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Oz

Son zamanlarda reel sayilarin istatistiksel yakinsaklik kavrami ideal yakinsaklik kavramina genisletilerek birgok
matematikei tarafindan calisilmigtir. Fast (1951) ve Schoenberg (1959) istatistiksel yakinsaklik kavramini tanimladi. Daha
sonra birgok yazar bu kavram ve dzellikleri ile ilgili ¢aligmalar yapti. Kostyrko vd. (2000) N’ alt kiimesi 7 ideal kavramini
tanimladi. Sonra yeni tanimlanan J-yakinsaklik kavrami ile ilgili bazi o6zellikleri inceleyip teoremler ile ispatladi. J,-
yakinsaklik kavrami ve bu kavramin bazi 6zellikleri Das vd. (2008) tarafindan incelendi. Nuray ve Rhoades (2012) kiime
dizileri i¢in istatistiksel yakinsaklik kavramini tanimlayip bu kavram ile ilgili baz1 6zellikleri ve teoremleri inceledi. Daha
sonra birgok yazar tarafindan reel say:r dizilerinin yakinsakligi kiime dizilerinin yakinsakligina genisletilerek ¢aligmalar
yapilmustir.

Birgok yazar invariant yakinsaklik ile ilgili ¢alismalar yapmustir. Nuray vd. (2011) E  N’nin diizgiin invariant
yogunlugu kavramini tanimladi. Nuray vd. (2011) J,-yakinsaklik ile o-yakisaklik ve J,-yakinsaklik ile [V, ],-yakinsaklik
kavramlari arasindaki iligkileri inceledi. Tortop ve Diindar (2018) ¢ift kiime dizileri igin J,-invariant yakinsaklik kavramini
tanimladi. Akin (incelemede) ¢ift kiime dizileri i¢in tanimlanan Wijsman lacunary J,-invariant yakinsaklik ile ilgili bir
caligma yapti. Modiiliis fonksiyonu ilk defa Nakano (1953) tarafindan tanimlandi. Bazi yazarlar f modiiliis fonksiyonunu
kullanarak bazi yeni kavramlar tanimlamistir. Asimptotik denklik ve bu denkligin 6zellikleri bazi yazarlar tarafindan
calistlmistir. Kisi et al. (2015) kiime dizilerinin f-asimptotik Jg denkligi kavramini tanimladi. Modiiliis fonksiyonunu
kullanilarak lacunary ideal denk diziler ile ilgili Kumar ve Sharma (2012) tarafindan bir ¢aligma yapildi.

Bu ¢aligmada ¢ift kiime dizileri igin asimptotik 75 9 _istatistiksel denklik kavrami tanimlandi. Ayn1 zamanda asimptotik
759 -istatistiksel denklik ile kuvvetli f-asimptotik 79 -denklik kavramlari arasindaki iliskiler incelendi.
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Abstract

Recently, the statistical convergence extended to ideal convergence of real numbers and some important properties
about ideal convergence investigated by many mathematicians. Fast (1951) and Schoenberg (1959), independently,
introduced concept of statistical convergence and many authors studied this concepts. Kostyrko et al. (2000) defined thr ideal
J of subset of N and investigated J-convergence with some properties and proved theorems about 7-convergence. The idea of
J,-convergence and some properties of this convergence were studied by Das et al. (2008). Nuray and Rhoades (2012)
defined the idea of statistical convergence of set sequence and investigated some theorems about this notion and importance
properties. After, several authors extended the convergence of real numbers sequences to convergence of sequences of sets
and investigated it’s characteristic in summability.

