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1. INTRODUCTION AND BACKGROUNDS

The concept of statistical convergence was firstly introduced by Fast [4] and this concept has been studied by
Salat [18], Fridy [5] and many others, too.
A sequence x = (x) is statistically convergent to L if for every € > 0

lim l’{kﬁn: |xx —L| > 8}’ =0,
n—oo n
where the vertical bars indicate the number of elements in the enclosed set.
By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that kp = 0 and
hy =k, —k,—1 — o0 as r — o. Throughout this study the intervals determined by 6 will be denoted by
I = (ky—1,k).
Then, Fridy and Orhan [6] defined lacunary statistical convergence of a sequence using the lacunary sequence
concept as follows:
Let 0 = {k,} be a lacunary sequence. A sequence x = (x;) is lacunary statistically convergent to L if for every
€>0, 0

}Lngch—r’{kelr - L) > €} =o.
Several authors have studied on the concepts of invariant mean and invariant convergent (see, [9-11, 17, 19, 22]).
Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a o-mean if it satisfies following conditions:

1. ¢(x) > 0, when the sequence x = (x,) has x,, > 0 for all n,
2. ¢(e) =1, wheree=(1,1,1,...) and
3. 0(xg(n) = O(xn) forall x € les.
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The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping o at n. Thus, ¢ extends the limit functional on ¢, the space
of convergent sequences, in the sense that ¢ (x) = limx for all x € ¢. In the case o is translation mappings
o (n) = n+ 1, the o-mean is often called a Banach limit.

The space of lacunary strong o-convergent sequences Ly was defined by Savas [20] as below:

Lo = {x = hm Z 5k () =0, uniformly in m}

—
aS rkel,

Pancaroglu and Nuray [15] introduced the concept of lacunary invariant summability as follows:
Let 6 = {k,} be a lacunary sequence. A sequence x = (x) is said to be lacunary invariant summable to L if

1
lim — ) x ( =L,
r—seo 1, kez;', ok(m) —
uniformly in m.
The concept of lacunary o-statistically convergent sequence was defined by Savas and Nuray in [21] as below:
Let 0 = {k,} be a lacunary sequence. A sequence x = (x;) is Sz9-convergent to L if for every € > 0

i > —
lim ‘{kel ok L|_£}‘
uniformly in m.

Let X be any non-empty set and N be the set of natural numbers. The function

f:N—=PX)

is defined by f(k) = Ay € P(X) for each k € N, where P(X) is power set of X. The sequence {A;} = (A1,A2,...),
which is the range’s elements of f, is said to be sequences of sets.
Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, the distance from x to A is
defined by
d(x,A) = inf p(x,a).
acA

Throughout the paper we take (X, p) as a metric space and A, Ay as any non-empty closed subsets of X.
There are different convergence notions for sequence of sets. One of them handled in this paper is the concept
of Wijsman convergence (see, [1-3, 12, 16, 25, 26]).
A sequence {Ay} is said to be Wijsman convergent to A if for each x € X,

lim d(x,Ay) = d(x,A)

k—»o0

and denoted by Ay % A
A sequence {A} is said to be bounded if for each x € X, sup; {d(x,A) } < oo.
The set of all bounded sequences of sets is denoted by Le.
The concepts of Wijsman lacunary summability, Wijsman strongly lacunary summability and Wijsman lacunary
statistical convergence were introduced by Ulusu and Nuray [23, 24].
Using the invariant mean concept, the concepts of Wijsman lacunary invariant convergence, Wijsman strongly
lacunary invariant convergence and Wijsman lacunary invariant statistical convergence were also defined by
Pancaroglu and Nuray [16] as follows:
Let 6 = {k,} be a lacunary sequence. A sequence {A} is said to be Wijsman lacunary invariant convergent to
Aifforeachx € X,

rlgg—rkg d(x,Agk(my) = d(x,A)
uniformly in m.
A sequence {A;} is said to be Wijsman strongly lacunary invariant convergent to A if for each x € X,

lim — Z |d(x A gk (m >)—d(x,A)’ =0

rvee hy kel,

uniformly in m.
A sequence {A} is said to be Wijsman lacunary invariant statistically convergent to A if for every € > 0 and
eachx € X,

lim —){k €1 1d(x Agiy) — d(x,A)| > s}‘ _

r—o h
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uniformly in m.

