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Abstract
Key words In this study, we have established upper and lower bounds for the Euclidean and the Spectral norms of
Quaternion Cauchy- Quaternion Cauchy-Toeplitz (T ) and Quaternion Cauchy-Hankel ( H ) matrices respectively. Besides,

Toeplitz Matrices,
Quaternion Cauchy- by assuming complex matrix Tn = A-L + Azj , we have defined the matrix [Tn] = |:

A A
Hankel Matrices,

-A A
Euclidean Norm, i
Spectral Norm. 15A45,  and similarly, by assuming complex matrix Hn = B1 + sz , we have also defined another matrix

15A60
B
[ 2

2
— } . Then we have obtained the bounds of the spectral norms for these matrices.

-B: B

Quaternion  Cauchy-Toeplitz and Quaternion Cauchy-Hankel

Matrislerinin Euclidean ve Spektral Normlari Uzerine
Ozet

Anahtar Kelimeler Bu calismada, sirasiyla Quaternion Cauchy-Toeplitz (T ), Quaternion Cauchy-Hankel ( H ) Matrislerinin
Quaternion Cauchy-
Toeplitz Matrices,

Quaternion Cauchy-
Hankel Matrices, matrisi yardimiyla I_Tn] :|:

Spektral ve Euclidean normlar igin alt ve Ust sinarlar elde ettik. Ayrica, Tn = A& + Azj , kompleks

A

Rl:| matrisini ve benzer sekilde Hn = Bl + B2 j , kompleks

Euclidean Norm, - Az
Spectral Norm. 15A45, B B
1 2
15A60 matrisi yardimiyla [Hn] = — — matrisini tanimlayip bu matrislerin spektral normlar igin
-B: B:
sinirlar elde ettik.
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1. Introduction and Preliminaries of complex matrices [Zhang(1997), Lee(1949)].

. . . Recently, the studies concern with matrix norms,
In quantum physic, the family of quaternions plays

an important role. But in mathematics they has been given by several authors, see for instance
generally play a role in algebraic systems, skew  [Moenck(1977),Mathias(1990),Visick(2000),Zielke
fields or noncommutative division algebras, (1988),Horn and Johnson(1991), Bozkurt(1996),
matrices in commutative rings take attention but, Solak and Bozkurt(2003),Tirkmen and Bozkurt
matrices with quaternion entries has not been
investigated very much yet. But in recent times
quaternions are in order of day.

The main obstacles in the study of quaternion

(2002)] and references cited therein. In this paper,
we have obtained some a lower and an upper
bounds for the Euclidean and spectral of
Quaternion Cauchy-Toeplitz and Quaternion
Cauchy-Hankel Matrices. Now, we need the

matrices, as expected come from the

noncommutative multiplication of quaternions.
following definitions and preliminaries.

Definition1. Let C and R denote the fields of the
complex and real numbers respectively. Let Q be a

One will find that working on a quaternion matrix
problem is often equivalent to dealing with a pair
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four-dimensional vector space over R with an
ordered basis, denoted by e,i,j and K. A real
quaternion, simply called quaternion, is a vector

X =Xe€+X1+X,]+XKeQ
with real coefficients X,, X, X, and X, .

Besides the addition and the scalar multiplication
of the vector space Q over R, the product of any
two quaternions e,i, j and K are defined by the

requirement that € act as a identity and by the
table

ij=—ji=k, jk=-kj=1i, ki=—ik=]j.
Let M., (Q), simply M (Q) when m=n, denote

the collection of all MxN matrices with
quaternion entries.

Definition 2. Let A=A +A,je M, (Q), where

A, A, are nxn complex matrices. We shall call

mxn

the 2nx 2N complex matrix

kA

uniquely determined by A, the complex adjoint
matrix or adjoint of the quaternion matrix A
[Lee(1949)].

Now we give some preliminaries related to our
study. Let A be any NxN matrix. The fp norms

of the matrix A are defined as

n =[zz\aﬁr] oo

i=1 j=1
If p=oo,then
A, = lim|A], = maxay|.

