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Abstract

Fast (1951) and Schoenberg (1959), independently, introduced concept of statistical convergence and many authors studied some
properties of this concepts. Mursaleen and Edely (2003) extended this concept to the double sequences. Kostyrko et al. (2000)
defined J of subset of N (natural numbers) and investigated J-convergence with some properties and proved theorems about J-
convergence. The idea of J,-convergence and some properties of this convergence were studied by Das et al. (2008). Nuray and
Rhoades (2011) defined the idea of statistical convergence of set sequence and investigated some theorems about this notion and
importance properties. After, several authors extended the convergence of real numbers sequences to convergence of sequences of
sets and investigated it’s characteristic in summability.

Several authors have studied invariant convergent sequences. Tortop and Diindar (2018) introduced 7,-invariant convergence of
double set sequences. Asymptotically equivalent and some properties of equivalence studied by several authors. Ulusu and Giille
(2019) introduced the concept of asymptotically J7,-equivalence of sequences of sets. Recently, Diindar et al. (in review) studied
asymptotically ideal invariant equivalence of double sequences. Many authors studied asymptotic equivalence using f modulus
function. Recently, Akin, Diindar and Ulusu (2018) defined and studied asymptotically lacunary J-invariant statistical equivalence
for sequences of sets defined by a modulus function. Kumar and Sharma (2012) studied Jg-equivalent sequences using a modulus
function f.

In this study, first, we present the concepts of strongly asymptotically 79¢ -equivalence, f-asymptotically 75¢ -equivalence,
strongly f-asymptotically 79 -equivalence for double sequences of sets. Then, we investigated some properties and relationships
among this new concepts.

Key Words: Asymptotic Equivalence, Lacunary Invariant Convergence, J,-Convergence, Wijsman Convergence, Modulus
Function.

Ozet

Fast (1951) ve Schoenberg (1959) istatistiksel yakinsaklik kavramini tamimladi. Daha sonra birgok yazar bu kavram ve 6zellikleri
ile ilgili caligmalar yapti. Mursaleen ve Edely (2003) istatistiksel yakinsaklik kavramuin ¢ift dizilere tagimstir. . Kostyrko vd. (2000)
N’1in(dogal sayilar) alt kiimesi J ideal kavramini tanimladi. Sonra yeni tanimlanan J yakinsaklik kavramu ile ilgili baz1 6zellikleri
inceleyip teoremleri ispatladi. J,- yakinsaklik kavrami ve bu kavramin bazi 6zellikleri Das vd. (2008) tarafindan incelendi. Nuray
ve Rhoades (2012) kiime dizileri igin istatistiksel yakinsaklik kavramini tanimlayip bu kavramla ilgili baz1 6zellikleri ve teoremleri
inceledi. Daha sonra birgok yazar tarafindan reel sayi dizilerinin yakinsakligi kiime dizilerinin yakinsakligina genisletilerek
caligmalar yapilmigtir.

Birgok yazar invariant yakinsaklik ile ilgili ¢aligmalar yapmustir. Tortop ve Dindar (2018) ¢ift kime dizileri igin J,-invariant
yakinsaklik kavramini tanimladi. Asimptotik denklik ve bu denkligin &zellikleri baz1 yazarlar tarafindan calisiimistir. Ulusu ve
Gille (2019) kiime dizilerinin asimptotik J,-denkligi kavramini tanimladi. Son zamanlarda Diindar vd. (incelemede) ¢ift dizilerin
asimptotik ideal invariant denkligi ile ilgili ¢alisma yapti. Modiiliis fonksiyonu ilk defa Nakano (1953) tarafindan tanimlandi. Birgok
yazar f modulus fonksiyonunu kullanarak asimptotik denklik ile ilgili ¢aligmalar yapti. Akin, Diindar ve Ulusu (2018) kiime dizileri
icin f modulus fonksiyonunu kullanarak asimptotik lacunary J-invariant istatistiksel denklik kavramini tanimlayip bu kavram ile
ilgili galismalar yapti. Modiiliis fonsiyonunu kullanilarak lacunary ideal denk diziler ile ilgili Kumar ve Sharma (2012) tarafindan
bir ¢aligma yapildi.

Bu calismada ¢ift kiime dizileri icin kuvvetli asimptotik 7g¢-denklik, , f-asimptotik 759 -denklik, kuvvetli f-asimptotik 759 -
denklik tanimlar1 yapildi. Daha sonra tanimlanan bu yeni kavramlarin 6zellikleri ve bu kavramlar arasindaki iliskiler incelendi.
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Introduction and Definitions



Recently, the statistical convergence extended to ideal convergence of real numbers and some important properties
about ideal convergence investigated by many mathematicians. Kostyrko et al. [11] defined 7 of subset of N (positive
integers) and investigated 7-convergence with some properties and proved theorems about 7-convergence. The idea
of J,-convergence and some properties of this convergence were studied by Das et al. [4].