The idea of quasi-almost convergence in a normed space was introduced by Hajdukovi¢ [8]. Then, Nuray [13]
studied concepts of quasi-invariant convergence and quasi-invariant statistical convergence in a normed space.
Recently, Giille and Ulusu [7] introduced the concept of Wijsman strongly quasi-invariant convergence for
sequences of sets as below:

A sequence {Ay} is said to be Wijsman strongly quasi-invariant convergent to A if for each x € X,

}EELP Z (A g upy) — de(4) =0

uniformly in n where dx(A g (,)) = d(X,Agk()) and di(A) = d(x,A). Itis denoted by Ay~ — Woisl 4

2. MAIN RESULTS

In this study, we give definitions of Wijsman quasi-lacunary invariant convergence, Wijsman strongly
quasi-lacunary invariant convergence and Wijsman quasi-lacunary invariant statistically convergence for se-
quences of sets. We also examine the existence of some relations among these definitions and some convergence
types for sequences of sets given in [7, 14], too.

Definition 2.1 Let 6 = {k, } be a lacunary sequence. A sequence {A;} is said to be Wijsman quasi-lacunary
invariant convergent to A if for each x € X,

lim Zd oknry) —dx(4)| =0

sy
e rkel,

WQV, oA

Theorem 2.2 If a sequence {A;} is Wijsman lacunary invariant convergent to A, then {A} is Wijsman
quasi-lacunary invariant convergent to A.

uniformly in x. In this case, we write Ay

Proof. Suppose that the sequence {A;} is Wijsman lacunary invariant convergent to A. Then, for each x € X
and every € > 0 there exists an integer ry > 0 such that for all » > rg

Zd d.(A)| < e,

r kel

for all m. If m is taken as m = nr, then we have
Z dy( Gk (nr) —d,(A)| <,

hy kel,

for all n. Since € > 0 is an arbitrary, the limit is taken for » — oo we can write

Zd ok(ur)) —dx(A)| — 0
” kel
for all n. That is, the sequence {A} is Wijsman quasi-lacunary invariant convergent to A. O

Definition 2.3 Let 6 = {k, } be a lacunary sequence. A sequence {A;} is Wijsman quasi-lacunary invariant
statistically convergent to A if for every € > 0 and each x € X,

(At ) — de(A)] > £} = 0

r—oo hy

wos 04

Theorem 2.4 If a sequence {A;} is Wijsman lacunary invariant statistically convergent to A, then {Ay} is
Wijsman quasi-lacunary invariant statistically convergent to A.

uniformly in x. In this case, we write Ay

Proof. Suppose that the sequence {A } is Wijsman lacunary invariant statistically convergent to A. In this case,
when 6 > 0 is given, for each x € X and for every € > 0 there exists an integer ryp > 0 such that for all r > rj

2 |du(Agigy) — di(A)] > s}‘ <8,
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for all m.
If m is taken as m = nr, then we have

ket dAgh) —dr(4)] = e}‘ <8,

for all n. Since & > 0 is an arbitrary, we have

lim —‘{k € I |de(Aghun) — di(A)] > s}’ —0,

r—oo Jy

for all n which means that {A;} is Wijsman quasi-lacunary invariant statistically convergent to A. O

Definition 2.5 Let 6 = {k,} be a lacunary sequence. A sequence {A;} is Wijsman strongly quasi-lacunary
invariant convergent to A if for each x € X,

1
Jim - L

I kel,

dx(Aak(nr)) —di(A)| =0

(WOVs)

uniformly in n. In this case, we write Ay A.

Theorem 2.6 For any lacunary sequence 6 = {k,},

[WQVeo] W Qo]

Ay A& Ay A.

140)% . . A
Proof. Let Ay [ QJG] A and € > 0 is given. Then, there exists an integer r( such that for each x € X

forr>rgandnr=k,_1+14+w,w > 0. Let p > h,. Thus, p can be written as p = o.h,+ 6 where 0 < 0 < h,
and « is an integer. Since p > h,, o« > 1. Then,

s 1
L [t —dea)] < 2 (Aot o) ~r(4)
k=0 k=0
1 & (j+1D)h—1
- ) de{A gt (ury) — ()
P =0 x=jh

IA
\
(¢
ES
B
+

IN

h h
For — < 1 and since o <1
4 p

w

that is, Ay — VYol 4.

Let Ay mﬂf’] A and € > 0is given. Then, there exists P > 0 such that for each x € X

1"1

Gl‘ np

dx(A)‘ <€

for all p > P. Since 6 = {k,} is a lacunary sequence, a number R > 0 can be chosen such that &, > P where
r > R. Thereby

T Z Gk (nr) dx(A)‘ <E,
hy kel
. [WQVse] .
thatis, Ay —3 " A. The proof of theorem is completed. O
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