The well-known Euclidean norm of matrix A is
1/2
m n 2
4~ 53k
i=1 j=1

and also the spectral norm of matrix A is

|Al, = /max 4 (A" A)

where A is mxn and A"
transpose of the matrix
inequality holds:

1
an A <IA. <A

[Zielke (1988)]. A function W is called a psi (or
digamma) function if

is the conjugate
A. The following

(1.2) P(x) = %{In|l“(x)|}

where
I'(x) = j e 't dt.
0

The N th derivatives of a W function is called a
polygamma function

L3) ¥(nx) :d‘%\y(x) - d?(” {%In|l“(x)|}.

If N=0 then ¥(0,x)="¥(x)={&IC(x)|}. on
the other hand, if @a>0, b is any number and n
is positive integer, then
@.4) limW¥(a,n+b)=0

n—o0

[Moenck(1977)]. Throughout the paper Z* and
R * will represent the sets of positive integers and
positive real numbers, respectively.
Let A and B be Nnxn matrices. The Hadamard
product of A and B is defined by

@.5) AoB = [aij bij].

If |||| is any norm on NXN matrices, then
L6) A~ 8] < [AllB]
[Visick(2000)].

Define the maximum column length norm c; (")

and the maximum row length norm r,(-) of any

matrix A by

@7 c; (A= m?x(zm:‘aijm i=12---m

and

18) r(A)= mﬁx[i‘aijﬂ j=12--.n

j=1
respectively [Horn and Johnson(1991)]. Let A, B
and C be mxn matrices. If AcB=C then

(L.9) |Al, <r.(B) ¢, (C)

[Mathias(1990)].

2. Matrices of Quaternion Cauchy-Toeplitz
and Quaternion Cauchy-Hankel

Definition 3. The matrices in X quaternion from
Definition 1,  for 2<tImez” and
p=12,---n r=212,---,n and
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X0:01 X1:11 ;X2:11 1X3:il
t

(2.1)T=1' P B

“+p-r 1 p—r
t |

is called Quaternion Cauchy-Toeplitz matrix.

1
—+p-r
m

_ i j k
(2.2) H= 1 + 1 +
f+p+r T+p+r

1
4+ p+r
m

is called Quaternion Cauchy-Hankel matrix.

In this section we are going to find an upper and
lower bounds for the Euclidean norm and the
spectral norms of Quaternion Cauchy-Toeplitz and

||'I'||2E =n(t®+12+m?) + nf‘(n—s){

Quaternion Cauchy-Hankel matrices in (2.1) and
(2.2).

2.1. Euclidean and Spectral Norms of Quaternion
Cauchy-Toeplitz and Quaternion Cauchy-Hankel
Matrices

Theorem 1. For Euclidean norm of T Quaternion
Cauchy-Toeplitz matrix which is defined in (2.1),

@3 [T, <mniesc” £ vosc” £ a0 )

2<t,Imez"
Proof. From Euclidean norm the following

is valid upper bound, where

t2 N |2 N m2
(1-st)> (@L-sl)? (@—sm)?

{ t2 |2 m? }}
+ + +
@+st)> (@+sh)®* (@L+sm)?

is obtained. If we divide both of sides by N and if we take upper bound of right hand side to infinity, we

t? N 12 N m?
(1-st)> (@A-sh)®> (1-sm)?

m

obtain
1 .S
ST <2+ 12 +m? +lim3 X (1)
n n—>w | s=1
t? 12 m?
+ 2 + 2 + 2
@+st) (@+sh)® (1+sm)
2 2 V.4 2 T 2 T
=7 (csc Z4esc’ T +csc H)
or
1 TIZ < 2[ 2 2 2 2 2 ,,1
H” |2 < 7%|esc® £+ csc” £ +csc? £
if we take

1
!

then we obtain

< 7r\/csc2 Z 4+¢sC?Z +CSCP L

T, < 7ynlcsc® = +csc? 2 +csc? =

which is an upper bound for Euclidean norm of Quaternion Cauchy-Toeplitz matrix.
Corollary 1. For spectral norm of T Quaternion Cauchy-Toeplitz matrices defined in (2.1),

(2.4)

is valid lower bound, where 2<t,ImezZ"

7z\/csc2 Zyesc’Z+csc’Z < ||T||2

Proof. Following relation, for spectral norm of T matrix will be

1
Il

Then we obtain

<[]

7r\Jesc? £ + osc? £ +csc? = < T .