Several authors have studied invariant convergent sequences (see, [17,18, 21, 26, 27, 29, 34, 35, 36, 37, 39, 44]). Nuray
et al. [22] defined the notions of invariant uniform density of subsets E of N, J,-convergence and investigated
relationships between J,-convergence and o-convergence also J,-convergence and [V;],-convergence. Tortop and
Dindar [41] introduced J,-invariant convergence of double set sequences. Akin [25] studied Wijsman lacunary 7,-
invariant convergence of double sequences of sets.

Several authors define some new concepts and give inclusion theorems using a modulus function f (see, [8, 9, 14, 19,
30, 33]). Kumar and Sharma [12] studied Jg,-equivalent sequences using a modulus function f. Kisi et al. [10]
introduced f-asymptotically Jy-equivalent set sequences. Akin and Diindar [23] and Akin et al. [24] give definitions
of f -asymptotically J, and J,, -statistical equivalence of set sequences. Diindar and Akin [5] studied f -
asymptotically 75 -equivalence for double set sequences.

Now, we recall the basic concepts and some definitions and notations (See [1, 2, 3, 10, 11, 13, 14, 15, 22, 27, 28, 31,
33, 36,42, 43,45, 46, 47, 48]).

Let two non-negative sequences u = (u) and v = (vy). If ’lim Z—: =1, then u = (ui) and v = (v,) are said to be
asymptotically equivalent (denoted by u~v).

Let (Y,p) be a metric space, y € Y and any non-empty subset C of Y, then we define the distance from y to C by
d(y,€) = infp(y, c).

This after, we let (Y, p) be a metric space and C, D, C, and D, (k = 1,2,...) be non-empty closed subsets of Y.

A sequence {C,} is Wijsman convergent to C if ’lim d(y,Cy) =d(y,C) for each y €Y. In this instance, it is
showed by W — Ilim C,=C.
If supd(y,Cy) < oo foreach y €Y, then {C,} is bounded and we write {C;} € L.

k

Let Cx, D, €Y such that d(y,C,) >0 and d(y,D;) > 0 for each y € Y. The sequences {C,} and {D,} are

asymptotically equivalent if for each y €Y, ;im % =1 (denoted by C,~Dy,).
—00 Dk

Let Cy, D, €Y such that d(y,C,) >0 and d(y,D,) > 0 for each y € Y. If for every e > 0 and each y €Y,

lim l|{k <n |M— L| > s}| =0, then {C,} and {D,} are asymptotically statistical equivalent of multiple L
n—-oon d(y,Dk)

(denoted by CkWELDk) and if L =1, then {C,} and{D,} are asymptotically statistical equivalent.

Let 0: N — N be a mapping and ¢ be a continuous linear functional on the space of real bounded sequences (¢,,). ¢
is an invariant mean or a g-mean, if the following conditions hold:

1. ¢(u) = 0, when the sequence u = (u,) has u, = 0, for all n,
2. ¢(e) =1,where e = (1,1,1...),
3. d(ugmy)) = ¢(u) forall u € 4.

Suppose that the mappings ¢ are injective and such that ¢™(j) # j, for all j,m € N, where ¢™(j) is the mth iterate



of ¢ at j. Therefore, for all u € ¢ ¢(u) equals to limu which is the extension of the limit functional on ¢, where
c={x=(xy): li}gnxkexists}.

If the equality a(j) # j + 1 exists, then g-mean is called a Banach limit, generally.

Now, we give the definition of ideal. 7 € 2V is called an ideal, provided that the followings hold:

(i) pe€J, (ii) Foreach E,F €J wehave EUF €7, (iii) Foreach E €J and each F € E we have F € 7.

Let 7 < 2N be aideal. 7 < 2V is called non-trivial provided that N ¢ 7. Also, for non-trivial ideal and for each n €
N provided that {n} € 7, then 7 is admissible ideal. After that, we consider that 7 is an admissible ideal.

Let C€ NxN and
Smk: = nl.l‘i].nIC N {(a(D),a()), (@2, a*()), ..., (@™ (@), * ()}
and

Smie: = max|C N {(e(@®),0()), (62D, (), -, (6™ (@), a*GN}I-

If the limits V,(C): = lli(m i;"—lf and V,(C): = l’icm i;"—}f exists then V,(C) is called a lower and V,(C) is called an
- m,k—o m,k—oo =

upper o-uniform density of the set C, respectively. If () = V,(C), then V,(C) = (0 = V,(C) is called the o-
uniform density of C. Denote by 75 the class of all € € N x N with V,(C) = 0.

