ¥ —1,
k.l Ykl

denoted by x ~* y.
Two nonnegative double sequences x = (xy;) and y = (yy) are said to be asymptotically statistical equivalent of
multiple L provided that for every € > 0

-

Ykl

denoted by x ~” y y and simply asymptotically statistical equivalent if L = 1.
Two nonnegative double sequences x = (x;) and x = (yy) are said to be asymptotically .#-equivalent of
multiple L provided that for every € > 0

1
P—lim —
mn mn

{kgm,lgn:

{(k,l)ENxN:

XHL‘ > e} €.
Ykl

denoted by x ~~- b y and simply asymptotically .#;-equivalent if L = 1.
2. Asymptotically .7’ -Equivalence

Definition 2.1 Two nonnegative double sequences x = (x;;) and y = (yx;) are said to be asymptotically invariant
equivalent or asymptotically o,-equivalent of multiple L if

1 m,n X k(e 1
im L ool _ g
m,n— Mn ki=1.1 yak(s),cl(l)
Vo

uniformly in s,7. In this case, we write x 2 y and simply o,-asymptotically equivalent, if L = 1.

Definition 2.2 Two nonnegative double sequences x = (x;) and y = (yx) are said to be asymptotically .7 -
equivalent of multiple L if for every € > 0,

Ae ::{(k,l)ENxN:

X
"Z—L’ >s} € .9,

Ykl
: : . i . .
ie, W(4e) = 0. In this case, we write x ~ y and simply asymptotically

#-equivalent, if L = 1.
The set of all asymptotically .#,”-equivalent of multiple L sequences will be denoted by jg< I

Theorem 2.3 Suppose that x = (xy;) and y = (yi;) are bounded double sequences. If x and y are asymptotically
Iy -equivalent of multiple L, then these sequences are 0»-asymptotically equivalent of multiple L.



Proof. Let m,n,s,t € N be arbitrary and € > 0. Now, we calculate

1y Swdn

u(m,n,s,t) =
M 1=1,1 Yok(s),0t (1)

We have
u(m,n,s,t) < u(])(m,n,s,t) +u? (m,n,s,1),
where
1 m,n Xk /
W (m,n,s,1) 1= — AlOR NS
M k=1 Yok (s),0!(1)
ORI
Yok (s),0L () -
and
1 m,n Xok(s) ol
u >(m,n,s,t) = — Z o0 |
mn- k=1 Yok(s).o!(r)
KON P
Yok (s),01 (1)

We get u'®) (m,n,s,1) < €, forevery s,t = 1,2, ... . The boundedness of x = (xz;) and y = (y;;) implies that there
exists a M > 0 such that
Fok(s),0! (1)

Yok(s),ol(t)

—L SMv

fork,l=1,2,..., s,t =1,2,.... Then, this implies that

M
uV(m,n,s,1) < —
mn

{1§k§m,1§l§n:

Skwel) _pls g
Yok(s),6l(r) -

X
max {1§k§m,1§1§n: ML‘ZS}
st Yok(s),61(1)

< M =M

mn mn

hence x and y are 6,-asymptotically equivalent to multiple L. O

The converse of Theorem ?? does not hold. For example, x = (x;) and y = (yi) are the double sequences
defined by following;

2 , if k41 is an even integer,
Xig o =
0 , if k+! is an odd integer.
ya =1
When o(m) = m + 1 and o(m) = n + 1, this sequences are asymptotically

02-equivalent but they are not asymptotically .#;’ -equivalent.

Definition 2.4 Two nonnegative double sequence x = (xz;) and y = (yi;) are said to be strongly asymptotically
invariant equivalent or strongly asymptotically c,-equivalent of multiple L if

1 & | Xok(s),ol ()

—L| =0,

Yok(s),0l(t)

4773
uniformly in s,¢. In this case, we write x A y and simply strongly asymptotically o,-equivalent if L = 1.

Definition 2.5 Let 0 < p < oo. Two nonnegative double sequence x = (xi;) and y = (i) are said to be
p-strongly asymptotically invariant equivalent or p-strongly asymptotically c,-equivalent of multiple L if

p
:07

1 W | Xok(s),0l()

—L

ki=1,1|Yok(s),61(r)

\27%)
uniformly in s,¢. In this case, we write x Y y and simply p-strongly asymptotically 6,-equivalent if L = 1.

The set of all p-strongly asymptotically 6,-equivalent of multiple L sequences will be denoted by [“//2‘(7L)] -



[’7/2((1)]17 Iy
Theorem 2.6 Let 0 < p <oo. Then,x ~ y=x ~ Y.

[300)le
Proof. Letx £ y and given € > 0. Then, for every s, € N we have

Y X""“)”‘l“)L‘p > Y kaw’mL‘p
ki=1,1| ok s).0l () - kI=1,1 Yok(s).0 (1)
RO O]
Yoks),ol(t) |~
X
> ePldl<k<ml<i<n:| 200 _jl>¢
Yok(s).0! (1)
Xk 1
> ePmax[{1<k<m1<I<n:|-ZWeW_J|>¢
st Yok(s),6l(1)
and
Xk 1
o » max {1<k§m,1<l§n o ()0 (1) L‘zs}’
1 )fak(x),al(t) _L > ep sit Yok (s),6! (1)
mn =11 | Yok s)0l0) mn
- gP Smn
mn
78
.. . . mn (L)

for every s,t = 1,2,... . This implies lim =0andsox ~"y.
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