Several authors have studied invariant convergent sequences. Nuray et al. (2011) defined invariant uniform density of
subsets E of N, J;-convergence and investigated relationships between J,-convergence and o-convergence also J;-
convergence and [V;;],-convergence. Tortop and Diindar (2018) introduced J,-invariant convergence of double set sequences.
Akin (in review) studied Wijsman lacunary J,-invariant convergence of double sequences of sets. Several authors define
some new concepts and give inclusion theorems using a modulus function f. Asymptotically equivalent and some properties
of equivalence studied by several authors. Kumar and Sharma (2012) studied Jg-equivalent sequences using a modulus
function f. Kisi et al. (2015) introduced f-asymptotically Jg-equivalent set sequences.

In this paper, we define asymptotically 7% -statistical equivalence for double sequences of sets. Also we investigate
relationships between asymptotically 75 9_statistical equivalence and strongly f-asymptotically 39 9 _equivalence.

Key Words: Asymptotic Equivalence, Lacunary Invariant Convergence, J,-Convergence, Modulus Function.

Introduction and Definitions

Statistical convergence and ideal convergence of real numbers, which are of great importance in the theory of
summability, are studied by many mathematicians. Fast (1951) and Schoenberg (1959), independently,
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introduced concept of statistical convergence and many authors studied this concepts. Mursaleen and Edely
(2003) extended this concept to the double sequences.

Asymptotically equivalent and some properties of equivalence studied by several authors (see, [Kisi et al., 2015;
Pancaroglu et al., 2013; Patterson, 2003; Patterson and Savas, 2006; Savas, 2013; Ulusu and Nuray, 2013]).
Ulusu and Giille (2019) introduced the concept of asymptotically J;-equivalence of sequences of sets. Recently,
Diindar et al. (in review) studied asymptotically ideal invariant equivalence of double sequences.

Several authors define some new concepts and give inclusion theorems using a modulus function f (see, [Khan
and Kan, 2013; Kilin¢ and Solak, 2014; Maddox, 1986; Nakano, 1953; Pancaroglu and Nuray 2015; Pehlivan
and Fisher 1995]). Kumar and Sharma (2012) studied Jg-equivalent sequences using a modulus function f. Kisi
et al. (2015) introduced f-asymptotically Jg-equivalent set sequences. Akin and Diindar (2018) and Akin et al.
(2018) give definitions of f-asymptotically J, and J,4-statistical equivalence of set sequences. Diindar and Akin
(in review) studied f-asymptotically J§ -equivalence for double set sequences.

Now, we recall the basic concepts and some definitions and notations (See [Baronti and Papini, 1986; Beer,
2985,1994; Kisi et al., 2015; Kostyrko et al., 2000; Lorentz, 1948; Maddox, 1986; Marouf, 1993; Nuray et al.,
2011; Pancaroglu and Nuray, 2013b, Pancaroglu et al., 2013, Patterson, 2003; Pehlivan and Fisher,1995; Savas,
1989b, Ulusu and Nuray, 2013; Ulusu and Diindar, 2014; Ulusu and Nuray (in review); Ulusu Giille, 2019,
Wijsman, 1964]).

Let two non-negative sequences u = (uy) and v = (vy). If ,!im —Zk =1, then u = (uy) and v = (v},) are said to
—o0 Vi
be asymptotically equivalent (denoted by u~v).

Let (Y, p) be a metric space, y € Y and any non-empty subset C of Y, then we define the distance from y to C
by

d(y,€) = infp(y,c).
This after, we let (Y, p) be a metric space and C, D, Cy and D;, (k = 1,2,...) be non-empty closed subsets of Y.
A sequence {Cy} is Wijsman convergent to C if ,lim d(y,C,) =d(y,C) for each y € Y. In this instance, it is
showed by W — ,lim C,=C.
If supd(y, Cy) < oo for each y € Y, then {C} is bounded and we write {C,} € L.
k

Let Cy, D, €Y such that d(y,Cy) > 0 and d(y, D) > 0 for each y € Y. The sequences {C} and {D;} are

asymptotically equivalent if for each y € Y, llim % = 1 (denoted by C,~Dy).
—00 Dk

Let Cy, Dy, € Y such that d(y,C;) > 0 and d(y,D;,) > 0 foreach y € Y. If forevery e > 0 and each y €Y,

.1 A, Cy)
_ <n|—=
A |{k =" 3¢, Do)

ws
then {C;} and {D,} are asymptotically statistical equivalent of multiple L (denoted by C; ~LDk) and if L =1,
then {C,} and{D, } are asymptotically statistical equivalent.