AKU FEBID 11 (2011) 021302
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Now for in definition (2.1) of spectral norm of T Quaternion Cauchy-Toeplitz matrix, we have obtained
upper bound to give as a theorem before lets give some definition end concepts.

Definition 4. J, = [1]an (i=21,2,---,n) letit be asquare J matrix with all entries 1.

_ i _ 1 i .
_ S - -
Now, Ai I_%er_r J:a,r=1 and A2 L1+ pr  Lipr i write T, = A + A, ] . From Definition 2,

A A
(2.5) [Tn]{ = =
-A A

is being occured as complex matrix in  2nx 2N . From definition (2.5) lets give the following theorem.

Theorem 2. Let t =1 =m=2 in (2.5). Then the upper bound for the spectral norm of Quaternion Cauchy-
Toeplitz matrix is

(2.6) .1, < [(2 + zﬁ)(1+ In 2+%+%‘P(n _EB

2
2 1 1\ [*
Xl 7°+2In2+y-2¥ 1,n+§ +¥ n+E .
n
Proof. Consider 2nx 2N complex matrix in (2.5), with A —{l i } )
+p-r
2 p,r=1
2i =20 - _ﬁi _2n2—3i
%i 2i _2n2—7i _2n2—5i
A= : : : :
msl s 2 -2i
L 2n2_1 ! 2n2—3 I %I 21 dnxn

n
1 i
. A = =+
and with 72 |:.’L _ 1 _:l
2+p r 2+p r

p,r:1’
[ 2(A+i)  —2(1+i) —52(L+i) -5 A+i)]
%(1'“) 2(1+i) _TZJ(:H") _2n2—5(1+|)
A=l : : :
2o (+i) 52 @+i) - 2(+i) —2(1+i)
G2 +i) S A+i) - 2(1+0) 2L+1i) |
in this case, we write 2N x 2N matrix as.
[ 2i ~2i e —g2ai 20wi) —20+0) e =52
%i 2i _2n2—5i %(1‘”) 2(1+i) _2n2—5(1+i)
7ol sl 2 H+i) i) 2(1+1)
[Tn]: 51 o 2 (1_ _ 2
20—-i)  2(1-i) 2 (1) 2i 2i 2
_%(1_|) _2(1_i) 2n2—5(1_|) _%I -2 _2n2—5|
i) i) e —20-0) Al Al e =20

Then, the Hadamard Product (1.5) of

AKU FEBID 11 (2011) 021302 12
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for

and

From (1.7) and (1.8), we obtain

(B,) = 2+20+14-+51)+2v2+ 242+ L+ 451)
= (2+2\/§) 1+r1212s1—1j
s=1
= (2+2v2)+In2+2+19(n-1)
in this case we write
2.7) nB,) = [2+2v2)+m2+s+1w(n-1)f
similarly
¢/(D,) = 2(1+ +- +251+2 (;L+ +- +(251))
_ 22251+23Z(251)
= 2°+2In2+y-2¥@Ln+1)+¥(n+1)
Then
(2.8) ¢,(D,) = [2+2n2+y-2¥(n+1)+Phn+1)f

we can see the following relation and we utilize from (1.9) that from (2.7) and (2.8).

T, < {(2+ 2\/5)(1+ In 2+%+%‘P(n —ED

2

(7,2 +2|n2+7/—2‘P[1,n+%j+‘{’(n+%jﬂ

is being obtained as upper bound.