This after, let C; C, D be any nonempty closed subsets of Y.

j D[]l

If for each y €Y,

1 mk
N W z A Coi)aiey) = 40 0),
i,j=1,1
uniformly in s, t then, the double sequence {C;;} is said to be invariant convergentto C in Y.

If for every y > 0,
A(y,y) ={(.)):1dy, C;j) —d(y, )| =y} €7

that is, V,(A(y,y)) = 0 then, the double sequence {C;;} is said to be Wijsman J,-invariant convergent or Jy, -
convergent to C, In this instance, we write C;; — C(Jy,) and by 733, we will denote the set of all Wijsman 77 -
convergent double sequences of sets.

For non-empty closed subsets C;;, D;; of Y define d(y; C;j, D;;) as follows:

a(y.Cij)

dwpi) ' yE Cij v Dij
d(y; Cij, D) =

L , y € C"] U Dl.]

If for every y > 0 and foreach y €Y,

mk
1
(m,k):e N x N:ﬂ Z ld(y; Cij' Dij) —Ll=zy; €5y
i,j=1,1
then, double sequences {C;;} and {D;;} are said to be strongly asymptotically 77 -equivalent of multiple L (denoted
W51
by C;j ~ D;;) and if L =1, then {C;;} and {D;;} are said to be strongly asymptotically J7-equivalent.
If following conditions hold for f:[0,00) — [0, c0) function, then it is called a modulus function:



1. f(uw) =0 ifandifonlyif u =0,
2. fu+v)<fw+fw)

3. f isincreasing

4. f is continuous from the right at 0.

This after, we let f as a modulus function.

The modulus function f may be unbounded (for instance f(u) = u?, 0 < g < 1) or bounded (for example f(u) =
u

).

u+1
If for every y > 0 and for each y €Y,

{(i, ) e NXN: f(ld(y; Cij, Dij) — L) = v} € 97,
then the double sequences {C;;} and {D;;} are said to be f-asymptotically J7-equivalent of multiple L (denoted by
W5 (f)
Cij ks D;;) and if L = 1, then {C;;} and {D;;} are said to be f-asymptotically J7-equivalent.
If for every y > 0 and foreach y €Y,

mk
1
(k) ENXNi— > f(1d(; Cy, D) — LD = ¥ { €52

ij=1,1

then, {C;;} and {D;;} are said to be strongly f -asymptotically 77 -equivalent of multiple L (denoted by
Wy ()]
Cij ks D;;) and if L = 1,then {C;;} and {D;;} are said to be strongly f-asymptotically 77 -equivalent.

A double sequence 6, = {(k,.,j,,)} is called double lacunary sequence if there exist two increasing sequence of
integers such that

ko=0h, =k, —k,_; > and j,=0,h, =j, —jy_1 = ®©, as r,u— oo,
We use the following notations afterwards:
kw = kejur hpy = hr}_lw Ly ={(k,j)ikr—y <k <k, and j, 4 <Jj<jyu}
After this, we take 6, = {(k,., j,)} as a double lacunary sequence.

Let 6, = {(k,,j,)} be adouble lacunary sequence, ¢ < N x N and

s = min|C 0 (o (m), 0 () : () € 1|

and
Srw = max |[C 0 {(c*(m), 07 () : (k. )) € L }|
mn
If the limits V.2 (C):= lim ;r—“ and V_ZH(C): = lim ir—“ exist, then they are called a lower lacunary a-uniform
_ r,u—>00 Nry r,u—>o Nry

density and an upper lacunary o-uniform density of the set C, respectively. If VJ(C) = V_Z"(C), then VZ(C) =

V_ZH(C) = V_ZH(C) is called the lacunary a-uniform density of C.
Denote by 759 the class of all ¢ € N x N with V£ (C) = 0.



After this, we take 759 as a strongly admissible ideal in N x N.

Lemma 1 [33] Let f be a modulus and 0 < § < 1. Then, for each u >y we have f(u) < 2f(1)y lu

Method
In the proofs of the theorems obtained in this study, used frequently in mathematics,

i.Direct proof method,
ii. Reverse proof method,
iii.Contrapositive method,

iv. Induction method

methods were used as needed.