L| 2£}| =0,

Let 0:N - N be a mapping and ¢ be a continuous linear functional on the space of real bounded sequences
(fw)- @ is an invariant mean or a o-mean, if the following conditions hold:

1. ¢(u) = 0, when the sequence u = (u,) has u,, > 0, for all n,

2. ¢(e) =1, wheree = (1,1,1...),

3. P(ugmy) = d(u) forall u € £,.
Suppose that the mappings ¢ are injective and such that 6™ (j) # j, for all j,m € N, where 0™ (j) is the mth
iterate of ¢ at j. Therefore, for all u € ¢ ¢(u) equals to limu which is the extension of the limit functional on c,
where ¢ = {x = (xy): li{nxkexists}.
If the equality o(j) # j + 1 exists, then o-mean is called a Banach limit, generally.

Now, we give the definition of ideal. 7 € 2V is called an ideal, provided that the followings hold:

()P ed, (ii)ForeachE,F € Jwehave EUF €7, (iii) ForeachE € J and each F C E we have F € J.

268



Let 7 € 2N be a ideal. 7 € 2N is called non-trivial provided that N ¢ J. Also, for non-trivial ideal and for each
n € N provided that {n} € J, then J is admissible ideal. After that, we consider that J is an admissible ideal.

Let C € N X N and
Skt = Hi{i].nlC N{(a(@®, (), (@*@), %)), .-, (™ (D), a* ()}
and

Smie: = max|C N {(e(®,0()), (6@, 0%()),--.. (@™ (D), a*(N}I.

If the limits V;(C): = lim 5121_: and V,(C): = lim i:l"—: exists then V,(C) is called a lower and V,(C) is called
- mK— m,k—oo <

an upper o-uniform density of the set C, respectively. If V,(C) = V,(C), then V,(C) = V(0) = V,(C) is called
the g-uniform density of C. Denote by 75 the class of all C € N X N with /,(C) = 0.

This after, let C;;, D;;, C, D be any nonempty closed subsets of V.

ijr
If foreachy €Y,

1

m,k
ml]l(rllwﬁ z d(y, Co.i(s)‘o_j(t)) =d(y, 0), uniformly in s, t
i,j=1,1

then, the double sequence {Cj;} is said to be invariant convergent to C in Y.
If for every y > 0,
AW, y) ={@):1d, Cip) —d(y, )| = v} €77

that is, V,(A(y,y)) = 0 then, the double sequence {C;;} is said to be Wijsman J,-invariant convergent or Jy, -
convergent to C, In this instance, we write C;; — C(Jy,) and by Jj, we will denote the set of all Wijsman J7 -
convergent double sequences of sets.

For non-empty closed subsets C;;, D;; of Y define d(y; Cyj, D;;) as follows:

j

d(y.Cij)

d(.Dy) ' Y £Lij U Dy
d(y; Cij, Dyj) =

L , y € CU U DU

If following conditions hold for f: [0, 00) — [0, o) function, then it is called a modulus function:

1. f(u) =0ifandifonly ifu =0,

2. flutv) = f(w) +f(v)

3. f isincreasing

4. f is continuous from the right at 0.
This after, we let f as a modulus function.
The modulus function f may be unbounded (for instance f(u) = u9, 0 < g < 1) or bounded (for example
fa) =25
If for every y > 0 and foreach y € Y,

{(i./) e NXN:f(ld(y; Cij, Dij) — L)) 2 v} € T3,

then the double sequences {C;;} and {D;;} are said to be f-asymptotically J5-equivalent of multiple L (denoted
Ws (f)
J.
by C;; ~ D;j) and if L = 1, then {C;;} and {D;;} are said to be f-asymptotically 73 -equivalent.