Theorem 3. Let 2<t,I,meZ" hold in (2.2). Then for the Euclidean norm of Quaternion Cauchy-Hankel
matrix H , we have

29) I, =

Proof. From the definition of Euclidean

2 I 2

K z{ ; N }
@+ (s+Dt) 2 @+(s+1nbh 2 @+ (s+1)m) 2
+nZ(n—s){ t’ + N + m’ }

A+(n+s+D)°  @A+(+s+DD? @A+ +s+Dm)?
is clear. If we calculate right hand of this equality, then

AKU FEBID 11 (2011) 021302 13
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- &0 T[l’n+1+1tjj+w(n+l+ltij+(1TI)T(1,H+1+1|LIJ
+‘P(n+1+l+|j+ +m) ‘P(l,n+1+1+ mj+‘l’[n+1+l+ mj
| m m -

- (1Jtrt) ‘P[l,1+1tij —\1'(1+1tﬂj— (1|+ ) l11(1,1+ 1%')—\1{1+ ﬂj

_(@+m) \{,(1’1+1+ mj—‘{‘(l+1+ mj_ (L+t+2tn) ‘P(l,n+1+1+t+m)
m m m t t

—‘P(l,n+l+1+tt+mj— (L+1 ;anI) \P(l,n+1+1+ll+ nl]—‘l’(l,n+l+1+ II+ nIJ

_(1+m+2nm)\P(l’n+1+1+m+nmj_ql(l1n+l+1+m+nmj
m m m

N (1+t:2tn) \P(1,1+1+tt+tnj+ly(1+1+tt+tnj+ (1+1 I+2n|) \P(1'1+1+II+ nlj

+‘P(1+ 1+ II+ ni J . (L+m+2nm) ‘P(l,1+ 1+m+ nmj +‘P(1+ 1+m+ nm}
m m m

is being found above. Therefore, we arrive

lim lP(n +1+1tij =lim ‘P(n +1+1|L|j =lim ‘P(n +1+1+—mJ =0

n—oo n—oo n—oo m

and

lim ‘P[l, n+1+1ti}: lim \P(l,n+1+1lij: lim ‘P(l, n+1+l+—m]:0
n—o n—co nN—0 m

This implies,
[H]le >

, =
T+p+r o

which is desired. Now, lets show

and
1 . n
|
hal SR Sl <t o
Then, obtain
H,=B+B,].

From Definition 2,

Bl BZ
(2.10) [Hn]{ = =

-B> B:
is being occurred as 2N x 2N complex matrix. Now, we ready to give the upper bound below.
Theorem 4. Let t =1 =m =2 for spectral norm of [H n], Quaternion Cauchy-Hankel matrix in (2.10) than,

M1, < ler2V2)inz-1+s+1w0+3)
(2.11)
x (7z2—1—34+2In2+y—2‘P(1,n+§)+‘{’(n+§))F

AKU FEBID 11 (2011) 021302 14
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is valid.

n
i
Proof. To use (2.10), define B1 = |:1+p+r:| )
2 r=

1
I

i i mal 7
%I %I 2n2+3 I 2n2+5 I
Blz N N
Tl mal C msl adl
_2n2+3| 2n2+5i 4r12—l| 4nz+1|_nxn
n
1 i
and B2:|:J. tT j| ,
SHPHT P —
_§(1+i) %(1+i) 2n2+1(1+i) 2n2+3(1+i)_
%(1+i) %(1+i) 2n2+3(1+i) 2n2+5(1+i)
B, = : : :
2 W) ) D) )
_2n2+3(1+i) 2n2+5(1+i) 4n2—l(l+i) 4nz+1(1+i)_nXn
in this case, we write 2nx 2N matrix as.
2 £ 73] £(1+1) 2(1+1)
% 5 s £(1+1) §(Q1+1)
[H ]: 2r12+3i ﬁl 4r12+1i 2n2+3(1+i) 2n2+5(1+i)
" _%(1_0 _%(1_0 _2nz+3(1_i) _%i _%i
-2Q1-i) 5@ e —gE@-0) - —¢i
—aesd-) —Es@-i) e —gm (i) —gE(-i) -5 (-)
finding Hadamard Product
m.J- %
Bl [N AN

and

Since, these two matrices are 2nx 2N, we write

[Ha]=[M, oK, ]

o Y

-B>, B:

or

From (1.7) and (1.8), we obtain

(L) ]

7 (L)

4r12+1 (1 + I)
73 (L)

2n2+5 (1+ I)

—mz(-1)