Main Results



Definition 2.1. If for every y > 0 and each y €Y,

1
(r,u) € N X Niz— Z |d(Y; Cuj Dij) — LI = v € 757,
"™ (e N)Elry

then the double sequences {Cy;} and {Dy;} are said to be strongly asymptotically 799 -equivalent of multiple L
denoted by

and if L =1, then {Cy;} and {D,;} are said to be strongly asymptotically 799 -equivalent.

Definition 2.2. If for every y > 0 and each y €Y,
{(k'j) € N X N: f(|d(y; Cxj, D) — L) = V} € 749,

then the double sequences {C;} and {D,;} are said to be f-asymptotically 79%-equivalent of multiple L denoted
Wioo(f)
2
by Ck] ~ Dk]
and if L = 1, then {Cy;} and {Dy;} are said to be f-asymptotically 999 -equivalent.

Definition 2.3 If for every y > 0 and each y €Y,

1
() ENXNis— ' F(d0; G, D) — L) 2 v € 557,

™ w
(k.j)ELry

then the double sequences {Cy;} and {Dy;} are said to be strongly f-asymptotically 799-equivalent of multiple L
denoted by
Wyg0 ()]
ij ~ Dk]
and if L = 1, then {Cy;} and {Dy;} are said to be strongly f-asymptotically 999 -equivalent.

Theorem 2.1. For each y € Y, we have
) [Wig0 ()]
2 2
ij ~ ij = ij ~ Dk]

Theorem 2.2. If lim@ =a >0 ,then

zZ—>00 Z
Wygo] W0 ()]
ij ~ Dk] =4 Ck] ~ Dk]

References



M. Baronti, and P. Papini(1986), Convergence of sequences of sets, In Methods of functional analysis in
approximation theory, ISNM 76, Birkhauser, Basel,133-155.

G. Beer(1985), On convergence of closed sets in a metric space and distance functions, Bull. Aust. Math.
Soc. 31, 421-432,1985.

G. Beer, (1994). Wijsman convergence: A survey. Set-Valued Analysis, 2 , 77-94.

Das, P., Kostyrko, P., Wilczynski, W. and Malik, P., (2008). 7 and J*-convergence of double sequences.
Mathematica Slovaca, 58(5), 605-620.

E. Dundar, N. Pancaroglu Akin, f-Asymptotically 75-Equivalence of Double Sequences of Sets
(Under review).

Diindar, E., Ulusu, U. and Nuray, F., On asymptotically ideal invariant equivalence of double
sequences. (Under review).

Fast, H., (1951). Sur la convergence statistique. Colloquium Mathematicum, 2, 241-244.

Khan, V. A. and Khan, N., (2013). On Some J-Convergent Double Sequence Spaces Defined by a Modulus Function.
Engineering, 5, 35-40.

Kiling, G. and Solak, 1., (2014). Some Double Sequence Spaces Defined by a Modulus Function. General Mathematics
Notes, 25(2), 19-30.

Kisi O., Giimiis H. and Nuray F., (2015).7-Asymptotically lacunary equivalent set sequences defined by modulus
function. Acta Universitatis Apulensis, 41, 141-151.

Kostyrko P., Salat T. and Wilczynski W., (2000).7-Convergence. Real Analysis Exchange, 26(2), 669-686.

Kumar V. and Sharma A., (2012). Asymptotically lacunary equivalent sequences defined by ideals and modulus
function. Mathematical Sciences, 6(23), 5 pages.

Lorentz G., (1948). A contribution to the theory of divergent sequences. Acta Mathematica, 80, 167-190.

Maddox J., (1986). Sequence spaces defined by a modulus. Mathematical Proceedings of the Cambridge
Philosophical Society, 100, 161-166.

Marouf, M., (1993). Asymptotic equivalence and summability. Int. J. Math. Math. Sci., 16(4), 755-762.

M. Mursaleen, O. H. H. Edely(2003), Statistical convergence of double sequences, J. Math. Anal. Appl.
288, 223-231.

Mursaleen, M.,(1983). Matrix transformation between some new sequence spaces. Houston Journal of Mathematics,
9, 505-509.

M. Mursaleen(1979), On finite matrices and invariant means, Indian J. Pure and Appl. Math.10,
457-460.

Nakano H., (1953). Concave modulars. Journal of the Mathematical Society Japan, 5 ,29-49.

Nuray F. and Rhoades B. E., (2012). Statistical convergence of sequences of sets. Fasiciculi Mathematici, 49 , 87-99.



Nuray, F. and Savas, E., (1994). Invariant statistical convergence and A-invariant statistical convergence. Indian
Journal of Pure and Applied Mathematics, 25(3), 267-274.