If for every y > 0, § > 0 and for each x € X,

1
{(m, ) €N X Ni——|(i < m,j < ki d(y; Gy, D) — L] 2 7} 2 5} €9,
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Wo(S)

J.

then {C;;} and {D;;} are said to be asymptotically J7 -statistical equivalent of multiple L (denoted by C;; 2 D;j)
and if L = 1, then asymptotically J5 -statistical equivalent.

A double sequence 6, = {(k,,j,)} is called double lacunary sequence if there exist two increasing sequence of
integers such that

ko=0,h, =k, —k,_; > and j,=0,hy =j, —jyu_1 = ©,  as r,u— oo.
We use the following notations afterwards:
krw = Kejuy Py = hohoy, Loy = {(k, )i kroy <k <k and jy—q <j < ju}.
After this, we take 8, = {(k,, j,,)} as a double lacunary sequence.
Let 6, = {(k,, j,)} be a double lacunary sequence, C € N x N and

Sry = Min |C N {(Jk(m), O'j(n)) (k,j) € Iru}|

and
S,y = max |C n {(ak(m), Uj(n)) :(k,j) € Iru}|.
mn
If the limits V.2 (C): = lim :lr—“ and V_ZG(C ):= lim zr—” exist, then they are called a lower lacunary o-uniform
—_ r,u—oo Ryy ru—o hry

density and an upper lacunary o-uniform density of the set C, respectively. If V_ZQ(C )= V_ZB(C ), then V£ (C) =
V_ff(C )= V_ZG(C ) is called the lacunary o-uniform density of C. Denote by 759 the class of all C € N x N with
Vo) =0.
After this, we take 799 as a strongly admissible ideal in N X N.

Method

In the proofs of the theorems obtained in this study, used frequently in mathematics,

i. Direct proof method,

ii. Reverse proof method,
iii. Contrapositive method,
iv. Induction method

methods were used as needed.
Main Results

Definition 1. If for everyy > 0 andeachy €Y,
{(k,j) € N X N: f(|d(y; Cuj, Dyj) — L) = v} € 35°,

then the double sequences {Cy;} and {Dy} are said to be f-asymptotically 77 9_equivalent of multiple L denoted
Wige (/)
by Ck i~ Dk j

and if L = 1, then {Cy;} and {Dy;} are said to be f-asymptotically 75 9_equivalent.

Definition 2. If for everyy > 0 andeachy €Y,
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1
(r,u) e N XN: A
T (ko )ELry

fUd; Cuj Dyj) — L) 2y ¢ € 55°,

then the double sequences {Cy;} and {Dy;} are said to be strongly f-asymptotically J5 ®_equivalent of multiple L
denoted by

[Wigo (N
2
Cej ~ Dy

and if L = 1, then {Cy;} and {Dy} are said to be strongly f-asymptotically 5 9_equivalent.

Definition 3. If for every e > 0,eachy > 0andeachy €Y,

1
{(r,u) e Nx N:h

[{(k,)) € Ly |d(y; Cijy Dij) — LI = €3] 2 v} € 357,

Tu

then the sequences {Cy;} and {Dy;} are said to be asymptotically 75 9_statistical equivalent of multiple L denoted
W5 (S)
2
by Cj ~ Dy

and if L = 1, then {Cy;} and {Dy} are said to be asymptotically 73 9_statistical equivalent.

Theorem 1. For each y € Y, we have

Wig (] Wioo(S)
2 2
ij ~ ijﬁCk} ~ Dk]

Theorem 2. If f is bounded, then for eachy € Y,

[Wio0 (] Wo(S)
2 2
ij ~ Dk] =4 Ck] ~ ij
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