AKU FEBID 11 (2011) 021302
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rlz(Mn) = 2( + + +25+3)+2\/_( + + +25+3)
= (2 + 2\/5)(32”“_1 Zsl+3j
= (2+2\/§)(In2—§+§+%‘1’(n+§))
in this case
_ A Ty(n B
(2.12) rl(Mn)_[(mNE)(lnz 3+2+2\P(n+2m
we found
ci(K) = 2( +i+. +m)+23(zs+ +- +(25+3))
= 252:21.25_'—3 Z 25+3
= (ﬂz—%+2In2+;/—2‘I’(1,n+§)+‘1’(n+§))
Finally,
(2.13) ¢, (K,)= (7[ —%+2In2+y Z‘P(l n+2j+‘1’(n+gj}2

is written. We utilize between these norms following relation and from (1.9). By the way from (2.12) and

(2.13)

IH,], < {(2 + Zﬁ)(ln 2 —%+

Z+£‘P(n+
2 2

)

x(;z'Z _1%4+2In2+y—2‘P[1,n+gj+‘P(n+gjﬂ

is obtained as upper bound which is desired.

3. Numerical Results

n Il A
In this section, have compared our findings with 1 |3.464101616 | 5.441398092
the known bounds of the norms of matrices in the 2 | 6.110100936 | 7.695298983
illustrative examples below. We have found ' '
between in theorems we have given real norms of 3 | 8.029946959 | 9.424777962
matrices in second section. 4 19.609972145 | 10.88279619
) 10 | 16.26327299 | 17.20721163
Example 1. For t =1 =m =2, = E comparative
. 20 | 23.58858696 | 24.33467206
values in Theorem 1.
> > > 30 | 29.15607022 | 29.80376480
A=7z\/n(CSC Zcsc™f+csct L)
50 | 37.93662562 | 38.47649492
70 | 45.04825130 | 45.52600274
100 | 53.99508558 | 54.41398005
150 | 66.28330952 | 66.64324407
200 | 76.63022697 | 76.95298983
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For t=2,1=3 m=4, a=E  comparative n ”Tn ”2 a
olues in Theorem 1. 2 | 5.318032538 | 10.61170569
3 | 5.436440268 | 12.61503380
A=r Jn(cscz% £ oSCPE + 07 %) 4 | 5.441222385 | 13.76718565
8 | 5.441398093 | 16.09897965
n . A 10 | 5.441398092 | 16.77019419
1 | 5.385164807 | 6.539746609 20 " 18.71758844
2 | 8.226464748 | 9.248598352 50 " 21.10453911
3 [10.393345017 | 11.32717340 100 " 22.83372244
4 | 12.20932796 | 13.07949322 200 " 24.52399451
10 | 20.00459317 | 20.68049461 500 " 26.71920096
20 | 28.70031876 | 29.24663595 1000 " 28.35987611
40 | 40.92572873 | 41.36098924 2000 ) 29.98503802
50 | 45.83949482 | 46.24299178
70 | 54.35628926 | 5471544573 Exampl.e 3. For t=1=m=2,a¢ =2 comparative
values in Theorem 4.
100 | 65.08083214 | 65.39746609
150 | 79.82165254 | 80.09521125 I 4y 1 5
200 | 9223982009 | 92.48598352 b= (2+2ﬁ)['” 2‘5*5*5‘*’(”*5)]
Example 2. For t=1=m=2,a =2 comparative :

values in Theorem 2.

a= {(2+2\/§){1+In 2+§+%~P(n—ED

(ﬁ2+2m2+y—2w(

ILn+—

2

Al

n+-

)|

2

1

x

, 104 5
/s —:;+2m2+y—2PLn+—-+§’n+—

2

5
2

v IR b
2 1.057128196 | 1.391114591
3 1.296686245 | 1.807190534
4 1.471951182 | 2.138280861
8 1.892000418 | 3.032364624
10 | 2.022502915 | 3.342059572
20 " 4.347036326
50 " 5.732291279
100 " 6.799419579
200 " 7.873475309
500 " 9.297649719
1000 " 10.37618120
2000 " 11.45496106

i
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