Nuray, F., Gok, H. and Ulusu, U., (2011). J,-convergence. Mathematical Communications, 16, 531-538.

Pancaroglu Akin, N. and Diindar, E.,(2018). Asymptotically J-Invariant Statistical Equivalence of Sequences of Set
Defined by a Modulus Function. AKU Journal of Science Engineering, 18(2), 477-485.

Pancaroglu Akin, N., Diindar, E., and Ulusu, U., (2018).Asymptotically J,4-statistical Equivalence of Sequences of
Set Defined By A Modulus Function. Sakarya University Journal of  Science, 22(6), X-x. doi:
10.16984/saufenbilder

Pancaroglu Akin, N., Wijsman lacunary J,-invariant convergence of double sequences of sets. (In review).

Pancaroglu, N. and Nuray, F., (2013). Statistical lacunary invariant summability. Theoretical Mathematics and
Applications, 3(2), 71-78.

Pancaroglu N. and Nuray F., (2013). On Invariant Statistically Convergence and Lacunary Invariant Statistically
Convergence of Sequences of Sets.  Progress in Applied Mathematics, 5(2), 23-29.

Pancaroglu N. and Nuray F. and Savas E., (2013). On asymptotically lacunary invariant statistical equivalent set
sequences. AIP Conf. Proc. 1558(780) http://dx.doi.org/10.1063/1.4825609

Pancaroglu N. and Nuray F., (2014). Invariant Statistical Convergence of Sequences of Sets with respect to a Modulus
Function. Abstract and Applied Analysis, Article ID 818020, 5 pages.

N. Pancaroglu and F. Nuray(2015), Lacunary Invariant Statistical Convergence of Sequences of Sets with
respect to a Modulus Function, Journal of Mathematics and System Science, 5, 122-126.

Patterson, R. F., (2003). On asymptotically statistically equivalent sequences. Demostratio Mathematica, 36(1), 149-
153.

R. F. Patterson and E. Savag(2006), On asymptotically lacunary statistically equivalent sequences, Thai J.
Math. 4(2), 267-272.

Pehlivan S., and Fisher B., (1995).Some sequences spaces defined by a modulus. Mathematica Slovaca, 45, 275-280.

Raimi, R. A, (1963). Invariant means and invariant matrix methods of summability. Duke Mathematical Journal,
30(1), 81-94.

Savas, E., (1989). Some sequence spaces involving invariant means. Indian Journal of Mathematics, 31, 1-8.
Savas, E., (1989). Strongly o-convergent sequences. Bulletin of Calcutta Mathematical Society, 81, 295-300.

Savas, E. and Nuray, F., (1993). On o -statistically convergence and lacunary o -statistically convergence.
Mathematica Slovaca, 43(3), 309-315.

Savas, E., 2013. On J-asymptotically lacunary statistical equivalent sequences. Advances in Difference Equations,
111(2013), 7 pages. doi:10.1186/1687-1847-2013-111.

Schaefer, P., (1972). Infinite matrices and invariant means. Proceedings of the American Mathe-matical Society, 36,
104-110.


http://dx.doi.org/10.1063/1.4825609

Schoenberg 1. J., (1959). The integrability of certain functions and related summability methods. American
Mathematical Monthly, 66, 361-375.

Tortop, S. and Diindar, E., (2018). Wijsman I2-invariant convergence of double sequences of sets. Journal of
Inequalities and Special Functions,(In press).

Ulusu U. and Nuray F., (2013). On asymptotically lacunary statistical equivalent set sequences. Journal of
Mathematics, Article ID 310438, 5 pages.

Ulusu, U. and Dindar, E., (2014). I-lacunary statistical convergence of sequences of sets. Filomat, 28(8), 1567-
1574,

Ulusu, U., Dlndar, E. and Nuray, F., (2018). Lacunary |_2-invariant convergence and some properties. International
Journal of Analysis and Applications, 16(3), 317-327.

Ulusu U, Nuray F Lacunary J;-convergence. (Under Comminication)
Ulusu U. and Giille E., (2019). Asymptotically 7, -equivalence of sequences of sets. (In press).

Wijsman R. A., (1964). Convergence of sequences of convex sets, cones and functions. Bulletin American
Mathematical Society, 70, 186-188.

Wijsman R. A., (1966). Convergence of Sequences of Convex sets, Cones and Functions Il. Transactions of the
American Mathematical Society, 123(1) , 32-45.



	Asymptotically Lacunary ,𝓘-𝟐-𝝈.-Equivalence for Double Set Sequences
	Defined by Modulus Functions
	Main Results

